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Various ‘types’ of likelihood

1. likelihood, marginal and conditional likelihood, profile likelihood, adjusted profile

2. semi-parametric likelihood, partial likelihood

3. quasi-likelihood, composite likelihood misspecified models
4. empirical likelihood, penalized likelihood

5. simulated likelihood, indirect inference

6. bootstrap likelihood, h-likelihood, weighted likelihood, pseudo-likelihood, local ~

likelihood, sieve likelihood ] <~
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Various ‘types’ of likelihood

v/

1. likelihood, marginal and conditional likelihood, profile likelihood, adjusted profile

—"

2. semi-parametric likelihood, partial likelihoode, Cox 1972 ?m}mr#mﬁ
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3. quasi-likelihood, composite likelihood misspecified/models
4. empirical likelihood, penalized likelihood Cox ""“ID"" (oo

5. simulated likelihood, indirect inference

6. bootstrap likelihood, h-likelihood, weighted likelihood, pseudo-likelihood, local
likelihood, sieve likelihood
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Aausi by

likelihood function is proportional to the probabilit;:[o_tthe observed data
o OLWW-&ZE A.ﬂi‘-

need to assume a probability model in order to write down a likelihood function

these models are usually parametric, i.e. a class of models that vary with a parameter
beo < RF

but are sometimes non-parametric, in the sense that © might be an
infinite-dimensional space
e.g. the class of all twice-differentiable function$

e.g. the intensity function for a Poisson process

random effects model: why do we integrate out the random effects?
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- several examples: regression, time series, continuous time processes,

correlated binary data, etc.
« several examples of likelihood functions that involve integration complicated
« an example where the likelihood function can’t be written down completely Ising model

 these examples meant to motivate variations on the usual likelihood function to come

« notation and derived quantities: score function, observed and expected Fisher
information, maximum likelihood estimate, likelihood ratio statistic

log-likelihood function
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https://utstat.toronto.edu/reid/sta4508s/jan12-handout.pdf
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Given a model for Y which assumes Y has a density f(y;0), 6 € © C R? we have
the following definitions:

observed likelihood function L(0;y) = c(y) f(y; )

log-likelihood function 0(0;y) =log L(0;y) = log f(y; 0) + a(y)
score function U(9) = 0(6;y) /

observed information function §(0) = —0%(0;y) /0000

expected information (in one observation) () = EqU(6)U(6)” (called i;(0) in CH)

When we have Y; independent, identically distributed from f(y;;#), then, denoting
the observed sample y = (y1,...,y,) we have:

log-likelihood function 00) =00 y) + aly) O,(n)
maximum likelihood estimate 6 = (y) = arg sup, £(6) 0+ O,(n~1?)
score function U@) =00)=>U(0) =U.(0) O,(n'?)
observed information function j(0) = —¢” (9) =—((0;Y Op(n)

observed (Fisher) information j(6)
expected (Fisher) information () = E{U(@U ()T} =niy(6) O(n),

STA 4508 January 19 202here with the risk of some confusion we use the same notation. Sometimes the
expected Fisher information is defined instead as i(0) = Eg{—0U(0;Y)/00"} (e.g.



... Recap: inference based on likelihood

“pure likelihood”: values of # are plausible if L(A)/L(0) not too large
or L(0)/L() not too small

Bayesian inference: posterior  Likelihood x prior g7 (0| y) < L(6;y)
Jrtotyido=4_ = Lf@;;)"ig%“(g)
frequentist: quantities derived from the likelihood function have “good” properties
behave well when we have large samples from the model

also frequentist: pivotal quantities derived from the likelihood function can be used to
construct p-value functions also called significance functions

« p-value functions provide nested sets of confidence intervals if monotone in 6
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A trio of limit results

1. : g log-likelihood function
) %“(9)%"’{0 CLT ] Uts) ~ pto,

) _ .
2. \>/ L.(®)

Vn(d - 0)—>N{o: "(6)} Taﬂlor

log-likelihood

L2}(6) - f(e)}ﬂa A
wW($) ~q<;i 95 Pfrff)c _3&{ : v

Leading to a trio of approximate confidence intervals:

e
(0 10O 0) <20} ) 0 £ (9t \/J'@
2. {0:|(6—0)"?(8)| < z,_ a/z}c\ ~ 997 CI«F/ e
v’ %4.._,7L
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p-value functions of ¢

- or leading to a trio of approximate pivotal quantities U (&)~ /\//0 .. )
J
1 = U(0)j"2() ~ N(0,1) Vo (&) ~ f)(o, 5)
2. 1.(0) = (6-0)"28), ~wn oD
3. r(0) = sign(d —0)[2{¢@) — (o2 —~ M=)
43 (©) *

17?(‘ CL, F—(a)@) w-’,/n\,klc@‘;wdb\f)(;

¢, =49 -1%4ﬂ@)“9‘}<‘5 he: O £9 ¢ B}
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p-value functions of ¢

- or leading to a trio of approximate pivotal quantities
1. ry() = UB)j*@) ~ N(o,1)
2. re(0) = (0-0)"2(0),
3. r(0) = sign(d— 0)[2{¢() — £(0)}]"/?

« Pr{r,(0) <r2(0)} = ®{r2(0)} under sampling from the model f(y; 8) = f(y1, ..., VYn; 6)
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p-value functions of ¢

- or leading to a trio of approximate pivotal quantities
1. ry() = UB)j*@) ~ N(o,1)
2. re(0) = (0-0)"2(0),
3. r(0) = sign(d— 0)[2{¢() — £(0)}]"/?

« Pr{ry(0) <r2(0)} = ®{r2(0)} under sampling from the model f(y; 8) = f(v1, - - -, ¥n; 6)
 and a trio of p-value functions of 9, for fixed data
*"9"2‘/ p-valua - T 4 & 9)3 (9) PAC »e.)g]”z«;')}
1\ ~ o -
AV Takg »Lt

= CPA é;hfeteo) > )Z,Z’jps (‘9—03}
G0
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p-value functions of ¢

- or leading to a trio of approximate pivotal quantities <o LR

S o LYkl "33 Gn) = Ufewz&’\’(_oﬂ) —° (6] bk,
o2 rn0) = 6-0i70), <~nlon) ol
3. 1(0) = sign(d—)R{@) —uoN? ~ w (e,))
« Pr{ry(8) <r2(0)} = o{r3(0)} under sampling from the model f(y; 0) = f(v1, - - ., Yn; 6)
« and a trio of p-value functions of 9, for fixed data
« similarly * _de™
L= 1Lpu(l) = o), &= Blx)= fF'WC &5

2. pe(0) = ®{re(0)} «—
3. pr(0) = @{r(0)} &

&t &
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Observed and expected Fisher information

L uwe) -i(a A/[o) A= [l (9)) Lelles —(3[&1-} &)
vr o ?v-f,(;(a
A U . :
" i} e M) G, (&)= Wi (9)

U® S e we Jue
\)\;ﬁ [,6) In (&) N (é.)
P
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Example: Exponential

« fly;0)=0eY? i=1,...,n - . v g_ Ly«
$Up) = nlg® — & 2§ -
T _ N = LD %: A -1
. 0'(0) = ‘0/9 - 23«’ = © 7/3" i 2% ?
L) = —er U= T L®=Yer  jl) =g {@)="/ B>
A "/z _ n J/L - A A
: 1u(6) = “(9)3‘9) = (7’%)@%) (e g) Z =" (g-1)&
« re(0) = (9 ©) (9) = (f-o = o2 -
3 C J) 4 = \I?(I' é‘) ‘T

(/L
:{27%&(9 - G_Q _nleG+ oW ag

expand log(Py) arotind 1 to get asymptotic equivalence to re, ry

© A
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Example: Exponential

flyi;0) =0e i=1....n

¢(0) = nlog6 — nfy

- U(0)=§—ny o=y
« P() — N . (Y
t"(0) = oy A y~o P
* ry(8) = \)ng/(e) j=1/2() = \/n( —1) A _w _ 9
b= =
+ re(6) = (0 — 0)//2(6) = yn(1— ) \-4© A ¢

« 1(0) = v/(2n){0y — 1 — log(6y)}"/?
expand log(0y) around 1 to get asymptotic equivalence to re, ry

I/
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... Example: Exponential

14 CHAPTER 2. UNCERTAINTY AND APPROXIMATION

0.8

0.6

Significance function
0.4

Figure 2.2: Approximate pivots and P-values based on an exponential sample
of size n = 1. Left: likelihood root r(6) (solid), score pivot s(f) (dots), Wald
pivot t(6) (dashes), modified likelihood root 7*(6) (heavy), and exact pivot
0% y; (dot-dash). The modified likelihood root is indistinguishable from
the exact pivot. The horizontal lines are at 0,£1.96. Right: corresponding
significance functions, with horizontal lines at 0.025 and 0.975.
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- for inference re 6, given y, plot p(6) vs 6

5 = = R
« for p-value for Hy : 6 = 05, compute p(6 —t N —
P o o p p(6o) & S o, > ®
[~
. . - A e -0
« for checking whether, e.g. ®{r.(6)} is a good approximation, ‘*MQ-
- compare p(f) = ®{re(0)} t0 Pexact(f), as a function of@ fixed y it Uﬁl' "”‘0*

+ or compare p(6o) to pexact(6o) as a function of y
]e we 0(;% 9) Cee ‘_F
* if pexact(f) not available, simulate _

wndes S’k—j/L—-f 'a't G

- if 6 is a vector, choose one component at a time Her v hae 'Se-a-it'

’P\o’dtf-‘& J
STA 4508 January 19 2022 14




Vector parameter limit theorems and approximations
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Parameter of interest and nuisance parameter
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Parameter of interest and nuisance parameter

.0:(¢7A):
- U@9) = e\(L‘V(Q\ C 2&“{“,%) O -
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Parameter of interest and nuisance parameter

. U(h) =

- i(0) = 0= | ful®  {a®
5 _ -9\'1(\(//7\) &As(a(,b’) /jM(B)
']‘N 9(_{,7,
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Parameter of interest and nuisance parameter

. 0= (g, \) = 0 & ~ /(f(ej jfp((©))
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Parameter of interest and nuisance parameter

u() =
i(6) = j(6) =
~(6) = j(0) =
it (9) =
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Parameter of interest and nuisance parameter
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Nuisance parameters
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Nuisance parameters

0= (,A) = (Y1, g, M, ..., Ad—gq)

- U(h) = (Zﬁé?;) , U, Ay) =0

ci@y= " ) ey = [T

I I Ixgp Iax
. I L jv A
i—'(0) = e ] (0) = o pa)

iP(0) = {iyy(8) — iyx(0)ixn(0)irg(0)}
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Nuisance parameters
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Approximations from limiting distributions, nuisance parameters

O_¥)4 o, A¥@) ) =@M (VAIE S LN
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2.3. SEVERAL PARAMETERS 19

r(¢)
] C (¥
B4
E b,-(*ﬂ u-:-;a,
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T T T T {0
0 2 4 6 8
. %

Figure 2.3: Inference for shape parameter ¢ of gamma sample of size n =
5. Left: profile log likelihood £, (solid) and the log likelihood from the
conditional density of u given v (heavy). Right: likelihood root r(%) (solid),
Wald pivot t(¢) (dashes), modified likelihood root r*(¢) (heavy), and exact

pivot overlying r*(¢/). The horizontal lines are at 0, £1.96.
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... Laplace approximation

marginal posterior:

(q}’“@ 5;7@) ~ /\/(Ol'>
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Profile likelihood: examples

* regression
y=XB+¢ €e~N(0,0°), =0
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Y=F 7 = Ly X3ty - xB) {=1
— 'gw

< %)Xy L(8,0)

3 T -
L B TakT T 5oy 0 (3-x6)
1\

_
_L.2 (yoxR)x =o ol

26°

_(,:O =

ol p

7o s, = (Z
STA4508]anuary192022?L . P = (X)C.)ia’ - y 20



AN -/

oo
L BL)= 45 €)
< AT, A
2o (6 = ko= 2. k) (e
Pole¥)= — v 4By

,Y
st T (o)

\oﬁ' =0 _ﬁﬂojb—u— Z-;l_:; (VPXEJ T[%-X2>

26 4

2 y-xe) [y
)
E 6'\‘1.: (Y)-f ) WL &’l0+ S
"4
R &= | 'xg)7ﬂ'xf§‘8
——
— %cg ) We Ao hae Sy & Pveff& (L
L«dwu P S '.«.?z Mﬁaﬁmjow
[va“l' 'M‘C"’? g;dtr
N POO( adypmmx(\%—»s Lﬂ\.w n Oéxej

-




Profile likelihood: examples

. regression
y:Xﬁ—Fe e ~N(0,0%), =0

(v —XB)"(y — XB)

3|—\

* Neyman-Scott L){p\; =A .- 7z m~-Dod

— YijNN(,uiaazi—L...,m
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Jlm()‘ ) — A (g w} mkz(y” 7 )2 by ¢aedll
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Profile likelihood: examples

. regression
y=XB+¢ €e~N(0,0°), =0

5= 2y~ XB) (v~ XB)

* Neyman-Scott
Vi ~ N(piy0%),j=1,....ki=1,....m

o 1 5 - 3
& Zﬂz()/ij_)/i.) s kb 7 O-Z

k/ -
. 2 x 2 tables >0
oy~ BT R = oo % — g+
= 12 12
— = = . ‘7& Rm&s‘
Aesser yy= 1 F Y =92 P

1> e
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Approximate conditional inference

. (IR T .
L) = () — Sloglin( A , INORL
A_
, 1 . N
* Um() = Lp(¥) — 5 108 (¥, Ag)l N
: 1 . N
* Le() = Lo(¥) + 5 1og (1, 1) exp{t)Ts + Tt — c(4,n)}
- adjusted profile log-likelihood
l la(¥) = Lp(¢) + A(Y)
A(7) assumed to be Op(1)
: : 1 : o d(\)
« generic form is Agr(v) = +£ log [/xa (), Ay)| — log | 5 | Fraser 03
P
1. . d\
+ closely related Agy(v) = -5 log [/xx (), Ay)| + log | & | SM §12.4.1
Y
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