
A conjugate family for this problem must be a family of bivariate 
distributions. 

Theorem 1 Suppose that X1, ... , Xn is a random sample from a normal 
distribution with an unknown value of the mea11 M and an unknown value of 
the precision R. Suppose also that the prior/joint distribution of M and R 
is as follows: The conditional distribution of M when R = r (r > O) is a 
normal distribution with mean µ. and ~Jl:IL such that - oo < µ. < oo 

and r > 0, and the marginal distribution of R is a gamma distribution with 
parameters a and {3 such that a > 0 and {3 > 0. Then the posterior joint 
distribution of M and R when X; = X; (i = 1, ... , n) is as follows: The 
conditional distribution of M when R · = r is a normal distribution with mean 
µ.'and precision (r~ + n)r; where """~ 
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and the marginal distribution of R is a gamma distribution with parameters 
a + (n/2) and {3', where 

(3' = f3 + ~ i (x; - x)2 + rn(x - µ.)2. (2) 
i=l 

Proof For - oo < m < oo and r > 0, let fn(X1, ... , Xn/m, r) denote 
the value of the likelihood function when M = m, R = r, and X; = x; 
(i = 1, ... , n), and let ~ denote the prior p.d.f. of M and R. Then 

fn(X1, ... , Xn/m, r) CX: rn/2 exp [ - ~ itl (X; - m) 2 J (3) 

and 
Hm, r) ex: rle-(<r/2)(m-µl'ra-le-llr. (4) 

The posterior p.d.f. H · /x1, ... , Xn) of M and R will be proportional to 
the product of the right sides of the relations (3) and (4). It follows from 
Eqs. (3) and (6) of Sec. 9.5 that this p.d.f. can be specified by the relation 

Hm, r/x1, ... , Xn) 

ex: { r! exp [ - (r ~ n)r (m - µ.')2 J} (ra+n/2-le-ll'r). (5) 

Here, µ.' is defined by Eq. (1) and (3' py Eq. (2). 
The function inside the braces in relation (5), when regarded as a 

function of m, must be proportional to the conditional p.d.f. of M when 
R is known :;;ince the variable m does not appear inside the set of paren­
theses on the right. However, for each fixed value of r, the function 
inside the braces is proportional to the p.d.f. of a normal distribution for 
which the mean and the precision are as given in the statement of the 


