Statistical Theory for Data Science

STA2212H S LEC9101 The

Week 3

January 20 2026



https://www.economist.com/science-and-technology/2026/01/05/an-ai-revolution-in-drugmaking-is-under-way

Today arxiv paper

Recap: delta method, Bayesian inference
Misspecified models; point and interval estimation
Nonparametric estimation

Statistics in the News

HW Questions

A

Upcoming

- Toronto Data Workshop, Wednesday 21 January 2026, noon (EST) on Zoom
Rachel Porter, University of Notre Dame
“The CampaignView collection of records about candidates and their policies”
 Thursday 22 January 2026, 11am Hydro 9195/9
@c Gibbs, Job Talk
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https://utoronto.zoom.us/j/4784708970

Recap: Delta method
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Recap: Regularity conditions Choudhury & Das, 2026

HIGH DIMENSIONAL GAUSSIAN AND BOOTSTRAP APPROXIMATIONS IN
GENERALIZED LINEAR MODELS

MAYUKH CHOUDHURY AND DEBRAIJ DAS

Link d

ABSTRACT. Generalized Linear Models (GLMs) extend ordinary linear regression by
linking the mean of the response variable to covariates through appropriate link functions.
This paper investigates the asymptotic behavior of GLM estimators when the parameter di-
mension d grows with the sample size n. In the first part, we establish Gaussian approxima-
tion results for the distribution of a properly centered and scaled GLM estimator uniformly
over class of convex sets and Euclidean balls. Using high-dimensional results from Fang
and Koike (2024) for the leading Bahadur term, bounding remainder terms as in He and
Shao (2000), and applying Nazarov’s (2003) Gaussian isoperimetric inequality, we show
that Gaussian approximation holds when d = o(n2/5) for convex sets and d = o(n!/2)
for Euclidean balls—the best possible rates matching those for high-dimensional sample
means. We further extend these results to the bootstrap approximation when the covari-
o _ance matrix is unknown. In the second part, when d >>> n, a natural question is to answer
Statistical Theory for Data Sciapgé&ér all Govifates 8ré @4ally important. To answer that, we employ sparsity in GLM 3

through the Lasso estimator. While Lasso is widely used for variable selection, it cannot


https://arxiv.org/pdf/2601.09925
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(C.1) y; € R forall 4, h is the identity function and b(u) = u2/2 (which is the case for
linear regression) or, y; > 0 for all z and —h & hy are strictly convex (which is the
case for logistic, poisson, gamma regression etc).

(C.2) his thrice continuously differentiable and ¢ —! is twice continuously differentiable.

(C.3) S, and L,, are positive definite matrices.

(C.4) For some o, g, g > 0, satistying oy + 20 +2a3 < 1/2 with 0 < ag < 1/14,
there exist a constant 0 < ¢; < oo, and two other constants 0 < c¢o < 03 < 00,
for which following holds: Apin(S,) > c1n™* and con™ 2 < \nin(E(L,,)) <
/\max(E(Ln)) < c3ns. a F\ﬁ )

(C.5) maxje(i . nyl|@illoc = O(1). 3 [/u.-) - g

(C.6) 1Bl = OULS A
CH7 Ty Elyl® =0(1). f

(C.8) n~t SUP{ ||| S e TxiBleTzi® = 0(1).
(C.9.1) max;eqy,..n

W (@l B) Y O() o A (=] p)
(C.9.ii) max;eqr, NP (2] B)=O(1).

(C.9.0ii) maxeq1, nyl () (2 B)] = O(L). = %"‘( )
(C.9.iv) n=1 30 supyp., 2T gi<sy (97 1) (z)|° = O(1). Il
(C9V) n_l Z?:l Sup{lzi_mj’ﬁ|<5} |h”'(zz-)|12 = O(l)




Regularity conditions: asymptotic normality LaE §1.7.2; AoS Thm 9.18; MS Thm 5.4

1. The support of the density for X, i.e., the set {x : f(x;0) > 0} does not depend on 6.
2. The true value 6, is contained in an open subset of ©, and for all ¢ in this open
subset, the density f(x; #) is differentiable with respect to 6 for all x in the support
of the density.
3. f(x; 0) is three times continuously differentiable with respect to 6 for all x in the
support of the density.
4. Eg{u(9;X)} = 0, and Eg{u(8; X)u™(0; X)} = Eg{—0u(0;X)/96™}, and these
expectations exist and are finite for all 6 in the open subset defined in 2.
5. The matrix I,(0) = Eg{u(8; X)u™(6; X)} is positive definite for all § in the open subset
defined in 2.
6. There exist functions Mg,(-) such that
o3
0040000,

20:X)| < Mape(x), 110 — 6.]] <6 and Eg_{Mape(X)} < 0.

X1,...,Xniid. f(x;0),0 € ©
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Bayesian inference

Under regularity conditions on the model, and the prior, Y

the posterior is asymptotically normal. -
X /WA_L,QFI‘X ")S'ag-‘faLX

More precisely

/ 9\X)d9—> gb = (%, %)
Qn u-deo

a, = é\_|_ aln(é\)—1/2’ b, = é\—l— bln(A)—1/2 C.OJ/-{.&’ + SU'Q«:«?O
I,(0) is the expected Fisher information in the sample, and can be replaced (to this
order of approximation) by the observed Fisher information J(6).

——— @ in my notation; text defines J = I=" and uses H for 6”)

Informally, 7(6 | x) ~ N{8,1;"(6)}, an

an approXiaate 95% credible intepvdl for 6 is 0 & 1.965e

Y A
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Laplace approximation

T(elx)= L(eyz)mee) Je— “
, m ()
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Laplace approximation

Toln) = K@) mle) [ fL(G,x)vr(ﬁ)AQ DeTR

den /f\\,&,,——\
p(6;, 0+ keT(s)
— fe/

Jdo

ASES)
den = Je WLO)AQ'—\
£(6)+ (6-BI18)+ (6 YL )
’;'f (6)« (0-5)1 -5)#6)3

()« (o

2(9 (9"9)4 Q% ’ CQ.
= T(9)e j‘ + (©- 9)‘(‘ (9) o(g

« (efl

e - S )(e-6
- grre) eyt [t o #1E° 794 r8-9)E 3 do
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 non-informative priors

* convenience priors

===

» minimally/weakly informative priors gLLW

* hierarchical priors

@ —
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.. Choosing priors

¢ "—‘I/’—
« 7(0) o I'/2(0) ’L,‘(o} <= T(©) L () =7
T— Te)
- Example: X ~ Bin(n,8)  1(8) =n/{6(1—0)}, 0<f <1

Nf/u. a"-) (V\‘Fbc)

- Jeffreys’ prior for multiparameter 0: 7(0) o |I(6 )|1/2 not recommended even byJeffreys

B T( }J)Q')‘- o %

- for regression-scale models Jeffreys recommends = (3, o)
NSy

- For normal theory linear regression, the conjugate prior is Normal for 3 ancT’Irf/ers
gamma for o, with 3 L 0. These are oftén the defaults. h
owne Ba—-'.er P LA OV < (& 2&)
- Posterior means are typically weighted averages of MLE and prior mean, with
weight on MLE — 1 with n

Statistical Theory for Data Science Il January 20 2026 3%-(7(‘ [7A “'ja-' F 10




Example: Bivariate normal

Table 3.1 Scores from two tests taken by 22 students, mechanics and
vectors.

1 2 3 4 5 6 7 8 9 10 11

mechanics 7 44 49 59 34 46 0 32 49 52 44
vectors 51 69 41 70 42 40 40 45 57 64 o6l

12 13 14 15 16 17 18 19 20 21 22

mechanics 36 42 5 22 18 41 48 31 42 46 63
vectors 59 60 30 58 51 63 38 42 69 49 63

Table 3.1 shows the scores on two tests, mechanics and vectors,
achieved by n = 22 students. The sample correlation coefficient between
the two scores is 8 = 0.498,

22 22 22 1/2
6= (m;—m)(v; — ) / [Z(m,- —m)? ) (v — 5)2] , (3.10)
i=1 i=1 i=1

—/—-——'

with m and v short for mechanics and vectors, m and v their aver-
ages. We wish to assign a Bayesian measure of posterior accuracy to the
true correlation coefficient 8, “true” meaning the correlation for the hypo-

Statisticajpbiearpéptidabn o &1 Stublents, /8P Wi¢R &€ SB8erved only 22.

If we assume that the joint (m. v) distribution is bivariate normal (as

ot (wr,v) 35 B
LoV G—o;o‘m
2

>, ® W%zj:m "



... Bivariate normal

oC 1

) :1 _ _ p2\(n—1)/2(4 _ p2\(n—s)/2
010) = (=20 )20 = )00 [T b
/[\

Tol®) x fle|®)wis)
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Example: Bivariate normal

Jeffreys
‘ e ——
\
8 — . flat prior
0 _
<<
T
S
o o |
m —
o
Q A P
°© 093 K MLE:.498 750
T T T T T
-0.2 0.0 0.2 04 06 08 1.0
0

Figure 3.2 Student scores data; posterior density of correlation 6
for three possible priors.

Statistical Theory for Data Science Il January 20 2026
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Example: Binomial SM Ex.11.11

11.2 - Inference 579
x/w

- 0/47
9/148

Table 11.2  Mortality
rates r/m from cardiac
surgery in 12 hospitals
(Spiegelhalter et al.,
1996b, p. 15). Shown are
the numbers of deaths r
out of m operations.

A
G

B 18/148 C 8/119 D 46/810 E 8211 F  13/196
H 31215 1 14/207 J 8/97 K 29/256 L  24/360

provided the mode lies inside the parameter space. Here J(6) is the second deriva-

~
tixrn smanteiwv ~AF 00O\ Thin Aveannninm aneeanmnnndo fA 6 saantasiae s ltccrneinta smaenmaal

N
Pldg=p o h)= O

sV,
prior for hospital A Beta(1,1) _— Pos/—ww Uremrn QA posterior mean

= Lf_ﬂ
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Example: Binomial

SM Ex11.11

580 11 - Bayesian Models

@©

o
<

e ©

o
0

w © T8

<

E o E ©
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. o
o

— Q

o o

0 5 10 15 20 5 6 7 8 9 10
theta (%) theta (%)
| Somme G
<

put all hospitals together; 208 failures *
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Figure 11.1 Cardiac
surgery data. Left panel:
posterior density for 64,
showing boundaries of
0.95 highest posterior
credible interval (vertical
lines) and region between
posterior 0.025 and 0.975
quantiles of w(64 | y)
(shaded). Right panel:
exact posterior beta
density for overall
mortality rate 6 (solid)
and normal approximation
(dots).

(o th2)
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Marginalization

- Bayes posterior carries all the information about 6, given x by definition

- probabilities for any set A computed using the posterior distribution

* pr(@ €A |x) = f ﬂ‘(@*l'x-)a!.@

.iw:(ﬁ"\)m < JW(%.’.\_\ 230{& = nm(c.plz__)

- or,ify =0 — I T8 |,,¢ )Ag W"‘“‘a’;V\—Q F°5+
19 .1(2):=

- in this context, ‘flat’ priors can have a large influence on the marginal posterior

Statistical Theory for Data Science Il January 20 2026 16



Example: many normal means Stein, 1959

Xovwlp; L) X. ~ l\f()u;) 4 /n) T () = 1 i-;l)...}é
fw ~~(,n o A)

'X»\()"c'\) ﬂ(y [z )~ N(“ /n )

. E(Hzc_):wzn-"“
[;él%)@é’ﬂ/ e'”(mr'ug = Jrneare
= R
v=3E T(plz)dp =m(v)g)
e Zple 2

b 2 e o
peloefnZpet ~ () 0B K (5

'.’l

~ y
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Misspecified models

notation

- model assumption X, ..., X, i.i.d. f(x;6),0 € © j
« true distribution X, ..., X, i.i.d. F(x) &
- maximum likelihood estimator based on model:

n
i=1

- what is , estimating ? (\ ;;9 70 ({ y S
31 X; Nt\f(,;.>{_) ’
X )
X = E (X;) [uf 8z qu
:(;; AF () £ %ﬂ (o, X: )% Y,

Statistical Theory for Data Science Il January 20 2026 ' é Lt B(F) 18




Misspecified models

model assumption X, ..., X, i.i.d. f(x;0),0 € ©
true distribution X, ..., X, 1.i.d. F(x) notation
maximum likelihood estimator based on model;

n
=1 i
what is 6, estimating ?
define the parameter 6(F) by /&S{‘\“""‘L)
5 / 7{0(F): X}dF(x) = oj

V{6 — 0(F)} % N(0, 0?)

' I AU (R0 iy
Statistical Theory for Data Science Il January]20 2026 (IMH{H(F); X}].dF(X))2 18




O TLGn) = T L (6w =)+ B -orFik
72 Llete),x)
A L p » € - -
ﬁ’\a On - G(F)% pam— ‘ﬁ 72/[9(?))3(-2 *2\”
-L3 L™ (6(F),X:)
_\riw—i R (e®):%) A M(o)uu‘;ﬂ'(ocr);x,)3>

L7 ) B B e x5




Misspecified models

\
V{6 — 0(F)} % N(0, 0?) \f7‘( 9%" 93

- o "",
2 _ _JICAO(F): x}]*dF(x) SN (e, T [9))

~ U0y X EdF () M
« more generally, for 6 € RP, chu"
A d _ /

Vil = 0F)} 4 N500.6°0) 7 Cydfr s
6 =P ENE, ¢ (=3 T g

J(F) = / 0 {O(F) X} AF(x;), / (0/(0(F): X)) HE (O(F); x7)} T dF (x)
\(g l OL E:! k T Godambe .inform.ation

sandwich variance

Statistical Theory for Data Science Il January 20 2026 ' ; QI N 19



M-estimators SM §7.2; VdV Ch 5

Consider maximizing a function other than the log-likelihood function
VdV notation M, (0;x) = -X" _m(6;x;) — M 25t
Typically found by solving M/ (0; x) = o, or VdV Z-estimators

V(%) =D W) =0 Z . pfiwadery

SM notation: g(Y;0) = X' _g(Y;; ) is a (set of) estimating equations
g(y; 0) Is an unbiased estimating function if

E{g(Y;0)} = 0 = / a(y: O)F (v: 6)dy

st 70‘(8}9)
wot st

the score function is an unbiased estimating function
the solution of g(y; #) = 0 is an M-estimator Ccere 252 7"0

Statistical Theory for Data Science Il January 20 2026 ‘ZS"' - 9’ 20



... M-estimators SM §7.2; VdV Ch 5

- Examples: moment estimators

- Example: median

« Example: Huber estimator

Statistical Theory for Data Science Il January 20 2026 21



... M-estimators SM §7.2; VdV Ch 5

k A
- Examples: moment estimators g(x; ) = (x* — 1) -rl\f X1 = ]u-k SM Ex.7.15
2
= E(X)
« Example: median g(x; 6) = sign(x — 6) ;—‘\ Z's\'é/.\()(.: —-9) = VdV Ex.5.4
-~
o, = melaw (X, .., %)
« Example: Huber estimator g(x; 0) zzgi¥24y, where SM Ex 719
—R, x<6-—R, - ‘
1
g(x; ) = R<x—6<k X e
R, x>0+k ok Tl 7
- Example: quantile regression Koenker

—® 5 —ag mﬁin p-(Vi — X B), p-(u) =u{r —I(u <o)}

"Koenker, Roger, and Kevin F. Hallock (2001). Quantile Regression. J. Econ. Persp.15, 143-56. 4—

Statistical Theory for Data Science Il January 20 2026 22



... M-estimators SM §7.2; VdV Ch 5

~

* 0=9(x;0) =

Statistical Theory for Data Science Il January 20 2026 23



... M-estimators SM §7.2; VdV Ch 5

6’,, %73(**'5") = 9= a(x; @ — g(x;0) + (6 — 0)g(x; 0) + ...

o
- 1590 0) . 23 g(x;0) g(x &)= 9;8("/9

PO Tg060) T B{=a(%;0)}
E(f—0) =0, var(d—0) = %Var{g(X; 0)} E2{g(X: 0)} (1)
J/n(0 —0) % N{o,G(0)}, (2)
6(6) = E{~ 552 90% )} [vax {g(X; 0)}]"E{~ (X 0)) G)
L ) ) )

Statistical Theory for Data Science Il January 20 2026 24



... M-estimators SM §7.2; VdV Ch 5

7 - Estimation and Hypothesis Testing

Figure 7.3 Estimating
functions. Left:
construction of g(y;#)
(heavy) as the sum of
g(y;j:0) for a sample of
size n = 3 shown by the
rug. The lines g =0
(dots) and 6 = 6 (dashes)
are also shown. Right:
estimating functions for
the mean (solid), the
Huber estimator (dots)
and a redescending

M -estimator (dashes),

3

18 2
t

3’[)(.'/ 129

Estimating function
0

O
2 KA
)

-3

C——

: : - - . ; - slightly offset to avoid
3 2 0 1 2 3 overplotting.

Statistical Theory for Data Science |l January 20 20theta 9“ 25



Interval estimation A0S 6.3.2; MS 7:1

* a (1 — «)-level confidence interval for 6 € R is {L(x), U(x)}, with 2-( - 'F(l'/g)
PRLO0 <0 < UK} 21— a £or oAl 6,
¢ oith = (ﬂ( ) > W [H9> equality?

 similarly upper and lower confidence bounds

é P Sy e®d = -

(2]
J 2(x) fz o) dzt > 1=

Po b U(K) 2052 (=
L 74)
wiz) £l old 2 | -

Statistical Theory for Data Science Il January 20 2026 5 26
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Interval estimation A0S 6.3.2; MS 7:1

* a (1 — «)-level confidence interval for 6 € R is {L(x), U(x)}, with
pr{l(X) <0< UX)} >1—«

equality?
 similarly upper and lower confidence bounds

* a (1 — «a)-level confidence region for 6 € ©, is a set R(X) C ©, with @ € 733

pg{@ ERX)} >1—« (9”6 )

Statistical Theory for Data Science Il January 20 2026 26



Interval estimation A0S 6.3.2; MS 7:1

a (1 — «a)-level confidence interval for 6 € R is {L(x), U(x)}, with
pr{l(X) <0< UX)} >1—«

equality?
 similarly upper and lower confidence bounds
* a (1 — «a)-level confidence region for 6 € ©, is a set R(X) C ©, with
pr{d € RX)} >1—«
- a pivotal quantity h(x; #) is a function of X and # with a known distribution:
we can find a, b s.t. S continuity
pr{a < h(X;0) < b} =1—« FF X ’“C&ﬂj—g

-,

- inversion of this gives a (1 — a) confidence region for 6
Statistical Theory for Data Science Il January 20 2026 26



Binomial example AoS Ex 6.15,7

X ~ Binom(n,0), o< <1, (x) = x/n Sge
0 ~ N{O,(1—6)8/n} 2
- N . Al \[ A ,\)/‘)
approximate 1 — « Cl version 1 @ - (?é & [ (—e)/n Wald
"" 959,
¢
approximate 1— « Cl version2 ‘P, { \6— o)< to(/z[-p'g)g’% /zg ~ (~o Wilson
"
guaranteed 1 — a Cl — 2\ '9&!’;’3’ < (6 -90)L & \/0_9)377' nonparametric

AN

(0 —en,0+¢€n), € = Iog(2/c{)f)/(2n)

Pr(9€§—€n,5+6n)21—B no  noonal &ﬁaﬂx

Statistical Theory for Data Science Il January 202026 27

Hoeffding's inequality:




Binomial example Brown et al.’

‘AI‘M INTERVAL ESTIMATION FOR BINOMIAL PROPORTION 107 ' { l
T

Standard Interval Wilson Interval {- Sol

=f =f
(\.+ N F 5 |
= 4 %
= =
g1 %
g g Xw@in(n 9)
£ | Pal =R Al /
oo o.2 0.4 o.e o8 1.0 0.0 o2 oa (J ose o.s 1.0
Agresti-Coull Interval Jeffreys’ Equar-Tailed Interval
= =
2 2/
2] 2
o = Q
8 =
0.0 0.2 0o.4 o 0.6 o.8 1.0 0.0 0.2 0.4 o o.6 O.\ 1 .O{
9 FiG. 5. Coverage probability for n = 50. 9 Po_f * M‘:-VL
e J s

2Brown, L.D., Cai, T., DasGupta, A. (2001). Interval Estimation for a Binomial Proportion, Statistical Science 16,
101-133. link P—ww
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https://projecteuclid.org/journals/statistical-science/volume-16/issue-2/Interval-Estimation-for-a-Binomial-Proportion/10.1214/ss/1009213286.full

Nonparametric estimation

recall X, ..., Xy, 1.i.d. F() plug-in est'rs

empirical cdf
n

I/:-n(t) = %21{)((,') <t}

=1

properties:
1

E{Fa(t)} = F(t), var{Fa(t)} = —F(t){1 - F(t)}

n
any fixed t

pointwise approximate confidence limits Fp(t) £z, /5[Fn(t){1 — Fn(t)}]'/

Statistical Theory for Data Science Il January 20 2026 29



Nonparametric estimation

recall X, ..., Xy, 1.i.d. F() plug-in est'rs

empirical cdf
n

I/:-n(t) = %21{)((,') <t}

=1

properties:
1

E{Fa(t)} = F(t), var{Fa(t)} = —F(t){1 - F(t)}

n
any fixed t

pointwise approximate confidence limits Fp(t) £z, /5[Fn(t){1 — Fn(t)}]'/

simultaneous confidence band : pr{L(t) < F(t) < U(t) forallt} > 1— «a:

L(®) = max{Ba(®) - n,0) U(H) = min{Fa(®) ~en,1h o= { -log ( 2) }1/2

«

Statistical Theory for Data Science Il January 20 2026 29



... Nonparametric confidence bands

98 7. Estimating the ¢DF and Statistical Functionals

o

S T
0.0 0.5 1.0 1.5

FIGURE 7.1. Nerve data. Each vertical line represents one data point. The solid
line is the empirical distribution function. The lines above and below the middle
line are a 95 percent confidence band.

7.2 Example (Nerve Data). Cox and Lewis (1966) reported 799 waiting times
between successive pulses along a nerve fiber. Figure 7.1 shows the empirical
CDF ﬁn. The data points are shown as small vertical lines at the bottom of
the plot. Suppose we want to estimate the fraction of waiting times between

Statistical Theory for Data Science Il 4 , JAUALY2R 2PRBestimate is F,(.6) — Fo(.4) = .93 — .84 — .09. m 30



Density estimation A0S 20.3, SM 7.1.2

© Xi,..., Xp id, Xj ~ f(°)
- kernel density estimator

- with a symmetric kernel function, for small h,

B0} = £ + 2h*f"(x) + O(h*),

var{f(9} = £ [ Ke(du

n
. mean-squared error

Statistical Theory for Data Science Il January 20 2026 31



Density estimation A0S 20.3, SM 7.1.2

306 7 - Estimation and Hypothesis Testing
To) To) Figure 7.2 Kernel
~— L . .
o o density estimates for
o o maize data. Left:
construction of kernel
estimate (heavy) as sum of
g g 15 scaled normal densities
> o > o centred at th'e Vis with'
‘D D h = 19.5. Right: density
5 % estimates with h = 13.3
O w O w (solid), h = 23.2 (dots)
8 8 and h = 30 (dashes).
o o
o Z£ o
o L. —1 ] AL . o L. — AL . .
-150 -50 0 50 100 150 -150 -50 0 50 100 150
y y
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Density estimation A0S 20.3, SM 7.1.2

0.0 01 0.2 0.0 0:1 0.2

0.0 0.1 0.2 0.002 0.004 0.006

FIGURE 20.6. Kernel density estimators and estimated risk for the astronomy data.
Top left: oversmoothed. Top right: just right (bandwidth chosen by cross-validation).
Bottom left: undersmoothed. Bottom right: cross-validation curve as a function of

Statistical Theory for Data Science Il Jarkedyilthéy Begdgrdwidth was chosen to be the value of h where the curve is a 33



Density estimation A0S 20.3, SM 7.1.2

318 20. Nonparametric Curve Estimation
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FIGURE 20.7. 95 percent confidence bands for kernel density estimate for the as-
tronomy data.
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Confidence bands AoS Ch 20

20.2 Histograms 311

20.9 Definition. A pair of functions (£,(z),u,(z)) is a 1 — a confidence
band (or confidence envelope) if

]P(E(:L') < fu(z) <u(z) for all z) >1-a. (20.16)
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In the news Economist, Jan 5 2026

Link

My trail:

“Published in 2025"
https: //www2.unlearn.ai/1/1055293/2025-04-29/4d7f2/1055293/1757437116rfdemBsS/PD (

ASA Substack Dec 2025
https://asabiopreport.substack.com/p/unleashing-ai-generated-digital-twins

arxiv paper https://arxiv.org/pdf/2405.01488
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https://www.economist.com/science-and-technology/2026/01/05/an-ai-revolution-in-drugmaking-is-under-way
https://www2.unlearn.ai/l/1055293/2025-04-29/4d7f2/1055293/1757437116rfdemBsS/PD_Case_Study.pdf
https://asabiopreport.substack.com/p/unleashing-ai-generated-digital-twins
https://arxiv.org/pdf/2405.01488

