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Recap: Stein’s example Jan !", corrected
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Recap: Sandwich variance MS #.#, SM $.%

• model assumption X', . . . , Xn i.i.d. f (x; θ), θ ∈ Θ Xi ∼ F(·)

• maximum likelihood estimator based on model:
!n

i=' ℓ
′(θ̂n; Xi) = %

•
√n{θ̂n − θ(F)} d→ N(%,σ!), σ! =

"
[ℓ′{θ(F); x}]!dF(x)

(
"
[ℓ′′{θ(F); x}]!dF(x))! =

varF{ℓ′(θ; X)}
EF{−ℓ′′(θ; X)}!
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Recap: Sandwich variance MS #.#, SM $.%

• model assumption X', . . . , Xn i.i.d. f (x; θ), θ ∈ Θ Xi ∼ F(·)

• maximum likelihood estimator based on model:
!n

i=' ℓ
′(θ̂n; Xi) = %

•
√n{θ̂n − θ(F)} d→ N(%,σ!), σ! =

"
[ℓ′{θ(F); x}]!dF(x)

(
"
[ℓ′′{θ(F); x}]!dF(x))! =

varF{ℓ′(θ; X)}
EF{−ℓ′′(θ; X)}!

• model is correct; estimator is root of
!n

i=' ψ(θ; xi) = % θ̃n

• assume ψ(θ; Xi) has expected value %, 'nite variance, and is di,erentiable
√n(#θn − θ)

d→ N{%,G−'(θ)},

G(θ) = E{− ∂

∂θT
ψ(X; θ)}[var{ψ(X; θ)}]−'E{− ∂

∂θ
ψ(X; θ)}
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Recap: Con!dence interval AoS &.'.!; MS (.)

• upper, lower, central

• length and coverage

• exact or approximate

• inversion of pivotal quantity

• posterior credible intervals
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Con!dence regions; HPD regions
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Con!dence intervals for sub-parameters MS (.%

• model Y ∼ f (y;ψ,λ), ψ ∈ Rd,λ ∈ Rp−d, θ = (ψ,λ) y = (y!, . . . , yn)

• pro'le log-likelihood function ℓp(ψ) = ℓ(ψ, λ̂ψ) maximize over λ

• approximate pivotal quantities MS Thm !.",#

( $ψ − ψ)Tjp( $ψ)( $ψ − ψ)

"{ℓp(ψ̂)− ℓp(ψ)}

• approximate con'dence regions

{ψ : ( $ψ − ψ)Tjp( $ψ)( $ψ − ψ) ≤ χ!d,'−α}
{ψ : "{ℓp(ψ̂)− ℓp(ψ)} ≤ χ!d,'−α}
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Nonparametric estimation AoS (

• recall X', . . . , Xn, i.i.d. F(·) plug-in est’rs

• empirical cdf

F̂n(x) =
!
n

n%

i='
!{X(i) ≤ x}

• properties:
E{F̂n(x)} = F(x), var{F̂n(x)} =

!
nF(x){!− F(x)}

any $xed t

• pointwise approximate con'dence limits

F̂n(x)± z'−α/![F̂n(x){!− F̂n(x)}]'/!
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Empirical cdf AoS (

X', . . . , Xn i.i.d. F

Glivenko-Cantelli Theorem:
sup
x

|$Fn(x)− F(x)| p→ %

Dvoretzky-Kiefer-Wolfowitz Inequality

pr{supx|$Fn(x)− F(x)| > ε} ≤ " exp(−"nε!)

simultaneous con'dence band : pr{L(t) ≤ F(t) ≤ U(t) for all t} ≥ !− α:

L(t) = max{F̂n(t)− εn,%}, U(t) = min{F̂n(t)− εn, !}, εn =

&
!
"n log

'
"
α

()'/!
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... Nonparametric con!dence bands AoS (
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Density estimation AoS !".', SM (.).!

• X', . . . , Xn i.i.d., Xi ∼ f (·)
• kernel density estimator

$f (x) = !
n

n%

i='

!
hK

'
x − Xi
h

(

• with a symmetric kernel function, for small h, e.g. N(%, &)

E{$f (x)} = f (x) + !
"h

!f ′′(x) + O(h&),

var{$f (x)} =
!
nhf (x)

*
K!(u)du

• mean-squared error
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Density estimation AoS !".', SM (.).!
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Density estimation AoS !".', SM (.).!
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Density estimation AoS !".', SM (.).!
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Con!dence bands AoS Ch !"

f̄n(x) is a smoothed version of the density estimator
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... Con!dence bands AoS Ch !"
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Statistical functional AoS (.!, MS %.#,&

• De'ne an estimand θ = T(F) or θ(F) T : F → Θ

• Substitution (plug-in) estimator $θn = T(Fn)
• Examples of functionals: moments, quantiles, solution of

"
ψ{x; T(F)}dF(x) = %
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Statistical functional AoS (.!, MS %.#,&

• De'ne an estimand θ = T(F) or θ(F) T : F → Θ

• Substitution (plug-in) estimator $θn = T(Fn)
• Examples of functionals: moments, quantiles, solution of

"
ψ{x; T(F)}dF(x) = %

• Lorenz curve; Gini index MS Ex ".'&; F on [%,∞)

qF(t) =
" t
# F−'(s)ds" '
# F−'(s)ds

, θ(F) = "
* '

#
{t− qF(t)}dt
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Statistical functional AoS (.!, MS %.#,&

• De'ne an estimand θ = T(F) or θ(F) T : F → Θ

• Substitution (plug-in) estimator $θn = T(Fn)
• Examples of functionals: moments, quantiles, solution of

"
ψ{x; T(F)}dF(x) = %

• Lorenz curve; Gini index MS Ex ".'&; F on [%,∞)

qF(t) =
" t
# F−'(s)ds" '
# F−'(s)ds

, θ(F) = "
* '

#
{t− qF(t)}dt

• Estimator: $θn solves '
n
!n

i=' ψ(Xi; θ) = % =
!
ψ{x; T("Fn)}d"Fn(x)

• F−'(t) = inf{x : F(x) ≥ t}, $θn = "
" '
#{t− q!Fn(t)}dt
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In"uence function AoS (.!, MS %.#,&

• De'ne an estimand θ = T(F), estimator $θn = T($Fn) T : F → Θ

• In-uence function if limit exists

φ(x; F) = d
dtθ{(!− t)F + tδ(x)}

++++
t=#

• If we have $θn − θ(F) = '
n
!n

i=' φ(Xi; F) + Rn,
√nRn

p→ %, then E{φ(Xi; F)} = %

√n($θn − θ)
d→ N{%,σ!(F)}

σ!(F) =
*

φ!(x; F)dF(x)

MS Ex.".(#

Classic reference:
Van der Vaart & Wellner (!..+). Weak Convergence and Empirical Processes, Springer.
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Hypothesis and signi!cance testing

• model Y ∼ f (y;ψ,λ), ψ ∈ Rd,λ ∈ Rp−d, θ = (ψ,λ) y = (y!, . . . , yn)

• approximate pivotal quantities MS Thm !.",#

( $ψ − ψ)Tjp( $ψ)( $ψ − ψ)

"{ℓp(ψ̂)− ℓp(ψ)}

• approximate con'dence regions

{ψ : ( $ψ − ψ)Tjp( $ψ)( $ψ − ψ) ≤ χ!d,'−α}
{ψ : "{ℓp(ψ̂)− ℓp(ψ)} ≤ χ!d,'−α}

• generalized likelihood ratio test
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Aside: Generalized likelihood ratio test AoS Thm )".!, MS (.%

• Textbook version
Λ =

supθ∈Θ f (X; θ)
supθ∈Θ! f (X; θ)

=
supθ∈Θ L(θ)
supθ∈Θ! L(θ)

• Theorem ).(
" logΛn d→ V ∼ χ!d

• constraint θ ∈ Θ# has d restrictions on θ = (θ', . . . , θp)

• version using pro'le constrains ψ = (θ', . . . , θd), d < p

• motivated as a test of H# : θ ∈ Θ# vs HA : θ /∈ Θ# Θ" ⊂ Θ
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Formal Theory of hypothesis testing AoS )", MS (.'

X', . . . , Xn ∼ f (x; θ) AoS range x ∈ X

• Null and alternative hypothesis

• Rejection region

• Test statistic and critical value

• Test function

• Type I and Type II error
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... Hypothesis testing: intro AoS )", MS (.'

X', . . . , Xn ∼ f (x; θ) AoS range x ∈ X

• Null and alternative hypothesis: H# : θ ∈ Θ#, H' : θ ∈ Θ', Θ# ∪Θ' = Θ

• Rejection region: R ⊂ X ; if x ∈ R “reject” H# AoS &%.%
R = {x : φ(x) = &}

• Test statistic and critical value: R = {x ∈ X : t(x) > c} c to be chosen

• Test (decision) function: φ : X → {%, !} MS !.(
φ(X) = ! decide θ ∈ Θ', else decide θ ∈ Θ#

• Type I and Type II error: pr{X ∈ R}, θ ∈ Θ#, pr{X /∈ R}, θ ∈ Θ'
pr{t(X) ≥ c}, pr{t(X) < c}
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... Hypothesis testing: intro AoS Ch. )", MS (.'

• goal is to identify R, φ(·), or T = t(X) with small Type I and Type II errors
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... Hypothesis testing: intro AoS Ch. )", MS (.'

• goal is to identify R, φ(·), or T = t(X) with small Type I and Type II errors

• can’t reduce both errors at once see text following Ex. !.&%

• classical solution: require Type ! error ≤ α size α

• subject to this constraint, minimize type " error
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... Hypothesis testing: intro AoS Ch. )", MS (.'

• goal is to identify R, φ(·), or T = t(X) with small Type I and Type II errors

• can’t reduce both errors at once see text following Ex. !.&%

• classical solution: require Type ! error ≤ α size α

• subject to this constraint, minimize type " error

• 'nd a test statistic, T = t(X), and de'ne R = {x : t(x) ≥ c} s.t.

prθ∈Θ!{t(X) ≥ c} ≤ α, then max prθ∈Θ"{t(X) ≥ c}

• power function
β(θ) = prθ{t(X) ≥ c}
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Neyman-Pearson lemma AoS Thm )".'", MS Thm (.!

• for testing simple H# against simple H'

• test statistic
T =

L(θ'; x)
L(θ#; x)

=
f (x; θ')
f (x; θ#)

• critical region
{x : t(x) ≥ k}

• Choose k = kα to satisfy
prH!(T ≥ kα) = α

• This test is a most powerful test of H# against H' at level α
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A neatly-typed proof (from SM #.$)

Let R be the rejection region for the test based on T = f!(x)/f"(s)

R = {x : T(x) ≥ kα}

Let R′ be some other rejection region also of size α ≤ α

α =

*

R
f#(x)dx =

*

R′
f#(x)dx

*

R−R′
f#(x)dx =

*

R′−R
f#(x)dx

On LHS f'(x) ≥ kαf#(x). R− R′ ⊂ R
On RHS f'(x) < kαf#(x). R′ − R ⊂ Rc

*

R−R′
f'(x)dx ≥

*

R′−R
f'(x)dx

Add integral over intersection R ∩ R′
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A neatly-typed proof (from MS)

Let φ(x) be the test function for the test based on T.
Let ψ(x) be any other function that maps x to [%, !].
If

EH!{ψ(X)} ≤ EH!{φ(X)} = α

then it must follow that
EH"{ψ(X)} ≤ EH"{φ(X)}

Proof: ∀ x,
ψ(x){f'(x)− kf#(x)} ≤ φ(x){f'(x)− kf#(x)}

Integrate and re-arrange terms to get the result
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p-values AoS )".!, MS (.#, SM (.'.)

• The formal theory of testing imagines a decision to “reject H#” or not, according as
X ∈ R or X /∈ R, for some de'ned region R ⊂ X e.g. |Z| > &.)*

• This is useful for deriving the form of optimal tests, but not useful in practice.

• Doesn’t distinguish between Z = !..) and Z = !..), for example.

• P-values give more precise information about the null hypothesis
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p-values AoS )".!, MS (.#, SM (.'.)

• The formal theory of testing imagines a decision to “reject H#” or not, according as
X ∈ R or X /∈ R, for some de'ned region R ⊂ X e.g. |Z| > &.)*

• This is useful for deriving the form of optimal tests, but not useful in practice.

• Doesn’t distinguish between Z = !..) and Z = !..), for example.

• P-values give more precise information about the null hypothesis

• AoS de'nition: p-value = inf{α : T(Xn) ∈ Rα} Def &%.&&

• MS de'nition: p(x) = inf{α : φα(x) = !} !.#

• SM de'nition pobs = PrH!{T(Xn) ≥ tobs}
Statistical Theory for Data Science II January !" !#!$ !)
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Hypothesis tests and signi!cance tests

• Hypothesis tests typically means:
• H", H!
• critical/rejection region R ⊂ X ,
• level α, power &− β

• conclusion: “reject H" at level α” or “do not reject H" at level α”
• planning: maximize power for some relevant alternative minimize type II error
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Hypothesis tests and signi!cance tests

• Hypothesis tests typically means:
• H", H!
• critical/rejection region R ⊂ X ,
• level α, power &− β

• conclusion: “reject H" at level α” or “do not reject H" at level α”
• planning: maximize power for some relevant alternative minimize type II error

• Signi'cance tests typically means:
• H",
• test statistic T
• observed value tobs,
• p-value pobs = Pr(T ≥ tobs;H")
• alternative hypothesis o'en only implicit large T points to alternative
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Example: Sign test SM Ex.(.!&

• X', . . . , Xn i.i.d. F(·)
• H# : µ = µ#, µ = F−'(!/") median of distribution
• H' : µ > µ# both H composite

• test statistic

T =
n%

i='
!{Xi > µ#}

• under H#,
T ∼ Binom(n, !/")

• p-value

pobs = prH!(T ≥ tobs) =
n%

r=tobs

'
n
r

(
!
"n

.
= !− Φ

&
"(tobs − n/")

n'/!

)
.
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Power of the sign test SM Ex.(.'"

• H# : µ = µ# H' : µ > µ# µ = F−!(&/')
• Test statistic T =

!n
i=' !{Xi > µ#}

• Rejection region R = {T ≥ cα}
• cα ≈ n/"− n'/!zα/" Normal approx

• Power / prH"(reject H#) = prH"(T ≥ cα) Need distribution of T under H!
• to calculate power we need values for µ and for F
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Power of the sign test SM Ex.(.'"

• H# : µ = µ# H' : µ > µ# µ = F−!(&/')
• Test statistic T =

!n
i=' !{Xi > µ#}

• Rejection region R = {T ≥ cα}
• cα ≈ n/"− n'/!zα/" Normal approx

• Power / prH"(reject H#) = prH"(T ≥ cα) Need distribution of T under H!
• to calculate power we need values for µ and for F

• SM assumes F is N(µ,σ!), so δ = n!/#(µ! − µ")/σ

prµ"(T ≥ cα) = prµ"(T ≥ n/"− n'/!zα/") .
= Φ

&
nΦ(n−'/!δ)− n/"+ n'/!zα
[nΦ(n−'/!δ){!− Φ(n−'/!}]

)

.
= Φ{zα + δ("/π)'/!}

• test based on X̄ has power Φ(zα + δ)
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... power of sign test
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