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Γ(α) =
∫∞

0
e−ttα−1 dt Γ(α + 1) = αΓ(α) and Γ(1

2
) =
√
π

E(X)
def
=
∑

x x px(x) or
∫∞
−∞ x fx(x) dx E(g(X)) =

∑
x g(x) px(x) or

∫∞
−∞ g(x) fx(x) dx

V ar(X)
def
= E ((X − µ)2) V ar(X) = E(X2)− [E(X)]2

L(θ) =
∏n

i=1 p(yi|θ) L(θ) =
∏n

i=1 f(yi|θ) `(θ) = logL(θ)

L(θ) =
∏n

i=1 f(ti|θ)δi S(ti|θ)1−δi `(θ) =
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i=1 δi log f(ti|θ) +
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i=1(1− δi) logS(ti|θ)

θ̂n
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) I(θ) = −E ∂2

∂θ2 log f(X|θ)

v̂n = 1/− `′′(θ̂) Sθ̂ =
√
v̂n

95% CI: θ̂ ± 1.96× Sθ̂ Zn = θ̂−θ0
S
θ̂

If g : R→ R g(θ̂)
.∼ N (g(θ), g′(θ)2 vn)
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)
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]
V̂n = H(θ̂)−1 estimates 1

n
I(θ)−1

If g : Rk → R

ġ(θ) =
(
∂g
∂θ1
, . . . , ∂g

∂θk

)
g(θ̂)

.∼ N
(
g(θ), ġ(θ)Vn ġ(θ)>

)
G2 = −2 log

(
maxθ∈Θ0

L(θ)

maxθ∈Θ L(θ)

)
= −2 log

(
L(θ̂0)
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)
Wn = (Lθ̂n − h)>

(
LV̂nL

>
)−1

(Lθ̂n − h)

S(t)
def
= P (T > t) = 1− F (t) h(t)

def
= lim∆→0

P (t<T<t+∆|T>t)
∆

, where ∆ > 0

h(t) = f(t)
S(t)

S(t) = exp{−
∫ t

0
h(x) dx}

Distribution Density S(t) E(T) Median

Exponential f(t|λ) = λe−λt I(t ≥ 0) e−λt 1
λ

log(2)
λ

Weibull f(t|α, λ) = αλ(λt)α−1 exp{−(λt)α} I(t ≥ 0) e−(λt)α Γ(1+1/α)
λ

log(2)1/α

λ

Gumbel G(µ, σ) f(y|µ, σ) = 1
σ exp

{(y−µ
σ

)
− e(

y−µ
σ )
}

e−e
( t−µσ )

σΓ′(1) + µ σ log(log(2)) + µ

Log-normal(µ, σ2) f(y|µ, σ) = 1
σ
√

2π
exp−

{
(log(t)−µ)2

2σ2

}
1
t I(t > 0) exp

(
µ+ σ2

2

)
eµ

T ∼ Lognormal(µ, σ2) if and only if X = log(T ) ∼ N(µ, σ2)

Log of standard exponential is Gumbel(0,1), also called the standard extreme value dis-
tribution.
If Z ∼ G(0, 1), MGF is Mz(t) = Γ(t+ 1), E(Z) = Γ′(1), V ar(Z) = π2

6
, and

Y = σZ + µ ∼ G(µ, σ).
Log of Weibull with α = 1/σ and λ = e−µ is Gumbel(µ, σ).



Kaplan-Meier estimate: Discrete time.

• pj = the probability of surviving past time tj, given survival to time tj−1.

S(tk) =
∏k

j=1 pj.

• dj is the number of deaths at time tj, and nj is the number of individuals at risk
before time tj.

• p̂j =
nj−dj
nj

, Ŝ(tk) =
∏k

j=1 p̂j, Ŝ(t) =
∏

tj≤t p̂j.

• Ŝ(t)
.∼ N

(
S(t), S(t)2

∑
tj≤t

1−pj
njpj

)
.

• The standard error of Ŝ(t) is Ŝ(t)

√∑
tj≤t

(
dj

nj(nj−dj)

)
.

Weibull Regression: ti = exp{β0+β1xi,1+. . .+βp−1xi,p−1}·εσi = ex
>
i βεσi , where ε1 ∼ exp(1).

• ti ∼ Weibull, with α = 1/σ and λ = e−x
>
i β.

• E(ti) = ex
>
i β Γ(σ + 1), Median(ti) = ex

>
i β log(2)σ, hi(t) = 1

σ
exp{− 1

σ
x>i β}t

1
σ
−1.

• S(t) = exp
{
−e− 1

σ
x>i βt

1
σ

}
Log-normal Regression Regression: ti = exp{β0 + β1xi,1 + . . .+ βp−1xi,p−1} · εσi = ex

>
i βεσi ,

where ε1 ∼ Log-normal(0,1).

• ti ∼ Log-normal(µ, σ2), with µ = ex
>
i β.

• E(ti) = ex
>
i β+ 1

2
σ2

, Median(ti) = ex
>
i β.

Proportional Hazards Regression

• h(t) = h0(t) ex
>β.

• PL(β) =
D∏
i=1

 ex
>
(i)

β∑
j∈R(i)

ex
>
j β

.

This formula sheet was prepared by Jerry Brunner, Department of Mathematical and
Computational Sciences, University of Toronto Mississauga. It is licensed under a Creative
Commons Attribution - ShareAlike 3.0 Unported License. Use any part of it as you like
and share the result freely. The LATEX source code is available from the course website:

http://www.utstat.toronto.edu/brunner/oldclass/312f23

http://www.utstat.toronto.edu/~brunner
http://creativecommons.org/licenses/by-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-sa/3.0/deed.en_US
http://www.utstat.toronto.edu/brunner/oldclass/312f23

