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Various ‘types’ of likelihood

1. likelihood, marginal and conditional likelihood, pro"le likelihood, adjusted pro"le

2. semi-parametric likelihood, partial likelihood

3. quasi-likelihood, composite likelihood misspeci!ed models

4. empirical likelihood, penalized likelihood

5. simulated likelihood, indirect inference

6. bootstrap likelihood, h-likelihood, weighted likelihood, pseudo-likelihood, local
likelihood, sieve likelihood
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Recap

• likelihood function is proportional to the probability of the observed data

• need to assume a probability model in order to write down a likelihood function

• these models are usually parametric, i.e. a class of models that vary with a parameter
θ ∈ Θ

• but are sometimes non-parametric, in the sense that Θ might be an
in"nite-dimensional space

e.g. the class of all twice-di"erentiable function
e.g. the intensity function for a Poisson process

• random e(ects model: why do we integrate out the random e(ects?
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... Recap

• several examples: regression, time series, continuous time processes,
correlated binary data, etc.

• several examples of likelihood functions that involve integration complicated
• an example where the likelihood function can’t be written down completely Ising model

• these examples meant to motivate variations on the usual likelihood function to come

• notation and derived quantities: score function, observed and expected Fisher
information, maximum likelihood estimate, likelihood ratio statistic
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STA 4508: Likelihood and derived quantities January 2022

Given a model for Y which assumes Y has a density f(y; θ), θ ∈ Θ ⊂ Rd, we have
the following definitions:

observed likelihood function L(θ; y) = c(y)f(y; θ)
log-likelihood function ℓ(θ; y) = logL(θ; y) = log f(y; θ) + a(y)
score function U(θ) = ∂ℓ(θ; y)/∂θ
observed information function j(θ) = −∂2ℓ(θ; y)/∂θ∂θT

expected information (in one observation) i(θ) = EθU(θ)U(θ)T (called i1(θ) in CH)

When we have Yi independent, identically distributed from f(yi; θ), then, denoting
the observed sample y = (y1, . . . , yn) we have:

log-likelihood function ℓ(θ) = ℓ(θ; y) + a(y) Op(n)

maximum likelihood estimate θ̂ = θ̂(y) = arg supθ ℓ(θ) θ +Op(n
−1/2)

score function U(θ) = ℓ′(θ) =
!

Ui(θ) = U+(θ) Op(n
1/2)

observed information function j(θ) = −ℓ′′(θ) = −ℓ(θ;Y ) Op(n)

observed (Fisher) information j(θ̂)
expected (Fisher) information i(θ) = Eθ{U(θ)U(θ)T} = ni1(θ) O(n),

where with the risk of some confusion we use the same notation. Sometimes the
expected Fisher information is defined instead as i(θ) = Eθ{−∂U(θ;Y )/∂θT} (e.g.
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... Recap: inference based on likelihood

• “pure likelihood”: values of θ are plausible if L(θ̂)/L(θ) not too large
or L(θ)/L(θ̂) not too small

• Bayesian inference: posterior ∝ Likelihood × prior π(θ | y) ∝ L(θ; y)π(θ)

• frequentist: quantities derived from the likelihood function have “good” properties
behave well when we have large samples from the model

• also frequentist: pivotal quantities derived from the likelihood function can be used to
construct p-value functions also called signi!cance functions

• p-value functions provide nested sets of con"dence intervals if monotone in θ

STA 4508 January 19 2022 7
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A trio of limit results

1. 1√nU(θ)
d→ N{0, i1(θ)}

2. √n(θ̂ − θ)
d→ N{0, i−11 (θ)}

3.
2{ℓ(θ̂)− ℓ(θ)} d→ χ21 16 17 18 19 20 21 22 23
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Leading to a trio of approximate con"dence intervals:
1. {θ : |U(θ)i−1/2(θ)| ≤ z1−α/2}

2. {θ : |(θ̂ − θ)i1/2(θ̂)| ≤ z1−α/2}

3. {θ : 2[ℓ(θ̂)− ℓ(θ)]} ≤ χ21,1−αSTA 4508 January 19 2022 8
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p-value functions of θ

• or leading to a trio of approximate pivotal quantities

1. ru(θ) = U(θ)j−1/2(θ̂) .∼ N(0, 1)
2. re(θ) = (θ̂ − θ)j1/2(θ̂),
3. r(θ) = sign(θ̂ − θ)[2{ℓ(θ̂)− ℓ(θ)}]1/2
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p-value functions of θ

• or leading to a trio of approximate pivotal quantities

1. ru(θ) = U(θ)j−1/2(θ̂) .∼ N(0, 1)
2. re(θ) = (θ̂ − θ)j1/2(θ̂),
3. r(θ) = sign(θ̂ − θ)[2{ℓ(θ̂)− ℓ(θ)}]1/2

• Pr{ru(θ) ≤ r0u(θ)}
.
= Φ{r0u(θ)} under sampling from the model f (y; θ) = f (y1, . . . , yn; θ)
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p-value functions of θ

• or leading to a trio of approximate pivotal quantities
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• Pr{ru(θ) ≤ r0u(θ)}
.
= Φ{r0u(θ)} under sampling from the model f (y; θ) = f (y1, . . . , yn; θ)

• and a trio of p-value functions of θ, for !xed data
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p-value functions of θ

• or leading to a trio of approximate pivotal quantities

1. ru(θ) = U(θ)j−1/2(θ̂) .∼ N(0, 1)
2. re(θ) = (θ̂ − θ)j1/2(θ̂),
3. r(θ) = sign(θ̂ − θ)[2{ℓ(θ̂)− ℓ(θ)}]1/2

• Pr{ru(θ) ≤ r0u(θ)}
.
= Φ{r0u(θ)} under sampling from the model f (y; θ) = f (y1, . . . , yn; θ)

• and a trio of p-value functions of θ, for !xed data
• similarly

1. pu(θ) = Φ{r0u(θ)},
2. pe(θ) = Φ{re(θ)}
3. pr(θ) = Φ{r(θ)}
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Observed and expected Fisher information
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Example: Exponential

• f (yi; θ) = θe−yiθ, i = 1, . . . ,n

• ℓ(θ) =

• ℓ′(θ) =

• ℓ′′(θ) =

• ru(θ) =

• re(θ) =

• r(θ) =
expand log(θȳ) around 1 to get asymptotic equivalence to re, ru
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Example: Exponential

• f (yi; θ) = θe−yiθ, i = 1, . . . ,n

• ℓ(θ) = n log θ − nθȳ

• ℓ′(θ) = n
θ − nȳ θ̂ = ȳ−1

• ℓ′′(θ) = − n
θ2

• ru(θ) = 1√nℓ
′(θ)j−1/2(θ̂) = √n( 1

θȳ − 1)

• re(θ) = (θ̂ − θ)j1/2(θ̂) = √n(1− ȳθ)

• r(θ) = √
(2n){θȳ − 1− log(θȳ)}1/2

expand log(θȳ) around 1 to get asymptotic equivalence to re, ru
STA 4508 January 19 2022 12
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... Example: Exponential
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Aside

• for inference re θ, given y, plot p(θ) vs θ

• for p-value for H0 : θ = θ0, compute p(θ0)

• for checking whether, e.g. Φ{re(θ)} is a good approximation,
• compare p(θ) = Φ{re(θ)} to pexact(θ), as a function of θ, !xed y

• or compare p(θ0) to pexact(θ0) as a function of y

• if pexact(θ) not available, simulate

• if θ is a vector, choose one component at a time
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Vector parameter limit theorems and approximations

• U(θ)

• θ̂

• 2{ℓ(θ̂)− ℓ(θ)}
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Parameter of interest and nuisance parameter

• θ = (ψ,λ) =
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Parameter of interest and nuisance parameter

• θ = (ψ,λ) =

• U(θ) =
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Parameter of interest and nuisance parameter

• θ = (ψ,λ) =

• U(θ) =

• i(θ) = j(θ) =
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Parameter of interest and nuisance parameter

• θ = (ψ,λ) =

• U(θ) =

• i(θ) = j(θ) =

• i−1(θ) = j−1(θ) =
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Parameter of interest and nuisance parameter

• θ = (ψ,λ) =

• U(θ) =

• i(θ) = j(θ) =

• i−1(θ) = j−1(θ) =

• iψψ(θ) =
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Parameter of interest and nuisance parameter

• θ = (ψ,λ) =

• U(θ) =

• i(θ) = j(θ) =

• i−1(θ) = j−1(θ) =

• iψψ(θ) =

• ℓP(ψ) = jP(ψ) =
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Nuisance parameters

• θ = (ψ,λ) = (ψ1, . . . ,ψq,λ1, . . . ,λd−q)
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Nuisance parameters

• θ = (ψ,λ) = (ψ1, . . . ,ψq,λ1, . . . ,λd−q)

• U(θ) =
!
Uψ(θ)

Uλ(θ)

"
, Uλ(ψ, λ̂ψ) = 0

• i(θ) =
!
iψψ iψλ

iλψ iλλ

"
j(θ) =

!
jψψ jψλ

jλψ jλλ

"

• i−1(θ) =
!
iψψ iψλ

iλψ iλλ

"
j−1(θ) =

!
jψψ jψλ

jλψ jλλ

"
.

• iψψ(θ) = {iψψ(θ)− iψλ(θ)i−1λλ(θ)iλψ(θ)}−1,

STA 4508 January 19 2022 17



Nuisance parameters

• θ = (ψ,λ) = (ψ1, . . . ,ψq,λ1, . . . ,λd−q)

• U(θ) =
!
Uψ(θ)

Uλ(θ)

"
, Uλ(ψ, λ̂ψ) = 0

• i(θ) =
!
iψψ iψλ

iλψ iλλ

"
j(θ) =

!
jψψ jψλ

jλψ jλλ

"

• i−1(θ) =
!
iψψ iψλ

iλψ iλλ

"
j−1(θ) =

!
jψψ jψλ

jλψ jλλ

"
.

• iψψ(θ) = {iψψ(θ)− iψλ(θ)i−1λλ(θ)iλψ(θ)}−1,

• ℓP(ψ) = ℓ(ψ, λ̂ψ), jP(ψ) = −ℓ′′P(ψ)
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Approximations from limiting distributions, nuisance parameters

wu(ψ) = Uψ(ψ, λ̂ψ)
T{iψψ(ψ, λ̂ψ)}Uψ(ψ, λ̂ψ)

.∼ χ2q

we(ψ) = (ψ̂ − ψ){iψψ(ψ̂, λ̂)}−1(ψ̂ − ψ)
.∼ χ2q

w(ψ) = 2{ℓ(ψ̂, λ̂)− ℓ(ψ, λ̂ψ)} = 2{ℓP(ψ̂)− ℓP(ψ)}
.∼ χ2q;

Approximate Pivots, q = 1

ru(ψ) = ℓ′P(ψ)jP(ψ̂)−1/2
.∼ N(0, 1),

re(ψ) = (ψ̂ − ψ)jP(ψ̂)1/2 .∼ N(0, 1),
r(ψ) = sign(ψ̂ − ψ)[2{ℓP(ψ̂)− ℓP(ψ)}]1/2

.∼ N(0, 1)

STA 4508 January 19 2022 18

Y 4 IN lo jetlo 0 4,1 4.53 4

it
Eddie

Is

9 1 we x 4 4 EYED IEEE
IM IN Cad

Wi
we
IT



bothusingi
s Ci

g
teat



ra lol UCO j d i Nco s

recoil O O j4o Neon

r Col I Vzfecollecost i NCoil

V14 lily jj I jp 4 414
eph lit ID

E

rly I 2LlpCEJ lpt

E NCI i'ios

I i N ly it É

pivotalg LI 4 j 14,5 3 i Nlon





... Laplace approximation

marginal posterior:
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Pro!le likelihood: examples

• regression
y = Xβ + *, * ∼ N(0,σ2), ψ = σ2

σ̂2 =
1
n (y − Xβ̂)T(y − Xβ̂)
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Pro!le likelihood: examples

• regression
y = Xβ + *, * ∼ N(0,σ2), ψ = σ2

σ̂2 =
1
n (y − Xβ̂)T(y − Xβ̂)

• Neyman-Scott
yij ∼ N(µi,σ2), j = 1, . . . , k; i = 1, . . . ,m

σ̂2 =
1
mk

m%

i=1
(yij − ȳi.)2
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Pro!le likelihood: examples

• regression
y = Xβ + *, * ∼ N(0,σ2), ψ = σ2

σ̂2 =
1
n (y − Xβ̂)T(y − Xβ̂)

• Neyman-Scott
yij ∼ N(µi,σ2), j = 1, . . . , k; i = 1, . . . ,m

σ̂2 =
1
mk

m%

i=1
(yij − ȳi.)2

• 2× 2 tables

yi1 ∼ Bern(pi1), yi2 ∼ Bern(pi2), i = 1, . . . ,n, log{pi1/(1− pi1)
pi2(1− pi2)

} = ψ + λi

ψ̂
p→ ψ/2
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Approximate conditional inference

• ℓc(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)| iψλ(θ) = 0

• ℓm(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)|

• ℓc(ψ)
.
= ℓp(ψ) +

1
2 log |jηη(ψ, η̂ψ)| exp{ψTs+ ηTt− c(ψ, η)}

• adjusted pro"le log-likelihood

ℓA(ψ) = ℓp(ψ) + A(ψ)

A(ψ) assumed to be Op(1)

• generic form is AFR(ψ) = +
1
2 log |jλλ(ψ, λ̂ψ)|− log |d(λ)

dλ̂ψ

| Fraser 03

• closely related ABN(ψ) = − 12 log |jλλ(ψ, λ̂ψ)|+ log | dλ̂
dλ̂ψ

| SM §12.4.1
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Cox Rod adjusted likelihood
1987 showed that in general

it's a good 1st fix to
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