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1. This simple example illustrates the reason for the entire course. Independently for i = 1, . . . , n,12 points
let

Yi = β1Xi,1 + β2Xi,2 + εi

Wi = Xi,1 + ei,

where V

(
Xi,1

Xi,2

)
=

(
φ11 φ12
φ12 φ22

)
, V (εi) = ψ, V (e1) = ω, all the expected values are zero,

and the error terms εi and ei are independent of one another, and also independent of Xi,1

and Xi,2. The variable Xi,1 is latent, while the variables Wi, Yi and Xi,2 are observable.
What people usually do in situations like this is fit a model like Yi = β1Wi + β2Xi,2 + εi, and
test H0 : β2 = 0. That is, they ignore the measurement error in variables for which they are
“controlling.”

(a) Suppose H0 : β2 = 0 is true. Does the ordinary least squares estimator

β̂2 =

∑n
i=1W

2
i

∑n
i=1Xi,2Yi −

∑n
i=1WiXi,2

∑n
i=1WiYi∑n

i=1W
2
i

∑n
i=1X

2
i,2 − (

∑n
i=1WiXi,2)2

converge to the true value of β2 = 0 as n → ∞ everywhere in the parameter space?
Answer Yes or No and show your work. (And don’t forget to answer the question at the
bottom of the next page).

continued on page 3
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(b) Under what conditions (that is, for what values of other parameters) does β̂2
a.s.→ 0 when

β2 = 0?

continued on page 4
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2. In a study of maternal behaviour in rats, mother rats were injected with estrogen (a sex14 points
hormone), and the amount of estrogen in their blood was measured by a blood sample. Then
their maternal behaviour (nursing, licking, retrieving their young) was recorded. In the path
diagram below, the symbol on the arrow from X to Y1 looks like the letter Y, but actually it’s
the Greek letter γ (gamma).

X

 

Y
1

 

V
1

 

    

 

β

1

ε
1

e
1

 e2

Y
2

V
2

 

1

Y
1

ε
2

γ

X is drug dose.

Y1 is true amount of drug in the ani-
mal’s blood stream.

V1 is measured amount of drug in the
animal’s blood stream.

Y2 is the animal’s maternal impulse, or
tendency to care for her young.

V2 is the animal’s observed maternal be-
haviour.

(a) What is the parameter vector θ for this model? All the variables are centered, so there
are no expected values or intercepts.

(b) Does this problem pass the test of the Parameter Count Rule? Answer Yes or No and
give the numbers.

(c) Why is it reasonable to assume γ > 0?

(d) The point of the study is β. Show that this parameter identifiable provided γ > 0. Don’t
do more work than you have to.

continued on page 5
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continued on page 6
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3. Independently for i = 1, . . . , n, let10 points

Di,1 = Fi,1 + ei,1

Di,2 = Fi,2 + ei,2 V

(
Fi,1

Fi,2

)
=

(
φ11 φ12
φ12 φ22

)
V

(
ei,1
ei,2

)
=

(
ω1 0
0 ω2

)

Suppose the reliability of Di,1 as a measure of Fi,1 is r1, and the reliability of Di,2 as a measure
of Fi,2 is r2. If Corr(Di,1, Di,2) = ρ, what is Corr(Fi,1, Fi,2)? Show your work and circle
your final answer. The answer is an expression in just ρ, r1 and r2. It’s a way of correcting
correlations for measurement error if you know the reliabilities.

continued on page 7
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4. In this special case of the latent variable model, there are no exogenous variables. Indepen-13 points
dently for i = 1, . . . , n, let Yi = βYi + εi, where Yi and εi are q × 1 random vectors with
V (εi) = Ψ. The q × q covariance matrix Ψ is strictly positive definite.

(a) Calculate V (Yi). Show your work.

(b) Prove that the existence of (I− β)−1 is implied by the model.

continued on page 8
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5. The general unrestricted exploratory factor analysis model can be written Di = ΛFi + ei,13 points
where Λ is a k × p matrix of constants, V (Fi) = Φ, V (ei) = Ω, and the random vectors Fi

and ei are independent. As usual, the covariance matrices Φ and Ω are positive definite.

(a) Write down Σ = V (Di). It’s so quick that you need not show any work.

(b) The problem is that Φ could be absolutely anything, and you can’t tell from Σ. Ignoring
redundant elements of the covariance matrices, the parameter vector could be written
θ = (Λ,Φ,Ω). Let Q be an arbitrary p× p symmetric positive definite matrix. There is
another parameter vector θ2 = (Λ2,Q,Ω) yielding exactly the same Σ. Give the matrix
Λ2. Show your work. Circle your answer.

continued on page 9
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6. Compare this path diagram with the general structural equation model on the formula sheet.10 points

Brand
Awareness

Interest

Advertising
Awareness

Purchase
Intention

Purchase
Behaviour

W
1 W

2
W

3
W

6
W

5

V
2

W
4

V
3

V
4V

1

1
1

111

γ
1

λ
4 λ

6

λ
8 λ

10

λ
2

γ
3

γ
4

γ
2 β

Give the matrix Γ. Your answer is a matrix in which each element is either a zero or a symbol
from the path diagram.

continued on page 10
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7. Please look again at the path diagram of Question 6. Briefly explain why the parameters of8 points
this model are identifiable. Cite specific rules by letter and number. Assume that if an arrow is
shown, the coefficient is not zero. You have a lot more room than you need for a good answer.
You do not have to explain in detail why a particular rule applies.

continued on page 11
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8. In a reaction time study, subjects are seated at a screen. A light flashes on the screen, and they press8 points
a key as fast as they can; the time between the light flash and the key press is recorded automatically.

After some warmup trials, the subjects do the task 50 times, so 50 reaction times are recorded. The
50 times are divided randomly into two sets of 25, and then the median is calculated for each set. In
the end, each subject produces two median reaction times.

The scientists locate sample of university student volunteers whose parents are also available to do
the experiment. When all the observable data have been collected, there is a data file with n lines of
data, one for each student. Each line of data has 6 numbers. There are two median reaction times for
the student, two for the student’s mother and two for the student’s father.

Make a path diagram. Here are some guidelines.

• Include the error terms. You should assume that the errors are all independent, and independent
of the exogenous variables.

• Write coefficients on the arrows. If you leave a coefficient off, it means the coefficient equals one.

• This is an original model, not re-parameterized.

• Your model should represent reasonable ideas about heredity, but my answer is quite unsophis-
ticated so don’t worry.

• There is definitely more than one right answer, but all else being equal, simpler models are
better.

• You may write some comments under the path diagram if you wish, but no comments are
necessary for full marks.

continued on page 12
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9. Recall the study of farm co-op managers, in which several latent variables are measured twice.12 points
The response variable is job performance.

label w11 = ’Knowledge 1’

w12 = ’Knowledge 2’

w21 = ’Profit-Loss Orientation 1’

w22 = ’Profit-Loss Orientation 2’

w31 = ’Job Satisfaction 1’

w32 = ’Job Satisfaction 2’

edu = ’Formal education’ /* Assumed measured without error */

v1 = ’Job Performance 1’

v2 = ’Job Performance 2’;

proc calis pshort nostand pcorr vardef=n;

var w11 w12 w21 w22 w31 w32 edu v1 v2;

lineqs

Fperform = beta1 Fknowledge + beta2 Fprofitloss + beta3 Fsatisf

+ beta4 edu + epsilon,

w11 = Fknowledge + e1,

w12 = Fknowledge + e2,

w21 = Fprofitloss + e3,

w22 = Fprofitloss + e4,

w31 = Fsatisf + e5,

w32 = Fsatisf + e6,

v1 = Fperform + e7,

v2 = Fperform + e8;

variance

Fknowledge=phi11, Fprofitloss=phi22, Fsatisf=phi33, edu=phi44,

epsilon = psi, e1-e8 = 8 * omega__ ;

cov

Fknowledge Fprofitloss = phi12, Fknowledge Fsatisf = phi13,

Fknowledge edu = phi14,

Fprofitloss Fsatisf = phi23, Fprofitloss edu = phi24,

Fsatisf edu = phi34;

bounds 0.0 < phi11 phi22 phi33 phi44 psi omega1-omega6;

simtests AllVars = [b1 b2 b3 b4];

b1 = beta1 ; b2 = beta2 ; b3 = beta3; b4 = beta4;

simtests ReliabilityDifference = [d]; d = omega1-omega2;

The next several pages contain partial output, followed by the questions.

continued on page 13
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4 3 1 s 1 5 A 8 :  R e - c o n s t r u c t e d  f a r m  c o - o p  m a n a g e r  d a t a
S u n d a y ,  M a r c h  2 9 ,  2 0 1 5  0 9 : 3 1 : 3 7  P M 5

U s i n g  W a r r e n  W h i t e  a n d  F u l l e r  1 9 7 4 ,  a n d  J o r e s k o g  1 9 7 8

T h e  C A L I S  P r o c e d u r e
C o v a r i a n c e  S t r u c t u r e  A n a l y s i s :  M a x i m u m  L i k e l i h o o d  E s t i m a t i o n

4 3 1 s 1 5 A 8 :  R e - c o n s t r u c t e d  f a r m  c o - o p  m a n a g e r  d a t a
S u n d a y ,  M a r c h  2 9 ,  2 0 1 5  0 9 : 3 1 : 3 7  P M 5

U s i n g  W a r r e n  W h i t e  a n d  F u l l e r  1 9 7 4 ,  a n d  J o r e s k o g  1 9 7 8

T h e  C A L I S  P r o c e d u r e
C o v a r i a n c e  S t r u c t u r e  A n a l y s i s :  M a x i m u m  L i k e l i h o o d  E s t i m a t i o n

F i t  S u m m a r y

M o d e l i n g  I n f o N u m b e r  o f  O b s e r v a t i o n s 9 8

N u m b e r  o f  V a r i a b l e s 9

N u m b e r  o f  M o m e n t s 4 5

N u m b e r  o f  P a r a m e t e r s 2 3

N u m b e r  o f  A c t i v e  C o n s t r a i n t s 0

B a s e l i n e  M o d e l  F u n c t i o n  V a l u e 2 . 8 7 4 6

B a s e l i n e  M o d e l  C h i - S q u a r e 2 8 1 . 7 0 9 6

B a s e l i n e  M o d e l  C h i - S q u a r e  D F 3 6

P r  >  B a s e l i n e  M o d e l  C h i - S q u a r e < . 0 0 0 1

A b s o l u t e  I n d e x F i t  F u n c t i o n 0 . 2 7 7 4

C h i - S q u a r e 2 7 . 1 8 1 9

C h i - S q u a r e  D F 2 2

P r  >  C h i - S q u a r e 0 . 2 0 4 4

Z - T e s t  o f  W i l s o n  &  H i l f e r t y 0 . 8 2 7 3

H o e l t e r  C r i t i c a l  N 1 2 2

R o o t  M e a n  S q u a r e  R e s i d u a l  ( R M R ) 0 . 0 0 6 5

S t a n d a r d i z e d  R M R  ( S R M R ) 0 . 0 6 3 8

G o o d n e s s  o f  F i t  I n d e x  ( G F I ) 0 . 9 4 5 5

P a r s i m o n y  I n d e x A d j u s t e d  G F I  ( A G F I ) 0 . 8 8 8 5

P a r s i m o n i o u s  G F I 0 . 5 7 7 8

R M S E A  E s t i m a t e 0 . 0 4 9 0

R M S E A  L o w e r  9 0 %  C o n f i d e n c e  L i m i t 0 . 0 0 0 0

R M S E A  U p p e r  9 0 %  C o n f i d e n c e  L i m i t 0 . 1 0 2 4

P r o b a b i l i t y  o f  C l o s e  F i t 0 . 4 7 1 9

E C V I  E s t i m a t e 0 . 8 0 0 1

E C V I  L o w e r  9 0 %  C o n f i d e n c e  L i m i t 0 . 7 7 2 7

E C V I  U p p e r  9 0 %  C o n f i d e n c e  L i m i t 0 . 9 8 5 5

A k a i k e  I n f o r m a t i o n  C r i t e r i o n 7 3 . 1 8 1 9

B o z d o g a n  C A I C 1 5 5 . 6 3 6 2

S c h w a r z  B a y e s i a n  C r i t e r i o n 1 3 2 . 6 3 6 2

M c D o n a l d  C e n t r a l i t y 0 . 9 7 3 9

I n c r e m e n t a l  I n d e x B e n t l e r  C o m p a r a t i v e  F i t  I n d e x 0 . 9 7 8 9

B e n t l e r - B o n e t t  N F I 0 . 9 0 3 5

B e n t l e r - B o n e t t  N o n - n o r m e d  I n d e x 0 . 9 6 5 5

B o l l e n  N o r m e d  I n d e x  R h o 1 0 . 8 4 2 1

continued on page 14
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4 3 1 s 1 5 A 8 :  R e - c o n s t r u c t e d  f a r m  c o - o p  m a n a g e r  d a t a
S u n d a y ,  M a r c h  2 9 ,  2 0 1 5  0 9 : 3 1 : 3 7  P M 8

U s i n g  W a r r e n  W h i t e  a n d  F u l l e r  1 9 7 4 ,  a n d  J o r e s k o g  1 9 7 8

T h e  C A L I S  P r o c e d u r e
C o v a r i a n c e  S t r u c t u r e  A n a l y s i s :  M a x i m u m  L i k e l i h o o d  E s t i m a t i o n

4 3 1 s 1 5 A 8 :  R e - c o n s t r u c t e d  f a r m  c o - o p  m a n a g e r  d a t a
S u n d a y ,  M a r c h  2 9 ,  2 0 1 5  0 9 : 3 1 : 3 7  P M 8

U s i n g  W a r r e n  W h i t e  a n d  F u l l e r  1 9 7 4 ,  a n d  J o r e s k o g  1 9 7 8

T h e  C A L I S  P r o c e d u r e
C o v a r i a n c e  S t r u c t u r e  A n a l y s i s :  M a x i m u m  L i k e l i h o o d  E s t i m a t i o n

L i n e a r  E q u a t i o n s

F p e r f o r m = 0 . 3 4 6 8 ( * * ) F k n o w l e d g e + 0 . 1 7 1 2 ( * * ) F p r o f i t l o s s + 0 . 0 4 9 8 ( n s ) F s a t i s f + 0 . 0 7 2 6 ( n s ) e d u + 1 . 0 0 0 0 e p s i l o n

w 1 1 = 1 . 0 0 0 0 F k n o w l e d g e + 1 . 0 0 0 0 e 1

w 1 2 = 1 . 0 0 0 0 F k n o w l e d g e + 1 . 0 0 0 0 e 2

w 2 1 = 1 . 0 0 0 0 F p r o f i t l o s s + 1 . 0 0 0 0 e 3

w 2 2 = 1 . 0 0 0 0 F p r o f i t l o s s + 1 . 0 0 0 0 e 4

w 3 1 = 1 . 0 0 0 0 F s a t i s f + 1 . 0 0 0 0 e 5

w 3 2 = 1 . 0 0 0 0 F s a t i s f + 1 . 0 0 0 0 e 6

v 1 = 1 . 0 0 0 0 F p e r f o r m + 1 . 0 0 0 0 e 7

v 2 = 1 . 0 0 0 0 F p e r f o r m + 1 . 0 0 0 0 e 8

E f f e c t s  i n  L i n e a r  E q u a t i o n s

V a r i a b l e P r e d i c t o r P a r a m e t e r E s t i m a t e
S t a n d a r d

E r r o r t V a l u e P r > | t |

F p e r f o r m F k n o w l e d g e b e t a 1 0 . 3 4 6 8 3 0 . 1 3 1 6 6 2 . 6 3 4 2 0 . 0 0 8 4

F p e r f o r m F p r o f i t l o s s b e t a 2 0 . 1 7 1 2 2 0 . 0 7 9 0 9 2 . 1 6 4 9 0 . 0 3 0 4

F p e r f o r m F s a t i s f b e t a 3 0 . 0 4 9 8 4 0 . 0 5 0 4 0 0 . 9 8 8 9 0 . 3 2 2 7

F p e r f o r m e d u b e t a 4 0 . 0 7 2 6 0 0 . 0 4 4 2 0 1 . 6 4 2 7 0 . 1 0 0 4

w 1 1 F k n o w l e d g e 1 . 0 0 0 0 0

w 1 2 F k n o w l e d g e 1 . 0 0 0 0 0

w 2 1 F p r o f i t l o s s 1 . 0 0 0 0 0

w 2 2 F p r o f i t l o s s 1 . 0 0 0 0 0

w 3 1 F s a t i s f 1 . 0 0 0 0 0

w 3 2 F s a t i s f 1 . 0 0 0 0 0

v 1 F p e r f o r m 1 . 0 0 0 0 0

v 2 F p e r f o r m 1 . 0 0 0 0 0

E s t i m a t e s  f o r  V a r i a n c e s  o f  E x o g e n o u s  V a r i a b l e s

V a r i a b l e
T y p e V a r i a b l e P a r a m e t e r E s t i m a t e

S t a n d a r d
E r r o r t V a l u e P r > | t |

L a t e n t F k n o w l e d g e p h i 1 1 0 . 0 3 0 1 7 0 . 0 0 7 6 1 3 . 9 6 4 6 < . 0 0 0 1

F p r o f i t l o s s p h i 2 2 0 . 0 7 5 9 3 0 . 0 1 8 1 4 4 . 1 8 5 9 < . 0 0 0 1

F s a t i s f p h i 3 3 0 . 0 7 1 5 8 0 . 0 1 2 9 9 5 . 5 0 8 8 < . 0 0 0 1

O b s e r v e d e d u p h i 4 4 0 . 0 9 3 6 3 0 . 0 1 3 3 8 7 . 0 0 0 0 < . 0 0 0 1

D i s t u r b a n c e e p s i l o n p s i 0 . 0 0 5 5 0 0 . 0 0 1 9 3 2 . 8 4 6 8 0 . 0 0 4 4

E r r o r e 1 o m e g a 1 0 . 0 5 0 2 6 0 . 0 0 8 9 5 5 . 6 1 2 8 < . 0 0 0 1

e 2 o m e g a 2 0 . 0 2 9 9 6 0 . 0 0 6 8 5 4 . 3 7 2 5 < . 0 0 0 1

e 3 o m e g a 3 0 . 0 9 1 3 2 0 . 0 1 8 0 2 5 . 0 6 7 1 < . 0 0 0 1

e 4 o m e g a 4 0 . 0 8 2 4 8 0 . 0 1 7 1 3 4 . 8 1 4 8 < . 0 0 0 1

e 5 o m e g a 5 0 . 0 4 1 4 7 0 . 0 0 9 8 5 4 . 2 1 1 7 < . 0 0 0 1

continued on page 15
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4 3 1 s 1 5 A 8 :  R e - c o n s t r u c t e d  f a r m  c o - o p  m a n a g e r  d a t a
S u n d a y ,  M a r c h  2 9 ,  2 0 1 5  0 9 : 3 1 : 3 7  P M 9

U s i n g  W a r r e n  W h i t e  a n d  F u l l e r  1 9 7 4 ,  a n d  J o r e s k o g  1 9 7 8

T h e  C A L I S  P r o c e d u r e
C o v a r i a n c e  S t r u c t u r e  A n a l y s i s :  M a x i m u m  L i k e l i h o o d  E s t i m a t i o n

E s t i m a t e s  f o r  V a r i a n c e s  o f  E x o g e n o u s  V a r i a b l e s

V a r i a b l e
T y p e V a r i a b l e P a r a m e t e r E s t i m a t e

S t a n d a r d
E r r o r t V a l u e P r > | t |

e 6 o m e g a 6 0 . 0 2 9 5 2 0 . 0 0 8 9 2 3 . 3 0 8 2 0 . 0 0 0 9

e 7 o m e g a 7 0 . 0 0 8 7 8 0 . 0 0 1 8 2 4 . 8 3 5 3 < . 0 0 0 1

e 8 o m e g a 8 0 . 0 0 5 9 6 0 . 0 0 1 5 7 3 . 8 0 8 6 0 . 0 0 0 1

C o v a r i a n c e s  A m o n g  E x o g e n o u s  V a r i a b l e s

V a r 1 V a r 2 P a r a m e t e r E s t i m a t e
S t a n d a r d

E r r o r t V a l u e P r > | t |

F k n o w l e d g e F p r o f i t l o s s p h i 1 2 0 . 0 2 5 6 4 0 . 0 0 8 1 4 3 . 1 4 9 1 0 . 0 0 1 6

F k n o w l e d g e F s a t i s f p h i 1 3 0 . 0 0 5 4 6 0 . 0 0 6 6 8 0 . 8 1 6 7 0 . 4 1 4 1

F k n o w l e d g e e d u p h i 1 4 0 . 0 1 8 7 5 0 . 0 0 7 1 0 2 . 6 4 2 3 0 . 0 0 8 2

F p r o f i t l o s s F s a t i s f p h i 2 3 - 0 . 0 0 6 2 3 0 . 0 1 0 4 2 - 0 . 5 9 7 8 0 . 5 5 0 0

F p r o f i t l o s s e d u p h i 2 4 0 . 0 3 3 8 8 0 . 0 1 1 2 1 3 . 0 2 2 3 0 . 0 0 2 5

F s a t i s f e d u p h i 3 4 - 0 . 0 0 6 8 7 0 . 0 0 9 2 4 - 0 . 7 4 3 8 0 . 4 5 7 0

S i m u l t a n e o u s  T e s t s

S i m u l t a n e o u s
T e s t

P a r a m e t r i c
F u n c t i o n

F u n c t i o n
V a l u e D F C h i - S q u a r e p  V a l u e

A l l V a r s 4 6 3 . 2 7 3 4 3 < . 0 0 0 1

b 1 0 . 3 4 6 8 3 1 6 . 9 3 8 9 6 0 . 0 0 8 4

b 2 0 . 1 7 1 2 2 1 4 . 6 8 6 5 8 0 . 0 3 0 4

b 3 0 . 0 4 9 8 4 1 0 . 9 7 7 9 1 0 . 3 2 2 7

b 4 0 . 0 7 2 6 0 1 2 . 6 9 8 5 1 0 . 1 0 0 4

R e l i a b i l i t y D i f f e r e n c e 1 3 . 3 5 2 3 5 0 . 0 6 7 1

d 0 . 0 2 0 3 0 1 3 . 3 5 2 3 5 0 . 0 6 7 1

continued on page 16
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(a) Based strictly on the α = 0.05 significance level, does the model appear to fit the data
adequately?

i. Answer the question Yes or No.

ii. Give the value of a test statistic and a p-value that supports your conclusion. These
are two numbers from the printout.

(b) Controlling for formal education, knowledge and profit-loss orientation, is there evidence
that job satisfaction is related to job performance? Base your answers strictly on the
α = 0.05 significance level.

i. Answer the question Yes or No.

ii. Give the value of a test statistic and a p-value that supports your conclusion. These
are two numbers from the printout.

iii. If the answer is Yes (and only if the answer is Yes), say whether satisfaction is
positively related to performance, or negatively related.

Total Marks = 100 points


