
Generalized Linear Models 

Prototype:  Y = Xβ + ε



Components 

•  Random Part:  Elements of Y have 
independent normal distributions with E(Y) = 
μ and constant variance σ2. 

•  Systematic Part:  Covariates x1, … xp produce a 
linear predictor η given by  

•  Link between random and systematic 
components:  μ = η 

η =
p∑

j=1

xjβj



Generalizations 

•  Random component: Distribution may be a 
member of the exponential family other than 
the normal 

•  Link function  ηi = g(μi) may be any monotone 
differentiable function 



Exponential Family 

f(y|θ, φ) = exp
{

yθ − b(θ)
a(φ)

+ c(y, φ)
}

θ is the canonical parameter 



f(y|θ, φ) = exp
{

yθ − b(θ)
a(φ)

+ c(y, φ)
}

Normal: exp
{

yµ−µ2/2
σ2 − 1

2

(
y2/σ2 + log(2πσ2)

)}

Bernoulli: exp
{

y log µ
1−µ − log 1

1−µ

}





!(θ, φ, y) = log f(y|θ, φ)
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•  E(Y) = μ = b’(θ) 
•  Var(Y) = b’’(θ) a(ϕ) 

•  Variance function b’’(θ) 
•  V(μ) 
•  ϕ is the “dispersion parameter” 

f(y|θ, φ) = exp
{

yθ − b(θ)
a(φ)

+ c(y, φ)
}



Link Function 

•  Relates the linear predictor η to μ=E(Y) 

•  For example (Binomial) 

– Logit:   

– Probit:   

η =
p∑

j=1

xjβj

η = log
µ

1− µ

η = Φ−1(µ)



Canonical Link: η=θ 

•  Normal:  η = μ 
•  Poisson:  η = log μ 
•  Binomial:  η = log{μ/(1‐μ)} 

•  Gamma:  η = 1/μ 

•  Inverse Gamma: η = 1/μ2 



Sufficient Statistics 

f(y|θ) = g(T (y), θ) h(y)

f(yi) = exp
{

yiθ − b(θ)
a(φ)

+ c(yi,φ)
}

= exp
{

yix′
iβ − b(x′

iβ)
a(φ)

+ c(yi,φ)
}




