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P values are just the tip 
of the iceberg

Ridding science of shoddy statistics will require scrutiny of every step, 
not merely the last one, say Jeffrey T. Leek and Roger D. Peng.

There is no statistic more maligned 
than the P value. Hundreds of papers 
and blogposts have been written 

about what some statisticians deride as ‘null 
hypothesis significance testing’ (NHST; see, 
for example, go.nature.com/pfvgqe). NHST 
deems whether the results of a data analysis 
are important on the basis of whether a 
summary statistic (such as a P value) has 
crossed a threshold. Given the discourse, it 
is no surprise that some hailed as a victory 
the banning of NHST methods (and all of 
statistical inference) in the journal Basic 
and Applied Social Psychology in February1.  

Such a ban will in fact have scant effect 
on the quality of published science. There 
are many stages to the design and analysis 
of a successful study (see ‘Data pipeline’). 
The last of these steps is the calculation of 
an inferential statistic such as a P value, and 
the application of a ‘decision rule’ to it (for 
example, P < 0.05). In practice, decisions 
that are made earlier in data analysis have 
a much greater impact on results — from 
experimental design to batch effects, lack 
of adjustment for confounding factors, or 
simple measurement error. Arbitrary levels 
of statistical significance can be achieved by 
changing the ways in which data are cleaned, 
summarized or modelled2. 

P values are an easy target: being widely 
used, they are widely abused. But, in prac-
tice, deregulating statistical significance 
opens the door to even more ways to game 
statistics — intentionally or unintentionally 
— to get a result. Replacing P values with 
Bayes factors or another statistic is ultimately 
about choosing a different trade-off of true 
positives and false positives. Arguing about 
the P value is like focusing on a single mis-
spelling, rather than on the faulty logic of a 
sentence. 

Better education is a start. Just as anyone 
who does DNA sequencing or remote-
sensing has to be trained to use a machine, 
so too anyone who analyses data must be 
trained in the relevant software and con-
cepts. Even investigators who supervise data 
analysis should be required by their funding 
agencies and institutions to complete train-
ing in understanding the outputs and poten-
tial problems with an analysis. 

There are online courses specifically 

designed to address this crisis. For 
example, the Data Science Specialization, 
offered by Johns Hopkins University in 
Baltimore, Maryland, and Data Carpen-
try, can easily be integrated into training 
and research. It is increasingly possible to 
learn to use the computing tools relevant 
to specific disciplines — training in Bio-
conductor, Galaxy and Python is included 
in Johns Hopkins’ Genomic Data Science  
Specialization, for instance. 

But education is not enough. Data 

analysis is taught through an apprenticeship 
model, and different disciplines develop 
their own analysis subcultures. Decisions 
are based on cultural conventions in spe-
cific communities rather than on empirical 
evidence. For example, economists call data 
measured over time ‘panel data’, to which 
they frequently apply mixed-effects models. 
Biomedical scientists refer to the same type 
of data structure as ‘longitudinal data’, and 
often go at it with generalized estimating 
equations. 

Statistical research largely focuses on 
mathematical statistics, to the exclusion of 
the behaviour and processes involved in 
data analysis. To solve this deeper problem, 
we must study how people perform data 
analysis in the real world. What sets them up 
for success, and what for failure? Controlled 
experiments have been done in visualiza-
tion3 and risk interpretation4 to evaluate 
how humans perceive and interact with data 
and statistics. More recently, we and others 
have been studying the entire analysis pipe-
line. We found, for example, that recently 
trained data analysts do not know how to 
infer P values from plots of data5, but they 
can learn to do so with practice.

 The ultimate goal is evidence-based data 
analysis6. This is analogous to evidence-
based medicine, in which physicians are 
encouraged to use only treatments for which 
efficacy has been proved in controlled trials. 
Statisticians and the people they teach and 
collaborate with need to stop arguing about 
P values, and prevent the rest of the iceberg 
from sinking science. ■

Jeffrey T. Leek and Roger D. Peng are 
associate professors of biostatistics at the 
Johns Hopkins Bloomberg School of Public 
Health in Baltimore, Maryland, USA.
e-mail: jleek@jhsph.edu
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DATA PIPELINE
The design and analysis of a successful study 
has many stages, all of which need policing.

Experimental design

Data collection

Raw data

Data cleaning

Tidy data

Exploratory data analysis

Potential statistical models

Statistical modelling

Summary statistics

Inference

P value

Extreme scrutiny

Little debate
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Today

󱸯. March 󱸰󱸲: Guest Lecture, Professor Radu Craiu models for dependent data

󱸰. Recap: graphical models
󱸱. Nonparametric methods
󱸲. Project papers: introductions

This week

• Toronto Data Workshop, Wednesday 󱸯󱸶 March, 󱸯󱸰.󱸮󱸮 (EDT) on Zoom
Zoro Wang, Carnegie-Mellon University : “AI agents at work – but whose work?”

• Statistics Colloquium Thursday 󱸯󱸷 March, 󱸯󱸯am Hydro 󱸷󱸮󱸯󱸲
Roger Peng, UT Austin: “Building data analysis proofs”
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Recap: graphical models

• graphs are useful for visualizing multivariate distributions mv normal; multinomial

• directed acyclic graphs encode independence among components
all edges have arrows; no cycles

• building a joint distribution from conditional pieces relies on a Markov property
W ⊥ 󰁨W | parents, descendants

• DAGs can be linked to causality with special notation for interventions AoS 󱸯󱸵.󱸶

• graphical models are widely used with complex multivariate data
e.g. neural networks, spatial processes
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Graphical models: example Drton & Maathuis, 󱸰󱸮󱸯󱸲

Structure learning in graphical modelling
Ann. Rev. Statist. Applic. 󱸲, 󱸱󱸴󱸳–󱸱󱸷󱸱.
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Recap: unmeasured confounding

• in observational studies, apparent treatment e󰎎ects might be “explained away” by
adjusting for other properties of the units

• if they are not, then under an assumption of no unmeasured confounding, evidence
of a causal treatment e󰎎ect is strengthened

• but this assumption cannot be tested by the data in the observational study
• Corn󰎓eld’s lemma:

• if a third confounding variable explains an observed association between exposure and
outcome variables,

• the association between the exposure and the confounder, and the confounder and the
outcome,

• must be at least as strong as the association between the exposure and the outcome
as measured by the risk ratio

Corn󰎓eld et al. (󱸯󱸷󱸳󱸷) reprinted in Int. J. Epidemiology 󱸱󱸶 (󱸰󱸮󱸮󱸷);
see also VanderWeele & Ding (󱸰󱸮󱸯󱸵) Ann. Internal Medicine
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Recall: Nonparametric estimation AoS Ch.󱸵

• plug-in estimation: if θ = T(F), then θ̂ = T(󰁥Fn) 󰁥Fn(t) = 󱸯
nΣi󱸯{Xi ≤ t}

• parameters of the form T(F) are called statistical functionals

• Example: µ = E(X) =
󰁕
xdF(x) = T(F)

µ̂ =

󰁝
xd󰁥Fn(x) =

󱸯
n

n󰁛

i=󱸯

Xi

• Example: κ󱸱 = E(X − µ)󱸱 =
󰁕
(x − µ)󱸱dF(x)

κ̂󱸱 =
󱸯
n

n󰁛

i=󱸯

(Xi − µ)󱸱

• Example: θ = T(F) = F−󱸯(p) pth quantile

θ̂ = T(󰁥Fn) = 󰁥F−󱸯n (p)
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A very clever plug-in estimate AoS Ch.󱸶

• suppose θ = T(F) and θ̂ = T(󰁥Fn), as above, and we want to estimate varF(θ̂)
• write varF(θ̂) = V(F), then use plug-in again

󰁧var(θ̂) = V(󰁥Fn)

• If V(F) is very complicated, or unknown, e.g. θ = κ󱸱; θ = F−󱸯(p)
simulate many samples from 󰁥Fn, get many estimates of θ,
use the simulation variance
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A very clever plug-in estimate AoS Ch.󱸶

• suppose θ = T(F) and θ̂ = T(󰁥Fn), as above, and we want to estimate varF(θ̂)
• write varF(θ̂) = V(F), then use plug-in again

󰁧var(θ̂) = V(󰁥Fn)

• If V(F) is very complicated, or unknown, e.g. θ = κ󱸱; θ = F−󱸯(p)
simulate many samples from 󰁥Fn, get many estimates of θ,
use the simulation variance

• each simulated sample X∗󱸯b, . . . , X∗nb and each estimate θ̂∗b

󰁧var(θ̂) .
=
󱸯
B

B󰁛

b=󱸯

(θ̂∗b −
¯̂θ∗b)

󱸰

• each simulated sample is a sample with replacement
from the original data X󱸯, . . . , Xn
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The bootstrap AoS Ch.󱸶

󱺕󱸶.󱸰: slightly di󰎎erent notaton

Real world F =⇒ X󱸯, . . . , Xn =⇒ T(Fn) = θ̂n
Bootstrap world 󰁥Fn =⇒ X∗󱸯 , . . . , X∗n =⇒ T(󰁥F∗n) = θ̂∗n repeat B times

Example 󱸶.󱸵

> AOSdata

placebo old new Z Y

1 9243 17649 16449 8406 -1200

2 9671 12013 14614 2342 2601

3 11792 19979 17274 8187 -2705

4 13357 21816 23798 8459 1982

5 9055 13850 12560 4795 -1290

6 6290 9806 10157 3516 351

7 12412 17208 16570 4796 -638

8 18806 29044 26325 10238 -2719

Z = O− P, Y = N− O, N− O
O− P =

N− P
O− P − 󱸯
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... the bootstrap AoS Ch.󱸶

> that <- mean(AOSdata$Y)/mean(AOSdata$Z)

> that

[1] -0.0713061

> thboot <- rep(0,1000)

> for(i in 1:1000){

+ Ystar <- sample(AOSdata$Y, 8, replace=TRUE)

+ Zstar <- sample(AOSdata$Z, 8, replace = TRUE

+ )

+ thboot[i] <- mean(Ystar)/mean(Zstar)}

> sqrt(var(thboot))

[1] 0.1077168

> that + sqrt(var(thboot))*c(-2,2)

[1] -0.2867397 0.1441275
Statistical Theory for Data Science II March 󱸯󱸵 󱸰󱸮󱸰󱸴 󱸯󱸰



... the bootstrap AoS Ch.󱸶

> hist(thboot, breaks = 30); sort(thboot)[c(25,975)]

[1] -0.2856603 0.1445028
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Bootstrap con󰎓dence intervals

• previous slide used 󱸮.󱸮󱸰󱸳,󱸮.󱸷󱸵󱸳 percentiles of bootstrap dist’n percentile method

• studentized con󰎓dence intervals use dist’n of (θ̂∗b − θ̂)/σ̂∗ VanderVaart 󱸰󱸱.󱸯

• percentile method is invariant to monotone transformation ϕ = ϕ(θ)
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Bootstrap con󰎓dence intervals

• previous slide used 󱸮.󱸮󱸰󱸳,󱸮.󱸷󱸵󱸳 percentiles of bootstrap dist’n percentile method

• studentized con󰎓dence intervals use dist’n of (θ̂∗b − θ̂)/σ̂∗ VanderVaart 󱸰󱸱.󱸯

• percentile method is invariant to monotone transformation ϕ = ϕ(θ)

• studentized con󰎓dence intervals have correct coverage if both VderV 󱸰󱸱.󱸰

pr{(θ̂ − θ)/σ̂ ≤ t} → F(t),
pr{θ̂∗ − θ̂)/σ̂∗ ≤ t|F̂n} → F(t)

• equivalent to

sup
x

󰀏󰀏󰀏󰀏󰀏pr
󰀣
θ̂ − θ

σ̂
≤ x | F

󰀤
− pr

󰀣
θ̂∗ − θ̂

σ̂∗ ≤ x | 󰁥Fn

󰀤󰀏󰀏󰀏󰀏󰀏
p→ 󱸮

proof involves triangular arrays
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Bootstrap sampling

library("tidyverse")

leukemia_big<- read.csv ("http://web.stanford.edu/~hastie/CASI_files/DATA/leukemia_big.csv")

leukemia_big[136,] %>% select(starts_with("ALL")) %>% as.numeric() -> all136

leukemia_big[136,] %>% select(starts_with("AML")) %>% as.numeric() -> aml136

t.test(all136,aml136, var.equal = TRUE)

95 percent confidence interval:

-0.32817995 -0.06680742

> median(all136)-median(aml136)

[1] -0.235093

> mean(all136)-mean(aml136)

[1] -0.1974937

Bootstrap sample has 󱸰󱸳 draws with replacement from AML; 󱸲󱸵 draws with replacement from ALL
i.e. tailored to the two-sample problem
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Bootstrap sampling

• sampling from 󰁥Fn(·) only appropriate for i.i.d. data
• variations have been developed for time series, regression, censored data, etc.

• the parametric bootstrap resamples from F(·; θ̂)
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Bootstrap theory EH 󱸯󱸯.󱸲

• Efron and co-authors improved percentile con󰎓dence intervals using
bias correction and acceleration BCa CIs

• resulting intervals (bounds) are second-order correct

prF(θ ≤ θ̂αBCa) = α+
c
n + o( 󱸯n )
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Bootstrap theory EH 󱸯󱸯.󱸲

• Efron and co-authors improved percentile con󰎓dence intervals using
bias correction and acceleration BCa CIs

• resulting intervals (bounds) are second-order correct

prF(θ ≤ θ̂αBCa) = α+
c
n + o( 󱸯n )

• studentized bootstrap bounds are also second-order correct
• implicitly, bootstrap implement higher-order asymptotics not clear why

• proof relies on Edgeworth expansion etc.
• VderV p.󱸱󱸱󱸶 “The proofs of these assertions are somewhat technical”
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Bootstrap theory EH 󱸯󱸯.󱸲

• Efron and co-authors improved percentile con󰎓dence intervals using
bias correction and acceleration BCa CIs

• resulting intervals (bounds) are second-order correct

prF(θ ≤ θ̂αBCa) = α+
c
n + o( 󱸯n )

• studentized bootstrap bounds are also second-order correct
• implicitly, bootstrap implement higher-order asymptotics not clear why

• proof relies on Edgeworth expansion etc.
• VderV p.󱸱󱸱󱸶 “The proofs of these assertions are somewhat technical”

• library(boot) is very reliable Angelo Canty

• see also Davison & Hinkley (󱸯󱸷󱸷󱸵) Bootstrap Methods and their Application.
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The Annals of Statistics
1979, Vol. 7, No. 1, 1-26

THE 1977 RIETZ LECTURE

BOOTSTRAP METHODS: ANOTHER LOOK AT THE JACKKNIFE

BY B. EFRON

Stanford University

We discuss the following problem: given a random sample X=
(X1, X2,. . ., Xn) from an unknown probability distribution F, estimate the
sampling distribution of some prespecified random variable R(X, F), on the
basis of the observed data x. (Standard jackknife theory givses an approximate
mean and variance in the case R(X, F) = 0(F) - 0(F), 0 some parameter of
interest.) A general method, called the "bootstrap," is introduced, and shown to

work satisfactorily on a variety of estimation problems. The jackknife is shown

to be a linear approximation method for the bootstrap. The exposition proceeds

by a series of examples: variance of the sample median, error rates in a linear
discriminant analysis, ratio estimation, estimating regression parameters, etc.

1. Introduction. The Quenouille-Tukey jackknife is an intriguing nonparamet-

ric method for estimating the bias and variance of a statistic of interest, and also

for testing the null hypothesis that the distribution of a statistic is centered at some

prespecified point. Miller [14] gives an excellent review of the subject.

This article attempts to explain the jackknife in terms of a more primitive
method, named the "bootstrap" for reasons which will become obvious. In princi-

ple, bootstrap methods are more widely applicable than the jackknife, and also
more dependable. In Section 3, for example, the bootstrap is shown to (asymptoti-

cally) correctly estimate the variance of the sample median, a case where the
jackknife is known to fail. Section 4 shows the bootstrap doing well at estimating

the error rates in a linear discrimination problem, outperforming "cross-valida-
tion," another nonparametric estimation method.

We will show that the jackknife can be thought of as a linear expansion method

(i.e., a "delta method") for approximating the bootstrap. This helps clarify the
theoretical basis of the jackknife, and suggests improvements and variations likely

to be successful in various special situations. Section 3, for example, discusses
jackknifing (or bootstrapping) when one is willing to assume symmetry or smooth-

ness of the underlying probability distribution. This point reappears more emphati-

cally in Section 7, which discusses bootstrap and jackknife methods for regression

models.

The paper proceeds by a series of examples, with little offered in the way of
general theory. Most of the examples concern estimation problems, except for
Remark F of Section 8, which discusses Tukey's original idea for t-testing using the

Received June 1977; revised December 1977.
AMS 1970 subject classifications. Primary 62G05, 62G15; Secondary 62H30, 62J05.
Key words and phrases. Jackknife, bootstrap, resampling, subsample values, nonparametric variance

estimation, error rate estimation, discriminant analysis, nonlinear regression.
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Part II Report

Project Guidelines STA 2212S: Statistical Theory for Data Science 2026

Presentation on March 31, 2026.
Report submission due April 14, 2026.

Part 1: Presentation

On the last day of class (March 31), you will present your final project. This
includes:

• Uploading your slide deck to Quercus by 4 pm on March 31

• Presenting the slides in no more than 10 minutes.

Part 1: Marking [10 points]

• 10 minute time limit [4 points]

• clarity of presentation [3 points]

• well-designed slides [3 points]

Part 2: Write-up

Your write-up should be: (1): no more than 10 pages, 12 point font, 1.5
vertical spacing; (2) Contain the four sections below; (3) Include a title page
with the title and authors of your paper, and your name and student number.
(4) Include a list of references.
The title page and references, and any figures, do not count towards the 10
page limit.

The following sections are proposed; they may not suit every paper exactly,
and you can propose an alternate structure up to one week before the pre-
sentation. I’ll make time in class on March 24 for this.

1. Introduction and Motivation non-technical

(a) What is the problem being addressed?

(b) Why is it an important problem?

(c) What previous work exists?

1
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Paper Questions Noah

Journal of the American Statistical Association

ISSN: (Print) (Online) Journal homepage: www.tandfonline.com/journals/uasa20

Cross-Validation: What Does It Estimate and How
Well Does It Do It?

Stephen Bates, Trevor Hastie & Robert Tibshirani

To cite this article: Stephen Bates, Trevor Hastie & Robert Tibshirani (2024) Cross-Validation:
What Does It Estimate and How Well Does It Do It?, Journal of the American Statistical
Association, 119:546, 1434-1445, DOI: 10.1080/01621459.2023.2197686

To link to this article:  https://doi.org/10.1080/01621459.2023.2197686

View supplementary material 

Published online: 15 May 2023.

Submit your article to this journal 

Article views: 8145

View related articles 

View Crossmark data

Citing articles: 71 View citing articles 

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=uasa20
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Cross-validation ISLR Chapter 󱸳󱸯

• training data (X󱸯, Y󱸯), . . . , (Xn, Yn)
• build a regression model e.g. f (x; θ̂)
• validation data (Xn+󱸯, Yn+󱸯), . . . , (Xn+N, Yn+N)
• validation error or some other loss function

󱸯
N

N󰁛

j=󱸯

{Yn+j − f (Xn+j; θ̂)}󱸰

• compare various models f by comparing their validation error

• k-fold cross-validation makes validation sets from the original observations
MSEi validation error on ith holdout set

CV(k) =
󱸯
k

k󰁛

i=󱸯

MSEi
󱸯Introduction to Statistical Learning link
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Cross-validation
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Cross-validation as an estimator Bates et al 󱸰󱸮󱸰󱸱

• Out-of-sample error over distribution of (Xn+󱸯, Yn+󱸯) | sample

ERRXY = E

󰀗󰁱
f (Xn+󱸯; θ̂)− Yn+󱸯

󰁲󱸰
| X, Y

󰀘

• average error over distribution of (Y󱸯, X󱸯), . . . , (Yn, Xn)

ERR = E(ERRXY)

be careful with Es

• ERRXY : error of the model on our training data
• ERR: error of the 󰎓tting method on same-sized datasets
• Bates et al. argue that CV is a better estimate of ERR than it is of ERRXY
• Suggest concentrating on 󱺕󱸱, with 󱸯 example from each of 󱺕󱸳, 󱸴.
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Paper Questions Andrew

Biometrika (2024), 111, 2, pp. 677–689 https://doi.org/10.1093/biomet/asad044
Advance Access publication 18 July 2023

An anomaly arising in the analysis of processes with more than
one source of variability

By H. S. BATTEY

Department of Mathematics, Imperial College London,
South Kensington Campus, London SW7 2AZ, U.K.

h.battey@imperial.ac.uk

AND PETER MCCULLAGH

Department of Statistics, University of Chicago,
5747 S Ellis Ave, Chicago, Illinois 60637, U.S.A.

pmcc@galton.uchicago.edu

SUMMARY

It is frequently observed in practice that the Wald statistic gives a poor assessment of
the statistical signi!cance of a variance component. This paper provides detailed analytic
insight into the phenomenon by way of two simple models, which point to an atypical geo-
metry as the source of the aberration. The latter can in principle be checked numerically to
cover situations of arbitrary complexity, such as those arising from elaborate forms of block-
ing in an experimental context, or models for longitudinal or clustered data. The salient
point, echoing Dickey (2020), is that a suitable likelihood-ratio test should always be used
for the assessment of variance components.

Some key words: Components of variance; Likelihood ratio; Nuisance parameter; Residual maximum likelihood;
Wald statistic.

1. Introduction

Faithful representation of a process generating data often entails speci!cation of two
or more sources of variability. In an experimental context, simple or elaborate forms of
blocking induce a nested or crossed structure within the set of plots. Similar grouping arises
in observational studies where, for instance, data may originate from different hospitals,
regions or from several family groups, of no direct interest, but likely to generate structured
correlation in the outcome.

As in certain other settings, inference based on the likelihood function for the full gener-
ative model is typically miscalibrated, sometimes seriously so, and should ideally be based
on a suitable marginal or conditional likelihood. In the present context, appropriate prelim-
inary reduction leads to residual maximum likelihood, REML, developed by Patterson &
Thompson (1971), and closely connected to marginal likelihood (Bartlett, 1937).

Even when the REML likelihood is used, the Wald test routinely reported in software
implementations is frequently found to be ineffectual for detecting components of vari-
ance when they are unambiguously present. A typical example occurs in McCullagh (2023,

⃝c 2023 Biometrika Trust
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/
licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is
properly cited.
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Linear mixed models SM 󱸷.󱸲.󱸰

• linear model y = Xβ + Zb+ 󰂃, b ∼ Nq(󱸮,Ωb), 󰂃 ∼ Nn(󱸮,Ω) SM notation
• distribution: y | b ∼ Nn(Xβ + Zb,Ω), y ∼ Nn(Xβ, ZΩbZT + Ω)

• when Ω = σ󱸰I, let σ󱸰Υ−󱸯 ≡ ZΩbZT + Ω

• parameters in Υ denoted ψ

ℓ(β,σ,ψ) = − 󱸯
󱸰σ󱸰 (y − Xβ)TΥ(ψ)(y − Xβ)− n

󱸰 log σ󱸰 +
󱸯
󱸰 log |Υ(ψ)|

• β̂ψ = (XTΥ(ψ)X)−󱸯XTΥ(ψ)y, σ̂󱸰ψ = 󱸯
n (y − Xβ̂ψ)

TΥ(ψ)(y − Xβ̂ψ)

• ℓp(ψ) = ℓ(β̂ψ, σ̂ψ,ψ)

• “Unfortunately life is not so simple.” boundary values, REML

ℓREML(β,σ,ψ) = − 󱸯
󱸰σ󱸰 (y − Xβ)TΥ(ψ)(y − Xβ)− n− p

󱸰 log σ󱸰 +
󱸯
󱸰 log |Υ(ψ)|− log |XTΥX|

R for residual
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... Linear mixed models Battey & McC

• Battey/McCullagh use di󰎎erent notation: ZΩbZT + Ω −→
󰁓s

u=󱸮 θuVu V󱸮 = I; i.e. θ󱸮 = σ󱸰

but see their 󱺕󱸳

• use only ℓREML
• focus on testing values of θ (variance components): H󱸮 : θs = 󱸮
• Wald statistic

(θ̂s − 󱸮)/{Iss(θ̂)}󱸯/󱸰

they use the squared version θ̂󱸰s/Iss(θ̂)

• Likelihood ratio statistic
Λ = 󱸰{ℓ(θ̂)− ℓ(θ̂

(󱸮)
)}

• It would be enough to do 󱺕󱸱 or 󱺕󱸳, with some numerical work from 󱺕󱸴.󱸯 or 󱸴.󱸰
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Testing generalized linear models with high-dimensional
nuisance parameters

By JINSONG CHEN

College of Applied Health Sciences, University of Illinois at Chicago,
1919 W Taylor St, Chicago, Illinois 60612, U.S.A.

jinsongc@uic.edu

QUEFENG LI

Department of Biostatistics, University of North Carolina at Chapel Hill,
Chapel Hill, North Carolina 27599, U.S.A.

quefeng@email.unc.edu

AND HUA YUN CHEN

School of Public Health, University of Illinois at Chicago,
2121 W Taylor St, Chicago, Illinois 60612, U.S.A.

hychen@uic.edu

Summary

Generalized linear models often have high-dimensional nuisance parameters, as seen in
applications such as testing gene-environment interactions or gene-gene interactions. In these
scenarios, it is essential to test the significance of a high-dimensional subvector of the model’s
coefficients. Although some existing methods can tackle this problem, they often rely on the
bootstrap to approximate the asymptotic distribution of the test statistic, and are thus computa-
tionally expensive. Here, we propose a computationally efficient test with a closed-form limiting
distribution, which allows the parameter being tested to be either sparse or dense. We show that,
under certain regularity conditions, the Type-I error of the proposed method is asymptotically
correct, and we establish its power under high-dimensional alternatives. Extensive simulations
demonstrate the good performance of the proposed test and its robustness when certain sparsity
assumptions are violated. We also apply the proposed method to Chinese famine sample data in
order to show its performance when testing the significance of gene-environment interactions.

Some key words: Dense parameter; Model misspecification; U-statistic.

1. Introduction

Testing hypotheses for high-dimensional generalized linear models is a basic task of statis-
tical inference. It is especially important to accurately and efficiently test the significance of a
high-dimensional subvector of the model coefficients when the nuisance parameter is also high
dimensional. One application of this problem is testing the significance of interaction terms in
a high-dimensional generalized linear model, for example, in studies of gene-environment or

⃝c The Author(s) 2022. Published by Oxford University Press on behalf of the Biometrika Trust.
All rights reserved. For permissions, please email: journals.permissions@oup.com
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Generalized linear models in high dimensions Chen et al 󱸰󱸮󱸰󱸱

• exponential family density:

f (y; η) = exp{yη − b(η) + c(y)}, µ = E(y) = b′(η)

• linear model g(µ) = ZTγ +WTβ nuisance, interest

• interested in testing H󱸮 : β = 󱸮 vs H󱸯 : β ∕= 󱸮 γ unspeci󰎓ed

• dimensions of β, pβ and γ, pγ allowed to diverge with n
• data (y󱸯, z󱸯,w󱸯), . . . , (yn, zn,wn)
• pro󰎓le ‘style’: estimate γ under H󱸮, giving 󰁥γφ (in their notation) 󰁥γ(󱸮)

󰁥γφ = argmin
γ

󰀳

󰁃− 󱸯
n

n󰁛

i=󱸯

[yiη(zTi γ)− b(ηi(zTγ)}] + ζ|
pγ󰁛

j=󱸯

|γj|

󰀴

󰁄

• enough to give results and discuss assumptions; can omit asymptotic power
discussion; can focus on one simulation scenario
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The Annals of Applied Statistics
2008, Vol. 2, No. 4, 1360–1383
DOI: 10.1214/08-AOAS191
© Institute of Mathematical Statistics, 2008

A WEAKLY INFORMATIVE DEFAULT PRIOR DISTRIBUTION FOR
LOGISTIC AND OTHER REGRESSION MODELS

BY ANDREW GELMAN, ALEKS JAKULIN, MARIA GRAZIA
PITTAU AND YU-SUNG SU

Columbia University, Columbia University, University of Rome, and City
University of New York

We propose a new prior distribution for classical (nonhierarchical) lo-
gistic regression models, constructed by first scaling all nonbinary variables
to have mean 0 and standard deviation 0.5, and then placing independent
Student-t prior distributions on the coefficients. As a default choice, we
recommend the Cauchy distribution with center 0 and scale 2.5, which in
the simplest setting is a longer-tailed version of the distribution attained
by assuming one-half additional success and one-half additional failure in
a logistic regression. Cross-validation on a corpus of datasets shows the
Cauchy class of prior distributions to outperform existing implementations
of Gaussian and Laplace priors.

We recommend this prior distribution as a default choice for routine ap-
plied use. It has the advantage of always giving answers, even when there is
complete separation in logistic regression (a common problem, even when
the sample size is large and the number of predictors is small), and also au-
tomatically applying more shrinkage to higher-order interactions. This can
be useful in routine data analysis as well as in automated procedures such as
chained equations for missing-data imputation.

We implement a procedure to fit generalized linear models in R with the
Student-t prior distribution by incorporating an approximate EM algorithm
into the usual iteratively weighted least squares. We illustrate with several
applications, including a series of logistic regressions predicting voting pref-
erences, a small bioassay experiment, and an imputation model for a public
health data set.

1. Introduction.

1.1. Separation and sparsity in applied logistic regression. Nonidentifiability
is a common problem in logistic regression. In addition to the problem of collinear-
ity, familiar from linear regression, discrete-data regression can also become un-
stable from separation, which arises when a linear combination of the predictors
is perfectly predictive of the outcome [Albert and Anderson (1984), Lesaffre and
Albert (1989)]. Separation is surprisingly common in applied logistic regression,

Received January 2008; revised June 2008.
Key words and phrases. Bayesian inference, generalized linear model, least squares, hierarchi-

cal model, linear regression, logistic regression, multilevel model, noninformative prior distribution,
weakly informative prior distribution.
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Choosing priors

• logistic regression model

yi ∼ Bernoulli(pi), log
p󱸯

󱸯− pi
= xTi β, i = 󱸯, . . . ,n

• if some linear combination of xi’s perfectly separates yi = 󱸯 from yi = 󱸮,
then model is not identi󰎓able separable

• in practice, one or more components of β̂ will be very large, as will ŝe(β̂)
• putting an informative prior on β avoids unbounded likelihood
• authors suggest independent Cauchy priors on each regression coe󰎏cient
• requires re-scaling to make coe󰎏cients comparable
• can ignore “other models” section; choose just one example, don’t need detail on
computation
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Statistics and Computing (2024) 34:57
https://doi.org/10.1007/s11222-023-10366-5

ORIG INAL PAPER

Detecting and diagnosing prior and likelihood sensitivity with
power-scaling

Noa Kallioinen1 · Topi Paananen1 · Paul-Christian Bürkner2 · Aki Vehtari1

Received: 22 May 2023 / Accepted: 17 November 2023 / Published online: 31 December 2023
© The Author(s) 2023

Abstract
Determining the sensitivity of the posterior to perturbations of the prior and likelihood is an important part of the Bayesian
workflow. We introduce a practical and computationally efficient sensitivity analysis approach using importance sampling to
estimate properties of posteriors resulting from power-scaling the prior or likelihood. On this basis, we suggest a diagnostic
that can indicate the presence of prior-data conflict or likelihood noninformativity and discuss limitations to this power-scaling
approach. The approach can be easily included in Bayesianworkflowswithminimal effort by themodel builder andwe present
an implementation in our new R package priorsense. We further demonstrate the workflow on case studies of real data
using models varying in complexity from simple linear models to Gaussian process models.

Keywords Bayesian · prior · sensitivity · likelihood · diagnostic

1 Introduction

Bayesian inference is characterised by the derivation of a
posterior from a prior and a likelihood. As the posterior
is dependent on the specification of these two components,
investigating its sensitivity to perturbations of the prior and
likelihood is a critical step in the Bayesian workflow (Gel-
man et al. 2020; Depaoli et al. 2020; Lopes and Tobias
2011).Alongwith indicating the robustness of an inference in
general, such sensitivity is related to issues of prior-data con-
flict (Evans andMoshonov 2006; Al Labadi and Evans 2017;
Reimherr et al. 2021) and likelihood noninformativity (Gel-
man et al. 2017; Poirier 1998). Historically, sensitivity
analysis has been an important topic in Bayesian methods
research (e.g. Canavos 1975; Skene et al. 1986; Berger 1990;
Berger et al. 1994;Hill and Spall 1994).However, the amount
of research on the topic has diminished (Watson and Holmes
2016;Berger et al. 2000) and results from sensitivity analyses
are seldom reported in empirical studies employing Bayesian
methods (van de Schoot et al. 2017).We suggest that a reason

B Noa Kallioinen
noa.kallioinen@aalto.fi

1 Department of Computer Science, Aalto University, Espoo,
Finland

2 Department of Statistics, Technical University of Dortmund,
Dortmund, Germany

for this is the lack of sensitivity analysis approaches that are
easily incorporated into existing modelling workflows.

In this work, we present a sensitivity analysis approach
that fits into workflows in which modellers use probabilistic
programming languages, such as Stan (Stan Development
Team 2021) or PyMC (Salvatier et al. 2016), and employ
Markov chain Monte Carlo (MCMC) methods to estimate
posteriors via posterior draws (e.g. workflows described in
Grinsztajn et al. 2021; Gelman et al. 2020; Schad et al. 2021).
The number of active users of such frameworks is currently
estimated to be over a hundred thousand (Carpenter 2022).
Weprovide exampleswithmodels that are commonly usedby
this community, but the general principles are not tied to any
specificmodel or prior families. Furthermore, as the approach
focuses on MCMC-based workflows, analytical derivations
that would rely on conjugate priors or specificmodel families
are not the focus and are not presented here.

A common workflow is to begin with a base model with
template or ‘default’ priors, and iteratively build more com-
plex models (Gelman et al. 2020). Recommended template
priors, and default priors in higher-level interfaces to Stan
and PyMC, such as rstanarm (Goodrich et al. 2020),
brms (Bürkner 2017), and bambi (Capretto et al. 2022),
are designed to be weakly informative and should work well
when the data is highly informative so that the likelihood
dominates. However, the presence of prior and likelihood
sensitivity should still be checked, as no prior can be univer-

123
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Power scaling

• usual posterior
π(θ | y) ∝ L(θ; y)π(θ)

• tempered likelihood
π̃(θ | y) ∝ L(θ; y)απ(θ)

• typically α < 󱸯
• proposed for Bayes inference in models with very many parameters

• this paper also considers
π̌(θ | y) ∝ L(θ; y)π(θ)α

• Suggest emphasis on sensitivity; computational aspects can be omitted; one
simulation and one case study, e.g.
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Testing Random E!ects for Binomial Data
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November 4, 2025

Abstract

In modern scientific research, small-scale studies with limited participants are

increasingly common. However, interpreting individual outcomes can be challeng-

ing, making it standard practice to combine data across studies using random ef-

fects to draw broader scientific conclusions. In this work, we introduce an optimal

methodology for assessing the goodness-of-fit of a reference distribution for the

random e!ects arising from binomial counts. For meta-analyses, we also derive

optimal tests to evaluate whether multiple studies are in agreement before pool-

ing the data. In all cases, we prove that the proposed tests optimally distinguish

null and alternative hypotheses separated in the 1-Wasserstein distance.

Table of contents
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Random e󰎎ects binomial

• model: Xi | pi ∼ Binom(t,pi), pi ∼ π, i = 󱸯, . . . ,n π: variation over i in prob success

• problem: test H󱸮 : π = π󱸮 goodness-of-󰎓t

• e.g. π󱸮 = δp󱸮 , point mass at unknown p󱸮 homogeneity testing

• emphasize 󰎓nite-sample (󰎓xed n) properties
• de󰎓ne alternative hypothesis as H󱸯 : W󱸯(π,π󱸮) ≥ 󰂃

W󱸯(π,π󱸮) = sup
f∈class

Ep∼π{f (p)}− Ep∼π󱸮{f (p)}

• require test to have type I error α
• 󰎓nd test that maximizes type 󱸰 error under the “worst case null, π󱸮”
• Can concentrate on either goodness-of-󰎓t testing or homeogeneity testing;
if g-o-f can emphasize plug-in test; can skip proofs and 󱺕s 󱸲,󱸳; one example
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Handling incomplete heterogeneous data using VAEs 
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a b s t r a c t 
Variational autoencoders (VAEs), as well as other generative models, have been shown to be e!cient and 
accurate for capturing the latent structure of vast amounts of complex high-dimensional data. However, 
existing VAEs can still not directly handle data that are heterogenous (mixed continuous and discrete) or 
incomplete (with missing data at random), which is indeed common in real-world applications. 
In this paper, we propose a general framework to design VAEs suitable for fitting incomplete heteroge- 
nous data. The proposed HI-VAE includes likelihood models for real-valued, positive real valued, interval, 
categorical, ordinal and count data, and allows accurate estimation (and potentially imputation) of miss- 
ing data. Furthermore, HI-VAE presents competitive predictive performance in supervised tasks, outper- 
forming supervised models when trained on incomplete data. 

© 2020 Elsevier Ltd. All rights reserved. 

Data are usually organized and stored in databases, which are 
often large, heterogenous, noisy, and incomplete. For example, an 
online shopping platform has access to heterogenous and incom- 
plete information of its users, such as their age, gender, orders, 
wish lists, etc. Similarly, Electronic Health Records of hospitals 
might contain different lab measurements, diagnoses and genomic 
information about their patients. Learning generative models that 
accurately capture the distribution, and therefore the underlying 
latent structure, of such incomplete and heterogeneous datasets 
may allow us to better understand the data, estimate missing or 
corrupted values, detect outliers, and make predictions (e.g., on pa- 
tients’ diagnosis) on unseen data [1] . 

Deep generative models have been recently proved to be highly 
flexible and expressive unsupervised methods, able to capture 
the latent structure of complex high-dimensional data. They e!- 
ciently emulate complex distributions from large high-dimensional 
datasets, generating new data points similar to the original real- 
world data, after training is completed [2–4] . So far, the main fo- 
cus in the literature is to enrich the prior or posterior of explicit 
generative models such as variational autoencoders (VAEs); or to 

∗ Corresponding author. 
E-mail addresses: anazabal@turing.ac.uk (A. Nazábal), olmos@tsc.uc3m.es (P.M. 

Olmos), zoubin@eng.cam.ac.uk (Z. Ghahramani), ivalera@cs.uni-saarland.de (I. 
Valera). 

propose alternative training objectives to the log-likelihood, lead- 
ing to implicit generative models such as, e.g., generative adversar- 
ial networks (GANs) [5] . Indeed, we are witnessing a race between 
an ever-growing spectrum of VAE models, e.g., VAE with a Vamp- 
Prior [6] , Output Interpretable VAEs [7] , DVAE++ [8] , Shape Vari- 
ational Autoencoder [9] and GAN-style objective functions (f-GAN 
[10] , DR-GAN [11] , Wasserstein GANs [12] , MMD-GAN [13] , Gated- 
GAN [14] , AdaGAN [15] , feature-matching GAN [16] , etc.). While all 
these approaches compete to generate the most realistic images or 
readable text, the deployment of such models to solve practically- 
relevant problems in arbitrary datasets, which are often incomplete 
and heterogenous [17] , is being overlooked. In the following, we 
discuss these problems in more detail and why we believe our pa- 
per is relevant to data-scientists interested in exploiting the deep 
generative model pipeline in the data wrangling process. We pro- 
vide with practical tools to handle both missing and heterogeneous 
data with little supervision from the user, who merely has to indi- 
cate the data type model of each attribute and the position of the 
missing data. 

Currently deep generative models focus on highly-structured 
homogeneous data collections including, e.g., images [18,19] , text 
[20] , video [21–23] or speech [24] , which are characterized by 
strong statistical dependencies between pixels or words. The dom- 
inant existing approach to account for heterogenous data follows 
a deep domain-alignment approach [25–27] , designed to discover 

https://doi.org/10.1016/j.patcog.2020.107501 
0031-3203/© 2020 Elsevier Ltd. All rights reserved. 
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Incomplete heterogeneous data and VAEs

• heterogeneous data: mix of D continuous, discrete, nominal, ordinal observations
xn = (xn󱸯, . . . , xnd), n = 󱸯, . . . ,N

• in each observation xn, entries may be MCAR: xn = (xon, xmn )
• model for the data (with latent variables zn ∈ RK) decoder/generative model

p(xn, zn) = p(zn)
󰁜

d

p(xnd | zn), zn ∼ Nk(󱸮, I)

• approximation to the posterior󱸰 encoder, variational approximation

q(zn, xn) ≈ p(xn, zn)

• q designed to miminize (?) variational lower bound

Eq{log p(x, z)− log q(z | x)}
󱸰Kingma & Welling 󱸰󱸮󱸯󱸷 Link

Statistical Theory for Data Science II March 󱸯󱸵 󱸰󱸮󱸰󱸴 󱸱󱸴
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... Incomplete heterogeneous data and VAEs

• authors introduce versions appropriate for MCAR,

p(xn | zn) =
󰁜

d∈On

p(xnd | zn)
󰁜

d∈Mn

p(xnd | zn),

q(zn, xmn | xon) = q(zn | xon)
󰁜

d∈Mn

p(xnd | zn)

• densities p and q have parameters (here h I think)
• p is the likelihood function or the posterior density; q is an approximation to it

• Enough to focus on creating the model as in 󱺕󱸰, could mention improvements
(HI-VAE) in 󱺕󱸱 at high level, one example from 󱺕󱸲 enough
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Quantile Regression for
Survival Data
Limin Peng
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Keywords
quantile regression, estimating equation, randomly censored data,
competing risks data, semicompeting risks data, recurrent events data

Abstract
Quantile regression offers a useful alternative strategy for analyzing survival
data. Compared with traditional survival analysis methods, quantile regres-
sion allows for comprehensive and !exible evaluations of covariate effects
on a survival outcome of interest while providing simple physical interpre-
tations on the time scale.Moreover,many quantile regressionmethods enjoy
easy and stable computation.These appealing features make quantile regres-
sion a valuable practical tool for delivering in-depth analyses of survival data.
This article provides a review of a comprehensive set of statistical methods
for performing quantile regression with different types of survival data. The
review covers various survival scenarios, including randomly censored data,
data subject to left truncation or censoring, competing risks and semicom-
peting risks data, and recurrent events data. Two real-world examples are
presented to illustrate the utility of quantile regression for practical survival
data analyses.

413

Statistical Theory for Data Science II March 󱸯󱸵 󱸰󱸮󱸰󱸴 󱸱󱸶



Quantile regression for survival data

• Recall: quantile regression Koenker󱸱

󰁥βτ = argmin
β

ρτ (yi − xTi β), ρτ (u) = u{τ − I(u ≤ 󱸮)}

• survival time T, de󰎓ne Y = log T,

QY(τ | Z) ≡ inf{t : pr(Y ≤ t | Z) ≥ τ} = ZTβ󱸮(τ), 󱸮 < τL ≤ τ ≤ τU < 󱸯

• data (T̃i,∆i, Zi), i = 󱸯, . . . ,n; T̃i = min(Yi, Ci), ∆i = 󱸯{Yi ≤ Ci}, Ỹi = log T̃i
• with no censoring estimating equation is

󰁓n
i=󱸯 ρτ{Ỹi − ZT

i β(τ)} = 󱸮 Yi = log Ti, typo

• if censoring times known, this becomes
󰁓n

i=󱸯 ρτ{Ỹi −min(ZT

i β(τ),Ui)} = 󱸮 Ui = log Ci

• variations for random censoring
• omit 󱺕󱸱,󱸲 can omit martingale and data augmentation in 󱺕󱸰, 󱸯 example from 󱺕󱸳

󱸱Koenker, Roger, and Kevin F. Hallock (󱸰󱸮󱸮󱸯). Quantile Regression. J. Econ. Persp.󱸯󱸳, 󱸯󱸲󱸱–󱸳󱸴.
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Local asymptotics of selection models with applications
in Bayesian selective inference

Daniel Garćıa Rasines1∗ G. Alastair Young2†

April 15, 2025

Abstract

Contemporary focus on selective inference provokes interest in the asymptotic
properties of selection models, as the working inferential models in the conditional
approach to inference after selection. In this paper, we derive an asymptotic ex-
pansion of the local likelihood ratios of selection models. We show that under mild
regularity conditions, they behave asymptotically like a sequence of Gaussian selec-
tion models. This generalizes the Local Asymptotic Normality framework of Le Cam
(1960) to a class of non-regular models, and indicates a notion of local asymptotic
selective normality as the appropriate simplifying theoretical framework for analysis
of selective inference. Furthermore, we establish practical consequences for Bayesian
selective inference. Specifically, we derive the asymptotic shape of Bayesian posterior
distributions constructed from selection models, and show that they will typically
be significantly miscalibrated in a frequentist sense, demonstrating that the familiar
asymptotic equivalence between Bayesian and frequentist approaches does not hold
under selection.

Keywords: Asymptotics; Local asymptotic normality; Frequentist calibration; Posterior
distribution; Selective inference; Selection models.

1 Introduction

The techniques of selective inference aim to ensure validity in situations where the same
data is used to select the inference to be considered and also to conduct it. Three main
approaches have been proposed: the simultaneous approach (Berk et al., 2013), which
ensures validity irrespective of the inference performed and the selection procedure; the
‘condition on selection’ approach (Fithian et al., 2017), where inference is conditioned on

∗Address for correspondence. CUNEF Universidad, Calle Almansa 101, Madrid, 28040, Spain.
daniel.garciarasines@cunef.edu

†Imperial College London
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Selective inference

• we 󰎓t several models and then select one, for inference about its parameters
• ‘double-dipping’: same data is used for model selection and for inference
• how to correct the inference?

• make your method valid for any possible selection
• make inference conditional on the selection conditional
• split the sample; select on one split, 󰎓t on the other info splitting

• model supposes a r.v. Un determining the selection, data yn = (y󱸯, . . . , yn) i.i.d.
e.g. Un = 󱸯{Ȳn > 󱸮}

• likelihood function

f (yn; θ) = f (un | yn)
f (un; θ)

n󰁜

i=󱸯

f (yi; θ) =
pn(yn)
ϕn(θ)

n󰁜

i=󱸯

f (yi; θ)

• Gaussian selection model if f (yi; θ) is normal
• asymptotic expansion, 󱺕󱸱.󱸯, perhaps mention Bayesian version
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Nonparametric inference under shape constraints: past, present and future

Richard J. Samworth∗

Abstract. We survey the field of nonparametric inference under shape constraints, providing a historical
overview and a perspective on its current state. An outlook and some open problems o!er thoughts on future
directions.

1 Introduction. Traditionally, we think of statistical methods as being divided into parametric approaches,
which can be restrictive, but where estimation is typically straightforward (e.g. using maximum likelihood),
and nonparametric methods, which are more flexible but often require careful choices of tuning parameters.
Nonparametric inference under shape constraints sits somewhere in the middle, seeking in some ways the best
of both worlds. The origins of the field are often traced to Grenander (1956), who proved that there exists a
unique maximum likelihood estimator (MLE) of a decreasing density on the non-negative half-line (and was able
to characterise it explicitly). Thus, even though the class of decreasing densities is infinite-dimensional, statistical
estimation can proceed in a familiar fashion, with no tuning parameters to choose.

Through the remainder of the 20th century and into the first 10-15 years of the current millennium, the field
evolved in several di!erent directions. On the one hand, the monotonic constraint was incorporated into other
core statistical problems, such as regression (Ayer et al., 1955; Brunk, 1955; van Eeden, 1956) and hazard function
estimation (Prakasa Rao, 1970). Theoreticians were enticed by the non-standard cube-root rates of convergence
and risk bounds (Prakasa Rao, 1969; Groeneboom, 1985; Birgé, 1987, 1989; Zhang, 2002; Chatterjee et al., 2015),
while the Pool Adjacent Violators Algorithm provided a linear time algorithm for computation (Brunk et al.,
1972). Convex regression and density estimation then became the next natural challenge (Groeneboom et al.,
2001; Guntuboyina and Sen, 2015), while S-shaped function estimation is a more recent topic (Feng et al., 2022).
Further developments and historical references are provided in the books by Brunk et al. (1972), Robertson et al.
(1988) and Groeneboom and Jongbloed (2014), as well as the 2018 special issue of the journal Statistical Science
(Samworth and Sen, 2018).

Over the last 10-15 years or so, problems in multivariate shape-constrained inference have received significant
focus. In particular, the estimation of log-concave densities, i.e. those densities f for which log f is concave,
has emerged as a central topic within the field. This definition works equally well in d dimensions as in the
univariate case, and moreover the class is closed under marginalisation, conditioning, convolution and linear
transformations, making it a very natural infinite-dimensional generalisation of the class of Gaussian densities.
Once again, a unique MLE exists, so we retain the attraction of a fully automatic, nonparametric procedure. On
the other hand, since the characterisation of the MLE is now less explicit, considerable e!ort has been devoted to
its e"cient computation. The period from roughly 2010 to the early 2020s saw rapid and exciting developments in
our understanding of log-concave density estimation and related problems such as multivariate isotonic regression
(Han et al., 2019; Deng and Zhang, 2020; Pananjady and Samworth, 2022) and convex regression in d → 2

dimensions (Kur et al., 2024).
Sections 2 and 3 provide a brief tour of results in shape-constrained inference up to the last year or two,

focusing on the Grenander estimator and log-concave density estimation. However, now that most of the key
questions related to the core topics of density estimation and regression have been answered, the field has moved
in another interesting direction. We have witnessed a significant broadening of the scope of shape-constrained
ideas and techniques, so that they are now incorporated as part of more elaborate statistical tasks. To illustrate
these latest developments, we present an application of shape-constrained inference in linear regression due to
Feng et al. (2025) in Section 4. Here, the goal is to improve on the ordinary least squares estimator when the
error density is non-Gaussian, via an M -estimator with a data-driven, convex loss function, designed to minimise

∗Statistical Laboratory, University of Cambridge (r.samworth@statslab.cam.ac.uk, http://www.statslab.cam.ac.uk/~rjs57/)
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Nonparametric inference under shape constraints

• Suppose X󱸯, . . . , Xn ∈ R are i.i.d. with density f (·) with respect to some measure

• Recall kernel density estimator of f (·)

f̂n(x) =
󱸯
n

n󰁛

i=󱸯

󱸯
hK

󰀕
x − Xi
h

󰀖

• requires speci󰎓cation of tuning parameter h and kernel function K(·)
• if we restrict f to have ‘nice’ properties, can we 󰎓nd better estimators
• e.g. f is monotonically decreasing on [󱸮,∞) Grenander class

• e.g. log f is concave log-concave class

• example result: for a measure Q, suppose L(g,Q) =
󰁕∞
󱸮 log gdQ exists; for what Q

does supg L(g,Q) exist; and what does the best g look like?
• one of Grenander/log-concave; main results; no proofs
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Journal of Data Science 24 (1), 53–85 DOI: 10.6339/25-JDS1211
January 2026 Data Science Reviews

Causal Inference: A Tale of Three Frameworks

Linbo Wang1,∗, Thomas S. Richardson2, and James M. Robins3

1Department of Statistical Sciences, University of Toronto, Toronto, ON, Canada
2Department of Statistics, University of Washington, Seattle, WA, U.S.A.

3Harvard T.H. Chan School of Public Health, Boston, MA, U.S.A.

Abstract

Causal inference is a central goal across many scientific disciplines. Over the past several decades,
three major frameworks have emerged to formalize causal questions and guide their analysis:
the potential outcomes framework, structural equation models, and directed acyclic graphs.
Although these frameworks di!er in language, assumptions, and philosophical orientation, they
often lead to compatible or complementary insights. This paper provides a comparative introduc-
tion to the three frameworks, clarifying their connections, highlighting their distinct strengths
and limitations, and illustrating how they can be used together in practice. The discussion is
aimed at researchers and graduate students with some background in statistics or causal infer-
ence who are seeking a conceptual foundation for applying causal methods across a range of
substantive domains.
Keywords directed acyclic graphs; identification; potential outcomes; structural equation
models; SWIGs

1 Introduction
Causal inference is the science of understanding the consequences of interventions, requiring
assumptions that extend beyond those needed for purely associational analysis. Its importance
has grown rapidly in the era of machine learning and artificial intelligence, where the ability to
draw reliable causal conclusions is central to building systems that are not only predictive but
also trustworthy, transparent, and robust to distributional shifts (Peters et al., 2016; Wachter
et al., 2017; Pearl, 2019; Arjovsky et al., 2020; Bühlmann, 2020; Tjoa and Guan, 2021; Schölkopf,
2022; Jiao et al., 2024). Over the past decades, three foundational frameworks have emerged to
formalize causal reasoning: the potential outcomes framework, nonparametric structural equa-
tion models (NPSEMs), and directed acyclic graphs (DAGs). Each framework carries its own
formal machinery, conceptual underpinnings, and historical roots. Although they originated in
distinct disciplinary traditions, they are now increasingly recognized as complementary, and in
many cases translatable into one another.

A substantial literature surveys causal inference from within a single framework or with
an emphasis on identification and estimation approaches (e.g. Imbens and Wooldridge, 2009;
Spirtes, 2010; Pearl, 2010a; Kuang et al., 2020; Yao et al., 2021; Li et al., 2023; Jiao et al., 2024).
However, there has been little concise, side-by-side treatment that translates assumptions and
results across the three frameworks and clarifies when they agree and when they di!er, despite
earlier comparative discussions such as Greenland and Brumback (2002), Pearl (2009), and

∗Corresponding author. Email: linbo.wang@utoronto.ca.

© 2026 The Author(s). Published by the School of Statistics and the Center for Applied Statistics, Renmin
University of China. Open access article under the CC BY license.
Received September 8, 2025; Accepted December 8, 2025
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Causal inference: Three frameworks

󱸯. potential outcomes framework A = 󱸮, 󱸯 potential outcomes Y(󱸮), Y(󱸯), covariates L
ACE ≡ E{Y(󱸯)}− E{Y(󱸮)}, CATE ≡ E{Y(󱸯) | L}− E{Y(󱸮) | L} March 󱸱 and 󱸯󱸮

󱸰. structural equation models (nonparametric) 󰂃 are noise terms

L ∼ fL(󰂃L); A ∼ fA(L, 󰂃A); Y ∼ fY(L,A, 󰂃Y)

linked to “interventional world” using “do operator”: AoS 󱺕󱸯󱸵.󱸶

L ∼ fL(󰂃L); A = a; Y ∼ fY(L,a, 󰂃Y)

ACE = E{fY(L, 󱸯, 󰂃Y)}− E{fY(L,󱸮, 󰂃Y)}

󱸱. directed acyclic graphs

enough to link 󱸯. to 󱸰. or to 󱸱.; or to present an overview of DAGs
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Methods for correcting inference based on outcomes
predicted by machine learning
Siruo Wanga, Tyler H. McCormickb,c, and Jeffrey T. Leeka,1

aDepartment of Biostatistics, Johns Hopkins Bloomberg School of Public Health, Baltimore, MD 21205; bDepartment of Statistics, University of Washington,
Seattle, WA 98195; and cDepartment of Sociology, University of Washington, Seattle, WA 98195

Edited by Robert Tibshirani, Stanford University, Stanford, CA, and approved October 6, 2020 (received for review January 24, 2020)

Many modern problems in medicine and public health leverage
machine-learning methods to predict outcomes based on observ-
able covariates. In a wide array of settings, predicted outcomes
are used in subsequent statistical analysis, often without account-
ing for the distinction between observed and predicted outcomes.
We call inference with predicted outcomes postprediction infer-
ence. In this paper, we develop methods for correcting statistical
inference using outcomes predicted with arbitrarily complicated
machine-learning models including random forests and deep neu-
ral nets. Rather than trying to derive the correction from first
principles for each machine-learning algorithm, we observe that
there is typically a low-dimensional and easily modeled represen-
tation of the relationship between the observed and predicted
outcomes. We build an approach for postprediction inference
that naturally fits into the standard machine-learning framework
where the data are divided into training, testing, and valida-
tion sets. We train the prediction model in the training set,
estimate the relationship between the observed and predicted
outcomes in the testing set, and use that relationship to correct
subsequent inference in the validation set. We show our postpre-
diction inference (postpi) approach can correct bias and improve
variance estimation and subsequent statistical inference with pre-
dicted outcomes. To show the broad range of applicability of
our approach, we show postpi can improve inference in two dis-
tinct fields: modeling predicted phenotypes in repurposed gene
expression data and modeling predicted causes of death in verbal
autopsy data. Our method is available through an open-source R
package: https://github.com/leekgroup/postpi.

statistics | machine learning | postprediction inference | interpretability

The past decade has seen an explosion both in data avail-
able for precision health (1–3) and, simultaneously, in user-

friendly tools such as the caret package (4) and Scikit-learn
(5) that make implementing complex statistical and machine-
learning methods possible for an increasingly wide range of
scientists. For example, machine learning from electronic med-
ical records is used to predict phenotypes (6, 7), genomic data
are used to predict health outcomes (8), and survey data are
used to predict the cause of death in settings where deaths
happen outside of hospitals (9, 10). The increased focus on
ideas like precision medicine means the role of machine learn-
ing in medicine and public health will only increase (11). As
machine learning plays an increasingly critical role across scien-
tific disciplines, it is critical to consider all sources of potential
variability in downstream inference to ensure stable statistical
results (12, 13).

In many settings, researchers do not observe outcomes
directly, so observed outcomes are often replaced with predicted
outcomes from machine-learning models in downstream analy-
ses (6, 14–18). One example from genetics is association studies
between genetic variants and Alzheimer’s disease for young
adults. Because young adults have not developed Alzheimer’s
disease, it is difficult to associate the phenotype with genetic
variants. However, these adults’ older relatives can be used to
predict the ultimate phenotype of participants in the study using

known inheritance patterns for the disease. The predicted out-
come can be used in place of the observed Alzheimer’s status
when performing a genome-wide association study (15).

This is just one example of the phenomenon of postpredic-
tion inference (postpi). Although common, this approach poses
multiple statistical challenges. The predicted outcomes may be
biased, or the predicted outcomes may have less variability than
the actual outcomes. Standard practice in many applications
is to treat predicted outcomes as if they were observed out-
comes in subsequent regression models (6, 14–18). As we will
show, uncorrected postprediction inference will frequently have
deflated standard errors, bias, and inflated false positive rates.

Postprediction inference appears across fields and has been
recognized as a potential source of error in recent work on
prevalence estimation (see for example refs. 19 and 20 in the
context of dataset shift and ref. 21 in document class preva-
lence estimation). Here, we focus on developing analytical
and bootstrap-based approaches to correct regression estimates,
SEs, and test statistics in inferential regression models using
predicted outcomes. We examine settings where a predicted
outcome becomes the dependent variable in the subsequent
inferential regression analysis. We derive an analytical cor-
rection in the case of linear regression and bootstrap-based
corrections for more general regression models, focusing on
linear and logistic regression as they are the most common
inferential models. Our bootstrap-based approach can, how-
ever, easily be extended to any generalized linear regression
inference model.

Both our analytical and bootstrap-based corrections take
advantage of the standard structure for machine-learning prob-
lems. We assume that we have at least three separate subsamples,
which we here label as training set, testing set, and validation set
(Fig. 1). We assume that the data-generating distribution for the

Significance

Machine learning is now being used across the entire sci-
entific enterprise. Researchers commonly use the predictions
from random forests or deep neural networks in downstream
statistical analysis as if they were observed data. We show
that this approach can lead to extreme bias and uncontrolled
variance in downstream statistical models. We propose a
statistical adjustment to correct biased inference in regres-
sion models using predicted outcomes—regardless of the
machine-learning model used to make those predictions.

Author contributions: S.W., T.H.M., and J.T.L. designed research; S.W., T.H.M., and J.T.L.
performed research; S.W., T.H.M., and J.T.L. contributed new reagents/analytic tools; S.W.
analyzed data; and S.W., T.H.M., and J.T.L. wrote the paper.y

The authors declare no competing interest.y

This article is a PNAS Direct Submission.y

This open access article is distributed under Creative Commons Attribution License 4.0
(CC BY).y
1 To whom correspondence may be addressed. Email: jtleek@gmail.com.y

This article contains supporting information online at https://www.pnas.org/lookup/suppl/
doi:10.1073/pnas.2001238117/-/DCSupplemental.y
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Predicted outcomes from machine learning

• 󱸯. labelled data for training (y, x) −→ f̂ (x) estimates g{E(Y | x)}

• 󱸰. labelled data for testing (ŷp, y, x) compare prediction to ‘truth’

• 󱸱. validation data (ŷp, x)
use validation data in a usual generalized linear model

• doesn’t re󰎐ect uncertainty in ŷp
• use r(ŷp, y) from Step 󱸰 to correct regression at Step 󱸱.

• they want a method that is not tuned to the particular m/l algorithm
• suggest a relatively simple model for Step 󱸰. Linear or logistic regression (I think)

• bootstrap approach recommended to correct bias, variance
• can concentrate on bootstrap correction or analytic correction, and on continuous
or discrete data; may need to refer to supplement
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Universal inference
Larry Wasserman
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a,1
, and Sivaraman Balakrishnan

a,1

aDepartment of Statistics and Data Science, Carnegie Mellon University, Pittsburgh, PA 15213; and bMachine Learning Department, Carnegie Mellon
University, Pittsburgh, PA 15213

Contributed by Larry Wasserman, May 26, 2020 (sent for review December 26, 2019; reviewed by Peter Bühlmann and Robert Tibshirani)

We propose a general method for constructing confidence sets

and hypothesis tests that have finite-sample guarantees without

regularity conditions. We refer to such procedures as “univer-

sal.” The method is very simple and is based on a modified

version of the usual likelihood-ratio statistic that we call “the split

likelihood-ratio test” (split LRT) statistic. The (limiting) null distri-

bution of the classical likelihood-ratio statistic is often intractable

when used to test composite null hypotheses in irregular statis-

tical models. Our method is especially appealing for statistical

inference in these complex setups. The method we suggest works

for any parametric model and also for some nonparametric mod-

els, as long as computing a maximum-likelihood estimator (MLE)

is feasible under the null. Canonical examples arise in mixture

modeling and shape-constrained inference, for which construct-

ing tests and confidence sets has been notoriously difficult. We

also develop various extensions of our basic methods. We show

that in settings when computing the MLE is hard, for the pur-

pose of constructing valid tests and intervals, it is sufficient to

upper bound the maximum likelihood. We investigate some con-

ditions under which our methods yield valid inferences under

model misspecification. Further, the split LRT can be used with

profile likelihoods to deal with nuisance parameters, and it can

also be run sequentially to yield anytime-valid P values and con-

fidence sequences. Finally, when combined with the method of

sieves, it can be used to perform model selection with nested

model classes.

likelihood | testing | irregular models | confidence sequence

T
he foundations of statistics are built on a variety of generally
applicable principles for parametric estimation and infer-

ence. In parametric statistical models, the likelihood-ratio test
and confidence intervals obtained from asymptotically Gaussian
estimators are the workhorse inferential tools for constructing
hypothesis tests and confidence intervals. Often, the validity of
these methods relies on large sample asymptotic theory and
requires that the statistical model satisfy certain regularity condi-
tions; see Section 2 for precise definitions. When these conditions
do not hold, there is no general method for statistical inference,
and these settings are typically considered in an ad hoc manner.
Here, we introduce a universal method which yields tests and
confidence sets for any statistical model and has finite-sample
guarantees.

We begin with some terminology. A parametric statistical
model is a collection of distributions {P✓ : ✓2⇥} for an arbi-
trary set ⇥. When the aforementioned regularity conditions hold,
there are many methods for inference. For example, if ⇥✓Rd ,
the set

An =

(
✓ : 2 log

L(b✓)
L(✓)  c↵,d

)
[1]

is the likelihood-ratio confidence set, where c↵,d is the upper ↵
quantile of a �2

d distribution, L is the likelihood function, and
b✓ is the maximum-likelihood estimator (MLE). It satisfies the
asymptotic coverage guarantee

P✓⇤(✓
⇤ 2An)! 1�↵

as n !1, where P✓⇤ denotes the unknown true data-generating
distribution.

Constructing tests and confidence intervals for irregular
models—where the regularity conditions do not hold—is very
difficult (1). An example is mixture models. In this case we
observe Y1, . . . ,Yn ⇠P and we want to test

H0 : P 2Mk0 versus H1 : P 2Mk1 , [2]

where Mk denotes the set of mixtures of k Gaussians, with an
appropriately restricted parameter space ⇥ (see for instance ref.
2) and with k0 < k1. Finding a test that provably controls the
type I error at a given level has been elusive. A natural candi-
date is to base the test on the likelihood-ratio statistic but this
turns out to have an intractable limiting distribution (3). As we
discuss further in Section 3, developing practical, simple tests for
this pair of hypotheses is an active area of research (refs. 4–6
and references therein). However, it is possible that we may
be able to compute an MLE using variants of the expectation–
maximization (EM) algorithm. In this paper, we show that there
is a remarkably simple test based on the MLE with guaranteed
finite-sample control of the type I error. Similarly, we construct a
confidence set for the parameters of a mixture model with guar-
anteed finite-sample coverage. These tests and confidence sets
can in fact be used for any model. In regular statistical models
(those for which the usual LRT is well behaved), our methods
may not be optimal, although we do not yet fully understand
how close to optimal they are beyond special cases (uniform,
Gaussian). Our test is most useful in irregular (or singular)
models for which valid tests are not known or require many
assumptions. Going beyond parametric models, we show that our
methods can be used for several nonparametric models as well
and have a natural sequential analog.

1. Universal Inference
Let Y1, . . . ,Y2n be an independent and identically distributed
(i.i.d.) sample from a distribution P✓⇤ which belongs to a

Significance

Most statistical methods rely on certain mathematical con-

ditions, known as regularity assumptions, to ensure their

validity. Without these conditions, statistical quantities like

P values and confidence intervals might not be valid. In this

paper we give a surprisingly simple method for producing

statistical significance statements without any regularity con-

ditions. The resulting hypothesis tests can be used for any

parametric model and for several nonparametric models.

Author contributions: L.W., A.R., and S.B. performed research and wrote the paper.y

Reviewers: P.B., Eidgenössche Technische Hochschule; and R.T., Stanford University.y

Competing interest statement: L.W. and R.T. are coauthors on a manuscript written in
2015 and published in 2018.y
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2 To whom correspondence may be addressed. Email: larry@stat.cmu.edu.y
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Universal Inference

• Y󱸯, . . . , Yn ∼ f (·; θ) −→ split data into two sets each of size n: (y󱸯, y󱸰) they use pθ(y)

• estimate θ using set 󱸰 −→ θ̂󱸰

• construct con󰎓dence set for θ using

Tn(θ) =
L(θ̂󱸰; y󱸯)
L(θ; y󱸯)

• con󰎓dence set
Cn = {θ : Tn(θ) ≤

󱸯
α
}

• Theorem 󱸯
Pθtrue(θtrue ∈ Cn) ≥ 󱸯− α
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... Universal Inference

• coverage guaranteed by Markov inequality
• method for estimating θ can be quite complex even nonparametric

• there is a hypothesis testing version linked to the con󰎓dence set
• question arises about the power of the test
• for a simple case, Davison/Tse shows that the power is quite low
• there is active follow-up work on this approach, e.g. Strieder & Drton (󱸰󱸮󱸰󱸰) “On the
choice of the splitting ratio...” Electronic J Statist 󱸯󱸴 󱸴󱸴󱸱󱸯–󱸴󱸴󱸳󱸮.

• can ignore hypothesis test part and possibly Cherno󰎎 bound; can omit
nonparametric. Recommend Davison/Tse power analysis. Can omit 󱺕󱸳-󱸵. Enough to
do one example from 󱺕󱸱
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