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Various ‘types’ of likelihood

1. likelihood, marginal and conditional likelihood, pro"le likelihood, adjusted pro"le

2. semi-parametric likelihood, partial likelihood

3. quasi-likelihood, composite likelihood misspeci!ed models

4. empirical likelihood, penalized likelihood

5. simulated likelihood, indirect inference

6. bootstrap likelihood, h-likelihood, weighted likelihood, pseudo-likelihood, local
likelihood, sieve likelihood
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Recap

• presentations and report Publications of D R Cox
• Suggestions: 46 61 72 93 118 133 158 217 232 260 269 320 332 357 371 378
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Exercises January 26 STA 4508S (Spring, 2022)

1. (Knight, 2000 Ch. 5.6; Owen, 1988). Suppose Y1, . . . , Yn are indepen-
dent and identically distributed from an unknown distribution function
F . To estimate F we restrict attention to distributions putting posi-
tive probability mass only at the points Y1, . . . , Yn, assumed distinct.
Knight defines the non-parametric log-likelihood function for F (·) as

L(p1, . . . , pn) =
n!

i=1

log(pi), pi ≥ 0,Σpi = 1,

where pi is the probability mass at Yi.

(a) Show that L(p) (or equivalently ℓ(p) = logL(p)) is maximized at
p̂i = 1/n.

(b) Suppose that µ = E(Yi) =
"
ydF (y) is the parameter of inter-

est, with F (·) as a nuisance parameter. The profile likelihood is
obtained by maximizing

L(p1, . . . , pn), subject to pi ≥ 0,Σpi = 1,ΣpiYi = µ,

where there is now an additional constraint on the vector p. Show
that the solution to the maximization problem is given by

p̂i(µ) =
1

n

1

1 + λ(Yi − µ)
, where λ solves

0 =
1

n

n!

i=1

Yi − µ

1 + λ(Yi − µ)
.

2. Choose a paper for your report and presentation, and provide the com-
plete citation and a one-sentence description of the paper.

You should plan for a 15 minute presentation followed by 5 minutes of
questions. The presentation can be either on slides or presented live
on a tablet/ipad. My guideline for number of slides is one per minute.

Do we have presentation F I5 3rd h
or 7h22 und day

Send Taelookfor an

oaf online

https://utstat.toronto.edu/reid/sta4508s/jan26exercises.pdf


Nuisance parameters

• θ = (ψ,λ) = (ψ1, . . . ,ψq,λ1, . . . ,λd−q)

• U(θ) =
!
Uψ(θ)

Uλ(θ)

"
, Uλ(ψ, λ̂ψ) = 0

• i(θ) =
!
iψψ iψλ

iλψ iλλ

"
j(θ) =

!
jψψ jψλ

jλψ jλλ

"

• i−1(θ) =
!
iψψ iψλ

iλψ iλλ

"
j−1(θ) =

!
jψψ jψλ

jλψ jλλ

"
.

• iψψ(θ) = {iψψ(θ)− iψλ(θ)i−1λλ(θ)iλψ(θ)}−1,

• ℓP(ψ) = ℓ(ψ, λ̂ψ), jP(ψ) = −ℓ′′P(ψ)
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... Nuisance parameters

• partition score vector: U(θ) =
!
Uψ(θ)

Uλ(θ)

"
; 1√nUψ(θ)

d→ Nq{0, i1ψψ(θ)}

• partition information matrix: i1(θ) =
!
i1ψψ i1ψλ

i1λψ i1λλ

"
i−11 (θ) =

!
iψψ
1 iψλ

1
iλψ1 iλλ1

"

iψψ = (iψψ − iψλi−1λλiλψ)−1

√n(ψ̂ − ψ)
.
=

1√n (i
ψψ
1 )−1(Uψ − iψλi−1λλUλ)

√n(ψ̂ − ψ)
d→ Nq{0, iψψ

1 (θ)}

2{ℓp(ψ̂)− ℓp(ψ)}
.
= (ψ̂ − ψ)Tiψψ(ψ̂ − ψ) 2{ℓp(ψ̂)− ℓp(ψ)}

d→ χ2q

√n(θ̂ − θ)
.
=

1√n i
−1
1 (θ)U(θ) column vectors
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... Nuisance parameters

wu(ψ) = Uψ(ψ, λ̂ψ)
T{iψψ(ψ, λ̂ψ)}Uψ(ψ, λ̂ψ)

.∼ χ2q

we(ψ) = (ψ̂ − ψ){iψψ(ψ̂, λ̂)}−1(ψ̂ − ψ)
.∼ χ2q

w(ψ) = 2{ℓ(ψ̂, λ̂)− ℓ(ψ, λ̂ψ)} = 2{ℓP(ψ̂)− ℓP(ψ)}
.∼ χ2q;

Approximate Pivots, q = 1

ru(ψ) = ℓ′P(ψ)jP(ψ̂)−1/2
.∼ N(0, 1),

re(ψ) = (ψ̂ − ψ)jP(ψ̂)1/2 .∼ N(0, 1),
r(ψ) = sign(ψ̂ − ψ)[2{ℓP(ψ̂)− ℓP(ψ)}]1/2

.∼ N(0, 1)
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Pro!le LRT SM 4.5,

w(ψ) = 2{ℓ(ψ̂, λ̂)− ℓ(ψ, λ̂ψ)} = 2{ℓP(ψ̂)− ℓP(ψ)}
.∼ χ2q
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Approximate Bayesian inference

• π(θ | y) = exp{ℓ(θ; y)}π(θ)#
exp{ℓ(θ; y)}π(θ)dθ

• expand numerator and denominator about θ̂, assuming ℓ′(θ̂) = 0

• π(θ | y) .
= N{θ̂, j−1(θ̂)}

STA 4508 January 26 2022 9

Bernstein vonMises the
M 8 posteriordensity ON

Holy and 40
Stagg

06 P O e Cab y
ftp.n

Simona
coly do q for colydyOk

Colt
re

Italy Yn TO III Yall
o f Oe Ot



... Approximate Bayesian inference

• π(θ | y) = exp{ℓ(θ; y)}π(θ)#
exp{ℓ(θ; y)}π(θ)dθ

• expand numerator and denominator about θ̂, assuming ℓ′(θ̂) = 0

• π(θ | y) .
= N{θ̂, j−1(θ̂)} “data swamps the prior”
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Posterior is asymptotically normal

π(θ | y) .∼ N{θ̂, j−1(θ̂)} θ ∈ R, y = (y1, . . . , yn)

careful statement Berger, Ch.4; Walker, 1969

For any a,b ∈ R,a < b, let an = an(y) = θ̂n + aj−1/2(θ̂n), bn = bn(y) = θ̂n + bj−1/2(θ̂n),
where θ̂n is the solution of ℓ′(θ; y) = 0, assumed unique, and j(θ) = −ℓ′′(θ; y). Then

$ bn

an
π(θ | y) −→ Φ(b)− Φ(a), n→ ∞.
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... posterior is asymptotically normal

π(θ | y) .∼ N{θ̂, j−1(θ̂)} θ ∈ R, y = (y1, . . . , yn)

equivalently π(θ | y) .
= N{θ̂π, j−1π (θ̂π)}

θ̂π solves h′(θ) = 0;h(θ) = ℓ(θ) + log π(θ)

θ̂ = θ̂π + Op(n−1)
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... posterior is asymptotically normal

In fact,

If π(θ) > 0 and π′(θ) is continuous in a neighbourhood of θ0, there exist constants D and
ny s.t.

|Fn(ξ)− Φ(ξ)| < Dn−1/2, for all n > ny,

on an almost-sure set with respect to the joint distribution of y, θ at θ0, i.e.
y = (y1, . . . , yn) is a sample from f (y; θ0), and θ0 is "xed value drawn from the prior
density π(θ).

Fn(ξ) = Pr{(θ − θ̂)j1/2(θ̂) ≤ ξ | y}

Johnson (1970); Datta & Mukerjee (2004)
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Laplace approximation

• expand denominator only about θ̂
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Laplace approximation

• expand denominator only about θ̂

• result
π(θ | y) .

=
1

(2π)d/2 |j(θ̂)|
+1/2 exp{ℓ(θ; y)− ℓ(θ̂; y)}π(θ)

π(θ̂)

π(θ | y) = 1
(2π)1/2 |j(θ̂)|

+1/2 exp{ℓ(θ; y)− ℓ(θ̂; y)}π(θ)
π(θ̂)

{1+ Op(n−1)}

y = (y1, . . . , yn), θ ∈ R1

π(θ | y) = 1
(2π)1/2 |jπ(θ̂π)|

+1/2 exp{ℓπ(θ; y)− ℓπ(θ̂π; y)}{1+ Op(n−1)}
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Marginal posterior

π(θ | y) .
=

1
(2π)d/2 |j(θ̂)|

+1/2 exp{ℓ(θ; y)− ℓ(θ̂; y)}π(θ)
π(θ̂)

πm(ψ | y) =

$
π(ψ,λ | y)dλ

.
=

#
exp{ℓ(ψ,λ)}π(ψ,λ)dλ

exp{ℓ(θ̂)}(2π)p/2|j(θ̂)|−1/2π(θ̂)
.
=

exp{ℓ(ψ, λ̂ψ)}(2π)(p−d)/2|jλλ(ψ, λ̂ψ)|−1/2π(ψ,̂λψ)

exp{ℓ(θ̂)}(2π)p/2|j(θ̂)|−1/2π(θ̂)
.
=

1
(2π)d/2 exp{ℓ(ψ, λ̂ψ)− ℓ(ψ̂, λ̂)} |j(ψ̂, λ̂)|1/2

|jλλ(ψ, λ̂ψ)|1/2
π(ψ, λ̂ψ)

π(ψ̂, λ̂)
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... marginal posterior

πm(ψ | y) .
=

1
(2π)d/2 exp{ℓp(ψ)− ℓp(ψ̂)}|j(ψ̂, λ̂)|1/2|jλλ(ψ, λ̂ψ)|−1/2 π(ψ, λ̂ψ)

π(ψ̂, λ̂)

.
=

1
(2π)d/2 exp{ℓp(ψ)− ℓp(ψ̂)}j1/2p (ψ̂)

!
|jλλ(ψ̂, λ̂)|
|jλλ(ψ, λ̂ψ)|

"1/2
π(ψ, λ̂ψ)

π(ψ̂, λ̂)

π(θ | y) .
=

1
(2π)p/2 exp{ℓ(θ)− ℓ(θ̂)}|j(θ̂)1/2π(θ̂)

log πm(ψ | y) = ℓp(ψ)−
1
2 log |jλλ(ψ, λ̂ψ)|+ log{π(λ̂ψ | ψ)}+ log{π(ψ)}+ c(y)
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Posterior marginal cdf, d = 1

$ ψ0

−∞
πm(ψ | y)dψ .

=

$ ψ0

−∞

1
(2π)1/2 exp{ℓp(ψ)− ℓp(ψ̂)}|jp(θ̂)|1/2

π̃

π̂

!
|̂jλλ|
|̃jλλ|

"1/2

dψ

...

= Φ(r) + φ(r)
%
1
r −

1
qm

&

r = ±
√
[2{ℓp(ψ̂)− ℓp(ψ)}1/2]

qm = −ℓ′p(ψ)j
−1/2
p (ψ̂)

π̂

π̃

!
|̃jλλ|
|̂jλλ|

"1/2
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Eliminating nuisance parameters: nonBayesian

• Pro"le likelihood poor if q large; fails if q→ ∞

• alternative: marginal likelihood: f (yn;ψ,λ) ∝ fm(t1;ψ)fc(t2 | t1;ψ,λ) tj = tj(y)

• Example N(Xβ,σ2I) : f (y;β,σ2) ∝ fm(RSS;σ2)fc(β̂ | RSS;β,σ2)

Lm(σ2) ∝ fm(RSS;σ2)

• alternative conditional likelihood: f (y;ψ,λ) ∝ fc(t1 | t2;ψ)fm(t2;ψ,λ)

• Example 2× 2 tables: f (y;ψ,λ) ∝
'n

i=1 fc(yi1 | yi1 + yi2;ψ)fm(yi1 + yi2;ψ,λi)

Lc(ψ) =
(

fc(yi1 | yi1 + yi2;ψ)
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Linear exponential families

• conditional density free of nuisance parameter
• f (yi;ψ,λ) = exp{ψTs(yi) + λTt(yi)− k(ψ,λ)}h(yi)
• f (y;ψ,λ) = exp{ψTΣs(yi) + λTΣt(yi)− nk(ψ,λ)}Πh(yi)

Let s = Σs(yi), t = Σt(yi)
• f (s, t;ψ,λ) = exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)

f (s | t;ψ) =
f (s, t;ψ,λ)#
f (s, t;ψ,λ)ds

=
exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)

#
exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)ds

=
exp{ψTs}h̃(s)

#
exp{ψTs}h̃(s)ds

= exp{ψTs− nk̃t(ψ)}h̃t(s)

k̃t, h̃t just convenient notation for integral of denominator
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Logistic regression

• yi ∼ Binom(mi,pi), i = 1, . . . ,n

• log{pi/(1− pi)} = xT

i β

• f (y;β) = exp{β1Σ(xi1yi) + · · ·+ βpΣ(xipyi)− Σmi log(1+ exTi β)}

• fc(s5 | s−(5);β5) ∝ exp{β5s5 − k̃(β5)}h(s)
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... Logistic regression

fc(s5 | s−(5);β5) ∝ exp{β5s5 − k̃(β5)}h(s)
STA 4508 January 26 2022 22
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Marginal and conditional likelihoods

Lc(ψ) = log fc{s(y) | t(y);ψ},
Lm(ψ) = log fm{s(y);ψ}

• Inference based on usual asymptotics applies, under regularity conditions on f (y;ψ,λ)
• likelihoods based on observable random variables
• Bartlett identities apply directly
• use conditional or marginal Fisher information, etc.

• might lose information in other component
f (y;ψ,λ) ∝ fm(s;ψ)fc(t | s;ψ,λ)

• marginal likelihoods associated with transformation models
REML
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Approximate conditional inference

• ℓc(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)| iψλ(θ) = 0

• ℓm(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)|

• ℓc(ψ)
.
= ℓp(ψ) +

1
2 log |jηη(ψ, η̂ψ)| exp{ψTs+ ηTt− c(ψ, η)}

• adjusted pro"le log-likelihood

ℓA(ψ) = ℓp(ψ) + A(ψ)

A(ψ) assumed to be Op(1)

• generic form is AFR(ψ) = +
1
2 log |jλλ(ψ, λ̂ψ)|− log |d(λ)

dλ̂ψ

| Fraser 03

• closely related ABN(ψ) = − 12 log |jλλ(ψ, λ̂ψ)|+ log | dλ̂
dλ̂ψ

| SM §12.4.1

BN 83STA 4508 January 26 2022 26



Semi-parametric models

• Recall: y1, . . . , yn jumps of a Poisson process

• rate function λ(·) observed on (0, τ)
• events at 0 < y1 < · · · < yn < τ SM §6.5.1
• likelihood function

L{λ(·); y} =

) n(

i=1
λ(yi)

*
exp{−

$ τ

0
λ(u)du}

• log-likelihood function

ℓ{λ(·); y} =
n+

i=1
log λ(yi)−

$ τ

0
λ(u)du

• in space:

ℓ{λ(·); y} =
n+

i=1
log λ(yi)−

$

S
λ(u)du

y , . . . , y ⊂ S

STA 4508 January 26 2022 27



  rpoispp(100)   rpoispp(lamb, 100, a = 1)

  rpoispp(lamb, 100, a = 3)   rpoispp(lamb, 100, a = 5)

λ(y1, y2) = 100 exp(−ay1)



Survival data

• Example: Survival data (yi,di), i = 1, . . . ,n

• yi = min(y0j , ci) y0i ∼ F(·; θ); ci ∼ G; y0i independent of ci

• di = 1{yi = y0i } uncensored observation

• f (yi,di; θ) = [f (yi; θ){1− G(yi)}]di [{1− F(yi; θ)}g(yi)]1−di

joint density

ℓ(θ)=
n+

i=1
[di log f (yi; θ) + (1− di) log{1− F(yi; θ)}]

+ terms depending on G

=
+

{di log λ(yi; θ)− Λ(yi; θ)}
Λ(y; θ) = − log{1− F(y; θ)}; λ(y; θ) = f (y; θ)/{1− F(y; θ)}
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Proportional hazards regression

• semi-parametric model: λ(y; x,β) = λ(y) exp(xTβ)

• log-likelihood function

ℓ(β,λ; y,d) =
n+

i=1
di log{λ(yi; xi,β)}− Λ(yi, xi,β)

=
n+

i=1
[di{xT

i β + log λ(yi)}− Λ(yi) exp(xT

i β)]

• partial log-likelihood function

ℓpart(β; y,d) =
n+

i=1
di{xT

i β − log
+

j∈Ri

exp(xT

j β)}

• y1 < · · · < yn; Ri = { j; yj ≥ yi}
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... PH regression

ℓpart(β; y,d) =
n+

i=1
di{xT

i β − log
+

j∈Ri

exp(xT

j β)}

=
n+

i=1
di{xT

i β − log Ai(β)}

∂ℓpart(β)

∂β
=

n+

i=1
di
,
xi −

A′i(β)
Ai(β)

-

−
∂2ℓpart(β)

∂β∂βT
=

n+

i=1
di
,A′′i (β)
Ai(β)

−
A′i(β)A′i(β)T
Ai(β)2

-

notation is a bit careless
STA 4508 January 26 2022 32



... PH regression

• partial log-likelihood function

ℓpart(β; y,d) =
n+

i=1
di{xT

i β − log
+

j∈Ri

exp(xT

i β)}

• can be motivated as:
1. marginal log-likelihood of the ranks of the failure times

2.
n#

i=1

Pr(unit i fails at yi | history to y−i ,one failure from Ri) CL

3.
• for inference, ℓpart(β) has usual properties

1. β̂part
.∼ N{β, j−1

part(β̂)}, 2{ℓpart(β̂part)− ℓpart(β)} .∼ χ2d Davison §10.8; Cox 1972, 1975
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... semi-parametric models

• partial log-likelihood function

ℓpart(β; y,d) =
n+

i=1
di{xT

i β − log
+

j∈Ri

exp(xT

i β)}

• is also, 3. pro"le log-likelihood function if λ(·) is represented by a vector of values
(λ1, . . . ,λn) = {λ(y1), . . .λ(yn)}

• why does usual likelihood inference apply?

• can be connected to theory of empirical likelihood

Murphy & van der Waart, 2000; van der Waart 1998, Ch. 25
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Pro!le likelihood in semi-parametric models vdW Ch. 25.10

• ℓ(β,λ; y),β ∈ Rd;λ = λ(·)

• ℓp(β; y) = ℓ(β, λ̃β ; y); λ̃β = arg supλ ℓ(β,λ; y)

• example: failure times y with hazard λ(y | x) = exβλ(y)
PH model, no censoring

• f (yi; θ,λ) = exiβλ(yi) exp{−exiβΛ(yi)} Λ =
!
λ

• empirical likelihood:

EL(β,Λ; y) =
n(

i=1
exiβΛ{yi} exp{−exiβΛ(yi)}

• maximizing value of Λ(·) must have jumps at yi only — replace Λ(yi) by sum
SM §10.8 “it su-ces to estimate the baseline cum. haz. fn by a step function Σj:yj≥yλj”STA 4508 January 26 2022 35



... semi-parametric models

• empirical likelihood:

EL(β,Λ; y) =
n(

i=1
exiβΛ{ti} exp{−exiβΛ(ti)}

• Λ̂β{yi} =
./

i:yj≥yi exp(xiβ)
0−1

• pro"le log-likelihood

Lp(β) =
n(

i=1

exiβ/
i:yj≥yi exp(xiβ)

• same as partial likelihood motivated by di,erent arguments
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Example: missing covariate Murphy and vdW, 2000

• observation (D,W, Z); D and W are independent, given Z

• Pr(D = 0) = {1+ exp(γ + βez)}−1

• W ∼ N(α0 + α1z;σ2)
• Z ∼ g(·), non-parametric

• (dC,wC, zC) a ‘complete’ observation
• (dR,wR) has a missing covariate

• f (x; θ,g) = f (dC,wC | zC; θ)g(zC)
#
f (dR,wR | z; θ)g(z)dz

x = (dC,wC, zC, dR,wR)
θ = γ,β,α0,α1,σ2

EL(θ,g) = f (dC,wC | zC; θ)g{zC}
$
f (dR,wR | z)g(z)dzSTA 4508 January 26 2022 37



Pro!le likelihood Murphy and vdW, 2000

1. √n(θ̂ − θ0) =
1√n ı̃

−1(θ0)Ũ(θ0) + op(1)

• Ũ(θ0) =
∂ℓ(θ,λ)

∂θ
− Projg

∂ℓ(θ,λ)

∂θ

• projection of ∂ℓθ onto the closed linear span
of the score functions for λ(·)

• ı̃(θ0) = var{Ũj(θ0)} Ũ =
"
Ũj; ı is O(1)

2. ℓp(θ̂) = ℓp(θ0) +
1
2n(θ̂ − θ0)

T ı̃(θ0)(θ̂ − θ0) + op(1)

3. for any random sequence θ̃n
p→ θ0, plus conditions on the model,

ℓp(θ̃n) = ℓp(θ0) + (θ̃n − θ0)T
n#

j=1
Ũj(θ0)−

1
2
n(θ̃n − θ0)T ı̃−1(θ0)(θ̃n − θ0)

+ op(
√n||θ̃n − θ0||+ 1)2
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... inference

•

ℓp(θ̃n) = ℓp(θ0) + (θ̃n − θ0)T
n#

j=1
Ũj(θ0)−

1
2
n(θ̃n − θ0)T ı̃−1(θ0)(θ̃n − θ0)

+ op(
√n||θ̃n − θ0||+ 1)2

• this result (3.) gives (1.) and (2.)
• as in parametric models, lead to

(θ̂ − θ0)
.∼ N{0, ı̃−1(θ0)}

• and likelihood ratio test
2{ℓp(θ̂)− ℓp(θ0)}

.∼ χ2d

• proof uses least favourable sub-models through the true model
• e,ectively turns in"nite-dimensional parameter "nite
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Proportional hazards model simpli&ed

•
ℓ(β,λ(·); y,d) =

n+

i=1
[di{xiβ + log λ(yi)}− Λ(yi) exp(xiβ)]

• score function for β:

∂ℓ/∂β =
n+

i=1
{dixi − xiexiβΛ(yi)}

• score function for λ(·): in the ‘direction’ h(·)
n+

i=1
dih(yi)− exiβ

$ yi

0
h(t)dΛ(t)

• we need to project ∂ℓ/∂β on the space spanned by the nuisance score functions

• result: $n
i=1 di

%
xi − M1

M0 (yi)
&
− exiβ

' yi
0

%
xi − M1

M0 (t)
&
dΛ(t)
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Semi-parametric models

• pro"le log-likelihood can (o-en) be de"ned
• using a least favorable sub-model !nite dimensional

• standard likelihood asymptotics apply for inference based on the pro"le log-likelihood

• in other examples, we see that pro"ling out large numbers of nuisance parameters can
lead to poor "nite sample results

• ?does this happen in semi-parametric models?
• seems unlikely for proportional hazards regression

complete separation of the parameters?

• other examples in vdW & M include current status data, gamma frailty models, partially
missing data, ...
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