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We consider high-dimensional estimation problems where the number of parameters
diverges with the sample size. General conditions are established for consistency, uniqueness,
and asymptotic normality in both unpenalized and penalized estimation settings. The
conditions are weak and accommodate a broad class of estimation problems, including
ones with non-convex and group structured penalties. The wide applicability of the results
is illustrated through diverse examples, including generalized linear models, multi-sample
inference, and stepwise estimation procedures.

1 Introduction

In modern applications, statisticians are facing increasingly complex and high-dimensional
problems. Many data sets have a huge number of variables, calling for similarly many parameters
p. In other scenarios, the number of variables is moderate, but adequately modeling the data
requires highly complex, non-linear models with many parameters. The traditional fixed-p-large-n
paradigm is inadequate in such situations.

This article adopts an asymptotic perspective, allowing both the sample size n and the number
of parameters py to diverge. We consider general parametric problems where the estimator 0
solves an estimating equation

) 6(Xis0) = 0 R, 1)

i=1

with some function ¢: RP» — RPr. A classical example are risk minimization problems, where ¢ is
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SEMIPARAMETRIC EFFICIENT EMPIRICAL HIGHER ORDER INFLUENCE
FUNCTION ESTIMATORS

By LIN Liu®*, RAJARSHI MUKHERJEE®T, WHITNEY K. NEWEY®!, JAMES M. ROBINS®S
) ]

Robins et al. (2008) applied the theory of higher order influence
functions (HOIFs) to derive an estimator of the mean ¥ of an outcome
Y in a missing data model with Y missing at random conditional on
a vector X of continuous covariates: their estimator, in contrast to
other existing estimators but ours, is semiparametric efficient under
the minimal Hélder smoothness conditions derived in Robins et al.
(2009b), together with an additional (non-minimal) Hélder smooth-
ness condition on the density g of X, because that particular es-
timator depends on a non-parametric estimate of g. In this paper,
we introduce a new HOIF estimator that has the same asymptotic
properties as the previous one, but imposes no smoothness require-
ment on g. This improvement is significant for two reasons. First,
one rarely has the knowledge about the smoothness properties of g.
Second, even when g is smooth, and even if X is just multivariate
with fixed dimensions, accurate nonparametric estimation of its den-
sity is generally not feasible at the sample sizes often encountered in
practice. In fact, to our knowledge, this new HOIF estimator to be
studied here remains the only semiparametric efficient estimator of
t» under minimal Hélder smoothness conditions, despite the rapidly
growing literature on causal effect estimation. We also show that our
estimator can be generalized to the entire class of functionals con-
sidered by Robins et al. (2008) which includes the average effect of
a treatment on a response Y when a vector X suffices to control
for confounding and the expected conditional variance of Y given
X. Simulation experiments are also conducted, which demonstrate
that our new estimator outperforms previous ones proposed in ear-
lier works on HOIFs in finite samples, when g is not very smooth.

1. Introduction. Robins et al. (2008), together with a companion technical report Robins
et al. (2016) containing more details, introduced novel U-statistic based estimators of a class of
nonlinear functionals in semi- and non-parametric models. Construction of these estimators was
based on the theory of Higher Order Influence Functions (henceforth referred to as HOIFs) (Robins

of al 2008 HOIF< are [l-atatictice that renrecent hicher order derivativee of a fiimetional The
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Recap: Stein’s example Jan 20, corrected
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Recap: Sandwich variance MS 5.5, SM 8.,

- model assumption X;, ..., X, L.L.d. f(x;0),0 € © [ X; ~ F(")
- maximum likelihood estimator based on model: 327 #/(A,; X;) = 0 .
: Ele"1om; x,)(:c

: o e e JIEOEOPARR)  vard(0:X)
Vi = 00 = MO = ooy PdFo0)? — Ee(—07(6: X))

needs ‘L: be 24*6(
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Recap: Sandwich variance MS 5.5, SM 8.,

- model assumption X;, ..., X, L.L.d. f(x;0),0 € © X; ~ F(")
- maximum likelihood estimator based on model: 3_7_. #/(Ap; X;) = 0

{6 — 6(F)} & N(0,02), o = JICLO(F): x}PdF(x) Varf.{ﬁ’(e;“)()} 15 z’@.ﬂz)"

- (JIe{o(F)ix3PdF(x))2 ER{—07(0:X)}?
) & o 2N N . ~
1) L0, 0t sowi PR
% ° modelis correct; estimator is root of S (0 %) =0 _ ‘= On

- assume ¥ (0; X;) has expected value o, finite variance, and is differentiable Wwnat ©

{0(8‘9):'9 N [", I"(P') \/”(ONn —0) 4, N{o, G”({@)}, - . COnA-S .. .

6(6) = E{ 50 )} [var (10§ 6)}] E(— -0, 6)}
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D
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Recap: Confidence interval A0S 6.3.2; MS 7.1

- upper, lower, central C.(x) = (" = a.J ud [b”' "O)

. length and coverage b, (x)-a, (8)
* 1 P"“gg“«“‘) e Beb, (x)S
aC I > |-«
- exact or approximate of U?v.(x)fa U"g —
) o
* inversion of pivotal quantity SC 9> w AK’[' Y~ e sees”
(s
posterior credible intervals é)g /
PA(Skp)e €3 =
J T(elx)d o = [~ ¢
J SO(
¢.2 (& =) dB —ot ‘C
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Confidence regions; HPD regions
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Confidence intervals for sub-parameters

- modelY ~f(y;4,)), Y eRINcRPA 0= (1), y=1-Vn)

- profile log-likelihood function £, () = £(1), ) J (4)= — l;’l'f') maximize over
Y

>

- approximate pivotal quantities C’.R, MS Thm 7.4,5
A T 1,6 ( Z 7(‘2@—.«)3 (‘9 . AOQIALID . L
(s (843 G010 D& K5 G- ) o K, wwdder £g5 4y
; 7 . 2
Q)t l9(> ’J; l\ ({2) ‘2{€p(¢)—€p(¢)j’ -~ (?('P /(
 approximate confidence regions Q(¢) (.92
(Bl x ) - PR
{¢: (¥ =) (@) (¥ —¥) < Xga_at
{:2{6p(¢) = 6p(¥)} < Xin_al ] )

L(x) ;fcx) +
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Nonparametric estimation

recall X, ..., Xy, i.i.d. F() plug-in est’rs

empirical cdf
n
i=1

properties:

g.'n twu.“‘.(

any fixedt

E{Fn(x)} = F(x), var{Fa(x)} = %F(X){1 —F()}

pointwise approximate confidence limits

I/:'n(X) + Z1_a/2[’,:-n(x){1 - I/:-”(X)}]1/2 »@'\" MJ OQ\IJ K

_ . M e V(-
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Empirical cdf RoS 7

Xopooo Xp iid F (- § T(x>, x €E S shocl ‘P\—oC-
Glivenko-Cantelli Theorem: PR\
sup [Fa(3) — F(x)] & 0 (F 6, nex3
- W&‘(r\'uo JM-DU.M‘

Dvoretzky-Kiefer-Wolfowitz Inequality

pr{SupX]/l-:n(X) — F(x)| > ¢} < 2exp(—2n¢?)

simultaneous confidence band : pr{L(x) < F(f) < U(®) for all t} > 1— a:

L) = max{Fale) —en, 0}, U@ = min{Fald) —en, 1} en = {i g (3) }1/2

Statistical Theory for Data Science Il January 27 2026 10



... Nonparametric confidence bands

98 7. Estimating the ¢DF and Statistical Functionals

o

S T
0.0 0.5 1.0 1.5

FIGURE 7.1. Nerve data. Each vertical line represents one data point. The solid
line is the empirical distribution function. The lines above and below the middle
line are a 95 percent confidence band.

7.2 Example (Nerve Data). Cox and Lewis (1966) reportdd 799 wai}ing times
between successive pulses along a nerve fiber. Figure 7.1 shows the empirical
CDF ﬁn. The data points are shown as small vertical lines at the bottom of
the plot. Suppose we want to estimate the fraction of waiting times between

Statistical Theory for Data Science I 4 ank® BURLY R 2PRE estimate is I?’n(.G) - ﬁn(.4) =.93-84=.09.m i



Density estimation A0S 20.3, SM 7.1.2

° X17. .. ,Xn Ildr Xi Nf()

. k ld it timat
ernel density estimator i k(.) ; ( &_

Fo=axw (%) /
R Scale

« with a symmetric kernel function, for small h, e.g. N(0,1)

— 5 B{f(0)} =f(x) + %hz_]j"(x) o),  buasd eef.

—& ar(f()) = 0 [ Ku)de Lotz

. mean-squared error f \
nse = Ao o 4 fo Kok (o ?
N | = x)) € .4 t -
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Density estimation A0S 20.3, SM 7.1.2

oL N ging ~ O(n
306 7 - Estimation and Hypothesis Testing
o To} Figure 7.2 Kernel
o o density estimates for
o o maize data. Left:
LL construction of kernel
— § mo- estimate (heavy) as sum of
9 8 15 scaled normal densities
- g - g ML centred at the y;, with
- 5 h = 19.5. Right: density
5 g estimates with h = 13.3
O w O w (solid), h = 23.2 (dots)
8 8 and h = 30 (dashes).
o o
o o
o L, . —F L ' o L ' y AL .
-150 -50 50 100 150 -150 -50 0 50 100 150

YK(M} |af5& y
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Density estimation A0S 20.3, SM 7.1.2

J——
- a» em = = o ™

0.0 01 0.2 0.0 0:1 0.2

0.0 01 0.2 0.002 0.004 0.006

FIGURE 20.6. Kernel density estimators and estimated risk for the astronomy data.
Top left: oversmoothed. Top right: just right (bandwidth chosen by cross-validation).
Bottom left: undersmoothed. Bottom right: cross-validation curve as a function of

Statistical Theory for Data Science Il Jarkedyiith . Feeggndwidth was chosen to be the value of h where the curve is a 14



Density estimation A0S 20.3, SM 7.1.2

318 20. Nonparametric Curve Estimation

A A
QO * 196se

& ¢

T T T T T
0.00 .05 0.10 .15 0.20

FIGURE 20.7. 95 percent confidence bands for kernel density estimate for the as-
tronomy data.

Statistical Theory for Data Science Il January 27 2026 15



Confidence bands AoS Ch 20

20.2 Histograms 311

20.9 Definition. A pair of functions (£,(z),u,(z)) is a 1 — a confidence
band (or confidence envelope) if

]P(Z(:c) < f,.(z) < u(z) for all :c) >1-oa. (20.16)

£ and
fg(x)/is a smoothed version of the density estimater

N fi

Fix) —%j#(ﬁj]& =
SHA
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... Confidence bands AoS Ch 20

To construct confidence bands, we use something similar to histograms.
Again, the confidence band is for the smoothed version,

T

To=EGute) = [ 35 (52 fd

A

of the true density f. * Assume the density is on an interval (a,b). The band

is ~ A ~ A
bn(z) = fn(z) — g se(z), un(z)= falz)+qse(z) (20.27)
where = -
S = 2,

P@) = i)~ V@),
i=1

1 Tz — X;
K(I) - ZK( h ) ’
_ 1/m

q = Q_l (M) ,
- 2

b—a
m =

w

where w is the width of the kernel. In case the kernel does not have finite

Statistical Theo ry for Data Science ||widt}:ja:hgap§p;_t?.lmgezo be the effective width, that is, the range over which 17
the kernel is non-negligible. In particular, we take w = 3h for the Normal



Statistical functional A0S 7.2, MS 4.5,6

« Define an estimand 6 = T(F) or 6(F) ~ T:F—0©
o : : ~ ~ dF
- Substitution (plug-in) estimator 6, = T(F,) F. 2 cdT.

- Examples of functionals: moments, quantiles,@olution of [{x; T(F)}dF(x) :B

BE(x*) = fx_go(r:(x) = T,(F) ',,1757(;3:73[1%)

—i K1=wb«~(ﬂ: F (L) = o {x: P24
M « PT(R) = €44 7
3 ‘l r_‘__\_u—"—‘ j‘#’l X, TC%)):(S%,,)':O
%
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Statistical functional A0S 7.2, MS 4.5,6

Define an estimand 6 = T(F) or 6(F) T:F—0©
Substitution (plug-in) estimator 6, = T(F,)

Examples of functionals: moments, quantiles, solution of [ ¢{x; T(F)}dF(x) = 0

 Lorenz curve; Gini index MS Ex 4.21; F on [0, 0o)
t/'\
F-'(s)ds ! A
gr(ty = SO0 gy / {t— qe(t)}dt
Jo E1(s)ds 0
L J

Statistical Theory for Data Science Il January 27 2026 18



Statistical functional A0S 7.2, MS 4.5,6

Define an estimand 6 = T(F) or 6(F) T:F—0©

Substitution (plug-in) estimator 6, = T(F,)

Examples of functionals: moments, quantiles, solution of [ ¢{x; T(F)}dF(x) = 0

 Lorenz curve; Gini index MS Ex 4.21; F on [0, 0o)
JoF'(s)ds /1
t) = : O(F) =2 [ {t— gr(t)}dt
qr(t) [TF1(s)ds (F) ] {t—qe(t)}
- Estimator: 0, solves 2 ST (X 0) =0 = [ p{x; T(Fn)}dFn(x)
c F(t) = inf{x: F(x) > t}, 6, =2 [ {t—qz (t)}dt

——

Statistical Theory for Data Science Il January 27 2026 18



Influence function A0S 7.2, MS 4.5,6

- Define an estimand 6 = T(F), estimator 6, = T(F,) T:F—0
« Influence function <

(effcst ™ ) %9{(1—t)F—|—t5(x)}

if limit exists

o(x) = o =x%¢o
?9 4_ aDo

P(X; F) =
T

t=0

- If we have 6, — O(F) = 250 #(X;;F) + Ra,  +/NRy = 0, then E{¢(X;;F)} =0
J%, \/n(Gn —0) —> N{o,c*(F)}
et ac
o (3,.) /gb (x; F)dF(x
MS EX.4.35
Classic reference: %(r_{k (+) - F(-&)? teR ¢

Van der Vaart & Wellner (1996). Weak Convergence and Empirical Processes, Springer.
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Hypothesis and significance testing

- model Y ~ f(y;4,)), ¥ eRIANERP 0= (1,)\) y=01,---\Yn)
- approximate pivotal quantities MS Thm 7.4,5
(% — ) jp () (W — ) g
Rleel: lusod -based 11,0 1,0,

- approximate confidence regions
~ o LpC¥)
W = @)@ - ¥) <xEra) - (92

Z o Wi26() -6} <G}

—

« generalized likelihood ratio Lea‘l."?l'uo‘t' ?CJL“"‘ 7
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Aside: Generalized likelihood ratio test A0S Thm 10.2, MS 7.4

(ES"'(F ll-,,:QéC@oC@

A — supgco f(X:0) _ SUPseo L(9)
SUPgco, f(X;0)  supgee, L(9)

Textbook version

« Theorem 7.5
[ﬂf) 2|og/\n£>V~X§, a S &
- constraint 6 € ©, has d restrictions on 6 = (6,,...,0p)
- version using profile constrains ¢ = (6;,...,64), d <p
e @@= ¥piba frxed D f«*dfa
« motivated asatestof Hy : 0 € O VSHp: 0 ¢ Oy ©o C ©
L vales op Po
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Formal Theory of hypothesis testing AoS 10, MS 7.3

Xqy ooy Xn ~ f(X;0) 9 € @ AoS range x € X
« Null and alternative hypothesis 'H' - De C@e H’, B e @O
- Rejection region e C % T'f zeR “/\"j“t . '
Sa—ple s¥pace % £R “do st et o
- Test statistic and critical value
4 dx:tz)> &5 s T(x) £tk
\

« Test function %(%) g,l ,(2 z e R 7gj_ tlx)> k

s 0.L.
« Type | and Type Il error

S P (o ua)\> P (o o st 1)

Statistical Theory for Data Suence [l January 27 2026 22



... Hypothesis testing: intro AoS 10, MS 7.3

Xqy ooy Xn ~ f(X;0) AoS range X € X

« Null and alternative hypothesis: Ho : 0 € ©g,H, : 0 € ©,, ©,UO, = 0O

- Rejection region: R C X; if x € R “reject” Ho A0S 10.0
R={x:¢(x) =1}

- Test statistic and critical value: R = {x € X : t(x) >‘£} rto be chosen

- Test (decision) function: ¢ : X — {0,1} MS 7.3

»(X) = 1 decide 0 € ©,, else decide 0 € O,

Type | and Type Il error: pr{X € R}, 0 € O, pr{X ¢ R}, 6 € ©,
pr{t(X) > c}, pr{t(X) < c}

Statistical Theory for Data Science Il January 27 2026 23



... Hypothesis testing: intro AoS Ch. 10, MS 7.3

- goal is to identify R, ¢(-), or T = t(X) with small Type | and Type Il errors

Statistical Theory for Data Science Il January 27 2026 24



... Hypothesis testing: intro AoS Ch. 10, MS 7.3

goal is to identify R, ¢(-), or T = t(X) with small Type | and Type Il errors

can’t reduce both errors at once see text following Ex. 710

classical solution: require Type 1 error < « size a

subject to this constraint, minimize type 2 error

Statistical Theory for Data Science Il January 27 2026 24



... Hypothesis testing: intro AoS Ch. 10, MS 7.3

goal is to identify R, ¢(-), or T = t(X) with small Type | and Type Il errors

can’t reduce both errors at once see text following Ex. 710

classical solution: require Type 1 error < « size a

subject to this constraint, minimize type 2 error

find a test statistic, T = t(X), and define R = {x : t(x) > c} s.t. Cw..}d() e oSy~

\/.3.« ‘[3()()
Proce, {t(X) > c} < a, tﬁen max pryce, {t(X) > } e o pordimen

power fu nctioE “’J o M‘IL An)

. B(0) = pre{t(X) = c}
—
i ;'Hi\p« Tw 039 =

Statistical Theory for Data Science Il January 27 2026 A{b? 26 Ll




Neyman-Pearson lemma AoS Thm 10.30, MS Thm 7.2

for testing simple H, against simple H,

o e a

- test statistic (6 1 (9, 2)
L(0o; X) ) (60 2 )

- critical region ,\
{x: t(x) A

Choose kR = R, to satisfy %’i

This test is a most powerful test of H, against H, at level «

S’MA.-ALC‘]' T 2 ercae

(;«ér,t | — T2 &ccCov
Statistical Theory for Data Science Il anuary 27 2026 25




A neatly-typed proof (from SM 7.3)

Let R be the rejection region for the test based on T = f1(X)/fo(s)

R={x:T(x)>R,}

Let R’ be some other rejection region also of size « <a
o= / fo)dx = | fo(x)dx A-R
— R R/ O
/ fo(x)dx = fo(x)dx A
‘R’——‘R’ R’"—R
ON LHS £;(X) > Rofo(X). =R T eRp® RR CR
On RHS f;(x) < Ry fo(X). j R' —RCR®

P\) / Xdx> [ fxde

Rl—l

Add integral over intersection RN R’

[ —

Statistical Theory for Data Science Il January 27 2026 26



A neatly-typed proof (from MS)

Let ¢(x) be the test function for the test based on T.

Let «/(x) be any other function that maps x to [0, 1].
If

En, {¥(X)} < En{0(X)} = a

then it must follow that

En, {v(X)} < En, {6(X)}
Proof: V x,

P(X){f1(x) — Rfo(X)} < (X){f1(X) — Rfo(x)}

Integrate and re-arrange terms to get the result

Statistical Theory for Data Science Il January 27 2026 27



p-values A0S 10.2, MS 7.5, SM 7.3.1

- The formal theory of testing imagines a decision to “reject H,” or not, according as
X € RorX ¢ R, for some defined region R C X e.g. |Z| > 1.96

« This is useful for deriving the form of optimal tests, but not useful in practice.
 Doesn’t distinguish between Z = 1.97 and Z = 19.7, for example.

 P-values give more precise information about the null hypothesis

]_L-.@=—9-o s p':_e',

Statistical Theory for Data Science Il January 27 2026



p-values A0S 10.2, MS 7.5, SM 7.3.1

The formal theory of testing imagines a decision to “reject H,” or not, according as
X € RorX ¢ R, for some defined region R C X e.g. |Z| > 1.96

This is useful for deriving the form of optimal tests, but not useful in practice.

Doesn’t distinguish between Z = 1.97 and Z = 19.7, for example.

P-values give more precise information about the null hypothesis

« AoS definition: p-value = inf{a: T(X,) € R,} )Z - Sere \-OF  perion
N _ p< 0.05
« MS definition: p(x) = inf{a : ¢o(X) =1} 7.5
— F = 0.-0%7

« SM definition Pobs = PrHO{T(Xn) > tobs}

Statistical Theory TOT DaterSTrance 1 JanW l"zl - 4 5. F P’M 28
Lore T(x) 2 iA-2




Hypothesis tests and significance tests

- Hypothesis tests typically means:
« Ho, H,
critical/rejection region R C X,
level «, power 1 —
conclusion: “reject Ho at level «” or “do not reject H, at level o”
planning: maximize power for some relevant alternative minimize type Il error

Statistical Theory for Data Science Il January 27 2026 29



Hypothesis tests and significance tests

- Hypothesis tests typically means:
« Ho, H,
critical/rejection region R C X,
level «, power 1 —
conclusion: “reject Ho at level «” or “do not reject H, at level o”
planning: maximize power for some relevant alternative

- Significance tests typically means:
* Ho,
- test statistic T
- observed value t°%,
« p-value p°* = Pr(T > t°°; H,)

minimize type Il error

- alternative hypothesis often only implicit large T points to alternative

l—

Statistical Theory for Data Science Il January 27 2026
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Example: Sign test

X, ..., Xp Lid. F(")
Ho : 1 = po, v = F~'(1/2) median of distribution

Hqy:p > o both H composite
test statistic

n
T = 21{Xi > fio}
i=1

« under Ho,
T ~ Binom(n,1/2)

« p-value ‘L

)O

- ny1 . 2(tobs — n/2)
Pobs = Pryy, (T = tops) = Z r)an 1@ -n1/2
r=tops 7\
A
- . * Se =, T\
Statistical Theory for Data Science Il January 27 2026 ( n ﬁ,("‘]:)) 30



Power of the sign test SM Ex.7.30

Ho : = po Hy oo > po p=F(1/2)
Test statistic T = Y"1 1{X; > o}

Rejection region R = {T > ¢, }

Co =~ N/2—n"%2,/2 — Normal approx

—

Power = pry, (reject Ho) = pry (T > ¢,) Need distribution of T under H,
to calculate power we need values for i, and for F

Statistical Theory for Data Science Il January 27 2026 31



Power of the sign test SM Ex.7.30

* Ho : = pio Hy o> po - p=F"(1/2)
- Test statistic T = Y7 1{X; > o} "o A/pfw.gd ass

 Rejection region R = {T > ¢, } Le !

* C,~N/2—n"%2,/2 _— Normal approx
» Power = pry (reject Ho) = pry (T > ¢a) Need distribution of T under H,

to calculate power we need values for i, and for F

SM assume#m N(p, o Al (i: N2y — uo)/a—)

¢(n—1/2$ —n/2+n"?z

W(T>c)=pr, (T>n/2—n"?z,/)2 ! s

‘ 02N z./2)= {[n¢<n—1/25>{1 . ¢(n—1/2}1}
C.

= &z, +5(2/m)"?}
i =
- test based on X has power ®(z,, + §) D
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Figure 7.6 Power
functions for a test of
whether the mean of a
N(pt, o) random sample
of size n equals 11 against
the alternative ;t = 1, as
a function of

8 =n"(uy — po)/o.
The test size is @ = 0.05.
The solid curve is the
power function for a test
of 1 > po based on 'y,
and the dashed line is the
power function for the
sign test. Both critical
regions are of form

Y > ty. The dotted curve
is the power function for y
when the critical region is
Y < ty.
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