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Upcoming

• Toronto Data Workshop, Wednesday "! January "'"(, noon (EST) on Zoom
Rachel Porter, University of Notre Dame
“The CampaignView collection of records about candidates and their policies”

• Thursday "" January "'"(, !!am Hydro )!)&/)
Isaac Gibbs, Job Talk
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Recap: Delta method

• variance-stabilizing transformations
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Recap: Regularity conditions Choudhury & Das, !"!#

Link
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Regularity conditions: asymptotic normality LaE $%.&.!; AoS Thm '.%(; MS Thm ).*

!. The support of the density for X, i.e., the set {x : f (x; θ) > '} does not depend on θ.
". The true value θ∗ is contained in an open subset of Θ, and for all θ in this open
subset, the density f (x; θ) is di*erentiable with respect to θ for all x in the support
of the density.

$. f (x; θ) is three times continuously di*erentiable with respect to θ for all x in the
support of the density.

%. Eθ{u(θ; X)} = ', and Eθ{u(θ; X)uT(θ; X)} = Eθ{−∂u(θ; X)/∂θT}, and these
expectations exist and are #nite for all θ in the open subset de#ned in ".

&. The matrix I$(θ) = Eθ{u(θ; X)uT(θ; X)} is positive de#nite for all θ in the open subset
de#ned in ".

(. There exist functions Mabc(·) such that!!!!
∂%

∂θa∂θb∂θc
ℓ(θ; x)

!!!! ≤ Mabc(x), ||θ − θ∗|| ≤ δ and Eθ∗{Mabc(X)} < ∞.

X!, . . . , Xn i.i.d. f (x; θ), θ ∈ Θ
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Bayesian inference

Under regularity conditions on the model, and the prior,
the posterior is asymptotically normal.

More precisely " bn

an
π(θ | x)dθ p→

" b

a
φ(t)dt

an = #θ + aIn(#θ)−$/!, bn = #θ + bIn(#θ)−$/!

In(θ) is the expected Fisher information in the sample, and can be replaced (to this
order of approximation) by the observed Fisher information J(#θ).

J(!θ) in my notation; text de!nes J = I−! and uses H for −ℓ′′

Informally, π(θ | x) .∼ N{#θ, I−$n (#θ)}, and
an approximate )&+ credible interval for θ is #θ ± !.)( #se same as "#$ CI
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Laplace approximation
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Laplace approximation

Statistical Theory for Data Science II January !" !"!# (

Ola 110,44101
27M

OER

den fello aide fee do

g
ele 1 10 1

6 o o to

do
E E é 1 0 0 do

ratcole jiojh.fj.to e
ti04 0541 EFf3do



FIT Cole joy
1

IT 011 ftp.e t.Iotjio
oeRᵈ d e E I Joy

no

d n D mle

JIO obe'd

INLA integrated
ousted Laplace approx

normal version



Choosing priors MS p.!(& +

• conjugate priors

• non-informative priors %at, “ignorance”

• convenience priors

• minimally/weakly informative priors

• hierarchical priors

• empirical Bayes
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... Choosing priors AoS %%.#

• π(θ) ∝ I$/!(θ)

• Example: X ∼ Bin(n, θ) I(θ) = n/{θ(!− θ)}, ' < θ < !

• Je*reys’ prior for multiparameter θ: π(θ) ∝ |I(θ)|$/! not recommended even by Je&reys

• for regression-scale models Je*reys recommends π(β,σ) ∝ !/σ

• For normal theory linear regression, the conjugate prior is Normal for β and Inverse
gamma for σ, with β ⊥ σ. These are o,en the defaults.

• Posterior means are typically weighted averages of MLE and prior mean, with
weight on MLE→ ! with n
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Example: Bivariate normal EH ,.%
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... Bivariate normal EH $,.%

f (θ̂ | θ) = !
π
(n− ")(!− θ!)(n−$)/!(!− θ̂!)(n−*)/!

" ∞

"

!
(cosh(w)− θθ̂)n−$

dw
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Example: Bivariate normal EH $,.%
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Example: Binomial SM Ex.%%.%%

prior for hospital A Beta(!, !) posterior mean
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Example: Binomial SM Ex.%%.%%

put all hospitals together; "'- failures ‘
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Marginalization

• Bayes posterior carries all the information about θ, given x by de!nition

• probabilities for any set A computed using the posterior distribution

• pr(Θ ∈ A | x) =

• if θ = (ψ,λ), ...

• or, if ψ = ψ(θ)

• in this context, ‘.at’ priors can have a large in.uence on the marginal posterior
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Example: many normal means Stein, %')'
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Misspeci!ed models MS ).)

• model assumption X$, . . . , Xn i.i.d. f (x; θ), θ ∈ Θ

• true distribution X$, . . . , Xn i.i.d. F(x) notation
• maximum likelihood estimator based on model:

n$

i=$
ℓ′(θ̂n; Xi) = '

• what is θ̂n estimating ?
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Misspeci!ed models MS ).)

• model assumption X$, . . . , Xn i.i.d. f (x; θ), θ ∈ Θ

• true distribution X$, . . . , Xn i.i.d. F(x) notation
• maximum likelihood estimator based on model:

n$

i=$
ℓ′(θ̂n; Xi) = '

• what is θ̂n estimating ?
• de#ne the parameter θ(F) by

" ∞

−∞
ℓ′{θ(F); x}dF(x) = '

• √n{θ̂n − θ(F)} d→ N(',σ!)
•

σ! =

%
[ℓ′{θ(F); x}]!dF(x)

(
%
[ℓ′′{θ(F); x}]!dF(x))!Statistical Theory for Data Science II January !" !"!# $(
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Misspeci!ed models MS ).)

• √n{θ̂n − θ(F)} d→ N(',σ!)
•

σ! =

%
[ℓ′{θ(F); x}]!dF(x)

(
%
[ℓ′′{θ(F); x}]!dF(x))!

• more generally, for θ ∈ Rp,
√n{θ̂n − θ(F)} d→ Np{',G−$(F)}

•
G(F) = J(F)I−$(F)J(F),

•
J(F) =

"
−ℓ′′{θ(F); xi}dF(xi), I(F) =

"
{ℓ′(θ(F); xi)}{ℓ′(θ(F); xi)}TdF(xi)

Godambe information
sandwich variance
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M-estimators SM $&.!; VdV Ch )

• Consider maximizing a function other than the log-likelihood function
• VdV notation Mn(θ; x) ≡ $

nΣ
n
i=$m(θ; xi)

• Typically found by solving M′
n(θ; x) = ', or VdV Z-estimators

Ψn(θ; x) =
n$

i=$
Ψ(θ; xi) = '

• SM notation: g(Y; θ) = Σn
i=$g(Yi; θ) is a (set of) estimating equations

• g(y; θ) is an unbiased estimating function if

E{g(Y; θ)} = ' =

"
g(y; θ)f (y; θ)dy

• the score function is an unbiased estimating function
• the solution of g(y; θ) = ' is an M-estimator
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... M-estimators SM $&.!; VdV Ch )

• Examples: moment estimators

• Example: median

• Example: Huber estimator
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... M-estimators SM $&.!; VdV Ch )

• Examples: moment estimators g(x; θ) = (xk − µk) SM Ex.'.(#

• Example: median g(x; θ) = sign(x − θ) VdV Ex.#.)

• Example: Huber estimator g(x; θ) = g(x − θ),, where SM Ex '.("

g(x; θ) =

&
''(

'')

−k, x ≤ θ − k,
x, −k < x − θ < k
k, x ≥ θ + k

• Example: quantile regression Koenker!
#βτ = argmin

β
ρτ (yi − xTi β), ρτ (u) = u{τ − I(u ≤ ')}

!Koenker, Roger, and Kevin F. Hallock (*++(). Quantile Regression. J. Econ. Persp.!", (),–#-.
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... M-estimators SM $&.!; VdV Ch )

• ' = g(x; *θ) =
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... M-estimators SM $&.!; VdV Ch )

' = g(x; *θ) = g(x; θ) + (*θ − θ)ġ(x; θ) + ...

*θ − θ
.
=

$
n
+
g(xi; θ)

− $
n ġ(xi; θ)

.
=

$
n
+
g(xi; θ)

E{−ġ(X; θ)}

E(*θ − θ)
.
= ', var(*θ − θ)

.
=
!
nvar{g(X; θ)}/E

!{ġ(X; θ)} (!)

√n(*θ − θ)
d→ N{',G−$(θ)}, (")

G(θ) = E{− ∂

∂θT
g(X; θ)}[var{g(X; θ)}]−$E{− ∂

∂θ
g(X; θ)} ($)

Statistical Theory for Data Science II January !" !"!# !*

Egl
g x 01 2094



... M-estimators SM $&.!; VdV Ch )
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Interval estimation AoS #.,.!; MS &.%

• a (!− α)-level con#dence interval for θ ∈ R is {L(x),U(x)}, with
pr{L(X) ≤ θ ≤ U(X)} ≥ !− α

equality?
• similarly upper and lower con#dence bounds
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Interval estimation AoS #.,.!; MS &.%

• a (!− α)-level con#dence interval for θ ∈ R is {L(x),U(x)}, with
pr{L(X) ≤ θ ≤ U(X)} ≥ !− α

equality?
• similarly upper and lower con#dence bounds

• a (!− α)-level con#dence region for θ ∈ Θ, is a set R(X) ⊂ Θ, with

pr{θ ∈ R(X)} ≥ !− α
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Interval estimation AoS #.,.!; MS &.%

• a (!− α)-level con#dence interval for θ ∈ R is {L(x),U(x)}, with
pr{L(X) ≤ θ ≤ U(X)} ≥ !− α

equality?
• similarly upper and lower con#dence bounds

• a (!− α)-level con#dence region for θ ∈ Θ, is a set R(X) ⊂ Θ, with

pr{θ ∈ R(X)} ≥ !− α

• a pivotal quantity h(x; θ) is a function of X and θ with a known distribution:
we can #nd a,b s.t. continuity

pr{a ≤ h(X; θ) ≤ b} = !− α

• inversion of this gives a (!− α) con#dence region for θ
Statistical Theory for Data Science II January !" !"!# !#
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Binomial example AoS Ex #.%),&

X ∼ Binom(n, θ), ' ≤ θ ≤ !, #θ(x) = x/n

#θ .∼ N{θ, (!− θ)θ/n}

approximate !− α CI version ! Wald

approximate !− α CI version " Wilson

guaranteed !− α CI nonparametric

(#θ − εn, #θ + εn), ε!n = log("/α)/("n)
Hoe*ding’s inequality:

pr(θ ∈ #θ − εn, #θ + εn) ≥ !− α
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Binomial example Brown et al."

"Brown, L.D., Cai, T., DasGupta, A. (*++(). Interval Estimation for a Binomial Proportion, Statistical Science !#,
(+(–(,,. link
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Nonparametric estimation AoS &.*

• recall X$, . . . , Xn, i.i.d. F(·) plug-in est’rs

• empirical cdf

F̂n(t) =
!
n

n$

i=$
!{X(i) ≤ t}

• properties:
E{F̂n(t)} = F(t), var{F̂n(t)} =

!
nF(t){!− F(t)}

any !xed t
• pointwise approximate con#dence limits F̂n(t)± z$−α/![F̂n(t){!− F̂n(t)}]$/!
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Nonparametric estimation AoS &.*

• recall X$, . . . , Xn, i.i.d. F(·) plug-in est’rs

• empirical cdf

F̂n(t) =
!
n

n$

i=$
!{X(i) ≤ t}

• properties:
E{F̂n(t)} = F(t), var{F̂n(t)} =

!
nF(t){!− F(t)}

any !xed t
• pointwise approximate con#dence limits F̂n(t)± z$−α/![F̂n(t){!− F̂n(t)}]$/!

• simultaneous con#dence band : pr{L(t) ≤ F(t) ≤ U(t) for all t} ≥ !− α:

L(t) = max{F̂n(t)− εn,'}, U(t) = min{F̂n(t)− εn, !}, εn =

,
!
"n log

-
"
α

./$/!
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... Nonparametric con!dence bands AoS &.*
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Density estimation AoS !".,, SM &.%.!

• X$, . . . , Xn i.i.d., Xi ∼ f (·)
• kernel density estimator

#f (x) = !
n

n$

i=$

!
hK

-
x − Xi
h

.

• with a symmetric kernel function, for small h,

E{#f (x)} = f (x) + !
"h

!f ′′(x) + O(h*),

var{#f (x)} =
!
nhf (x)

"
K!(u)du

• mean-squared error
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Density estimation AoS !".,, SM &.%.!
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Density estimation AoS !".,, SM &.%.!
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Density estimation AoS !".,, SM &.%.!
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Con!dence bands AoS Ch !"
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In the news Economist, Jan ) !"!#

Link

My trail:

“Published in "'"&”
https://www2.unlearn.ai/l/1055293/2025-04-29/4d7f2/1055293/1757437116rfdemBsS/PD Ca

ASA Substack Dec "'"&
https://asabiopreport.substack.com/p/unleashing-ai-generated-digital-twins

arxiv paper https://arxiv.org/pdf/2405.01488
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