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https://www.theguardian.com/world/2025/jan/10/gaza-death-toll-40-higher-than-official-number-lancet-study-finds


Today

!. Recap
#. Pro%le likelihood and likelihood ratio tests
&. Bayesian inference
'. Statistics in the News
$. HW Questions

Upcoming: Toronto Data Workshop Link

Wednesday !' January #"#(, noon (EST) on Zoom
Amy Mann, University of Oxford
“Measuring the quality of mortality data in high-income settings”

Statistical Theory for Data Science II January !" #$#% !

https://rohanalexander.com/tdw.html
https://utoronto.zoom.us/j/4784708970


Recap Week !

• likelihood de%nitions: ℓ(θ) !θ U(θ) j(!θ) In(θ)
• maximum likelihood estimator minimizes KL-divergence from the true model to the data

• maximum likelihood estimator is consistent

• maximum likelihood estimator is asymptotically normal
see Likelihood Cheat Sheet V!

Statistical Theory for Data Science II January !" #$#% #

score f e o x

fE obs'd info l co x
var U exp'd into

Tiff



Recap Week !

• likelihood de%nitions: ℓ(θ) !θ U(θ) j(!θ) In(θ)
• maximum likelihood estimator minimizes KL-divergence from the true model to the data

• maximum likelihood estimator is consistent

• maximum likelihood estimator is asymptotically normal
see Likelihood Cheat Sheet V!

• maximum likelihood estimator is equivariant
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Recap Week !

• likelihood de%nitions: ℓ(θ) !θ U(θ) j(!θ) In(θ)
• maximum likelihood estimator minimizes KL-divergence from the true model to the data

• maximum likelihood estimator is consistent

• maximum likelihood estimator is asymptotically normal
see Likelihood Cheat Sheet V!

• maximum likelihood estimator is equivariant

• point estimation, interval estimation, testing
observed vs expected Fisher info
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... Your friend the delta-method AoS !.!

√
n(θ̂n − θ)

d→ N{", I−!(θ)}

√
n{g(θ̂n)− g(θ)} d→ N{",g′(θ)TI−!(θ)g′(θ)}
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Variance-stabilizing transformations
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Regularity conditions: Consistency AoS Thm !."#, Van der Vaart Thm $.%

• Mn(θ) =
!
n

n"

i=!
log

f (Xi; θ)
f (Xi; θ∗)

, M(θ) = Eθ∗ log
f (Xi; θ)
f (Xi; θ∗)

• (i) : supθ∈Θ |Mn(θ)−M(θ)| p→ ", (ii) : supθ:|θ−θ∗|<εM(θ) < M(θ∗).

Proof of consistency: Show

pr(|θ̂n − θ∗| > ε) ≤ pr{M(θ̂n) < M(θ∗)−δ}, which → ".

M(θ∗)−M(!θn) = Mn(θ∗)−M(!θn) +M(θ∗)−Mn(θ∗)

≤ Mn(!θn)−M(!θn) + "− "

≤ supθ|Mn(θ)−M(θ)| p→ "

{|!θn − θ∗| ≥ ε} ⊂ {M(!θn) < M(θ∗)− δ} =⇒ pr(|!θn − θ∗| ≥ ε) ≤ pr{M(!θn) < M(θ∗)− δ} → "
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Regularity conditions: Consistency VdVaart Thm $.%
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Regularity conditions: asymptotic normality LaE &".%.'; AoS Thm !."(; MS Thm $.)

!. The support of the density for X, i.e., the set {x : f (x; θ) > "} does not depend on θ.
#. The true value θ∗ is contained in an open subset of Θ, and for all θ in this open
subset, the density f (x; θ) is di)erentiable with respect to θ for all x in the support
of the density.

&. f (x; θ) is three times continuously di)erentiable with respect to θ for all x in the
support of the density.

'. Eθ{u(θ; X)} = ", and Eθ{u(θ; X)uT(θ; X)} = Eθ{−∂u(θ; X)/∂θT}, and these
expectations exist and are %nite for all θ in the open subset de%ned in #.

$. The matrix I!(θ) = Eθ{u(θ; X)uT(θ; X)} is positive de%nite for all θ in the open subset
de%ned in #.

(. There exist functions Mabc(·) such that####
∂"

∂θa∂θb∂θc
ℓ(θ; x)

#### ≤ Mabc(x), ||θ − θ∗|| ≤ δ and Eθ∗{Mabc(X)} < ∞.

X!, . . . , Xn i.i.d. f (x; θ), θ ∈ Θ
Statistical Theory for Data Science II January !" #$#% (
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...Regularity conditions: asymptotic normality VderVaart Thm $.#!
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Today

!. Recap
#. Pro%le likelihood and likelihood ratio tests
&. Bayesian inference
'. Statistics in the News
$. HW Questions

Statistical Theory for Data Science II January !" #$#% *



... Example: logistic regression

Boston.glm <- glm(crim2 ~ . - crim, family = binomial,

data = Boston) #fit logistic regression

confint(Boston.glm)

Waiting for profiling to be done...

2.5 % 97.5 %

(Intercept) -47.480389822 -21.699753794

zn -0.152359922 -0.020567540

indus -0.149113408 0.024168460

chas -0.646429219 2.233443233

nox 34.967619055 64.088411260

rm -1.811639107 0.950196261

age -0.001231256 0.046865843

dis 0.280762523 1.140619391

rad 0.376833861 0.975898274

tax -0.012038221 -0.001324887

ptratio 0.136910471 0.618725856
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... Vector parameters

Waiting for profiling to be done – what’s pro%ling?
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Pro"le likelihood function SM Chapter )
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Example

X!, . . . , Xn i.i.d. Gamma (α,λ)

f (xi;λ,α) =
!

Γ(α)
λαxα−!i exp(−λxi)
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... Example

"nd a.var(µ̂) via mv delta method
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Likelihood ratio statistic SM ).$, AoS "*.+

• model f (x;θ), θ ∈ Rp

• likelihood and log-likelihood function L(θ; x), ℓ(θ; x)
• maximum likelihood estimator !θ = !θ(x)

• hypothesized value θ$ for θ
• likelihood ratio statistic w(θ$) = #{ℓ(!θ)− ℓ(θ$)}

• Theorem: Under ... regularity conditions on the model ... if θ$ is the true value

w(θ$) d→ χ#p, n→ ∞,

• Approximation: {θ : w(θ) ≥ χ#p(α)/#} is a !− α con%dence set for θ
pr{χ"p ≥ χ"p(α)} = α
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... Likelihood ratio statistic SM ).$, AoS "*.+

w(θ$) = #{ℓ(!θ)− ℓ(θ$)}
d→ χ#p
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... Likelihood ratio statistic SM ).$, AoS "*.+

λ = #{ℓ(!θ)− ℓ(!θ$)}
d→ χ#d

d = dim(Θ)− dim(Θ#)
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Calculating maximum likelihood estimators AoS !."#.)

• Newton Raphson iteration

θ̂(k+!) = θ̂(k) + {−ℓ′′(θ̂(k))}−!ℓ′(θ̂(k)) = θ̂(k) +
S(θ̂(k))
H(θ̂(k))

• Fisher scoring replaces −ℓ′′(·) by its expected value J(·)
• Quasi-Newton: approximate j(θ̂(t)) with something easy to invert and
use information from j(θ̂(t)) to compute j(θ̂(t+!))

• EM algorithm

• Notes on optimization: Tibshirani, Pena, Kolter CO !"-*#$ CMU
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https://www.stat.cmu.edu/~ryantibs/convexopt-F18/lectures/quasi-newton.pdf


Misspeci"ed models MS $.$

• model assumption X!, . . . , Xn i.i.d. f (x; θ), θ ∈ Θ

• true distribution X!, . . . , Xn i.i.d. F(x) notation
• maximum likelihood estimator based on model:

n"

i=!
ℓ′(θ̂n; Xi) = "

• what is θ̂n estimating ?

Statistical Theory for Data Science II January !" #$#% !*



Misspeci"ed models MS $.$

• model assumption X!, . . . , Xn i.i.d. f (x; θ), θ ∈ Θ

• true distribution X!, . . . , Xn i.i.d. F(x) notation
• maximum likelihood estimator based on model:

n"

i=!
ℓ′(θ̂n; Xi) = "

• what is θ̂n estimating ?
• de%ne the parameter θ(F) by

$ ∞

−∞
ℓ′{θ(F); x}dF(x) = "

• √n{θ̂n − θ(F)} d→ N(",σ#)
•

σ# =

%
[ℓ′{θ(F); x}]#dF(x)

(
%
[ℓ′′{θ(F); x}]#dF(x))#Statistical Theory for Data Science II January !" #$#% !*É



Misspeci"ed models MS $.$

• √n{θ̂n − θ(F)} d→ N(",σ#)
•

σ# =

%
[ℓ′{θ(F); x}]#dF(x)

(
%
[ℓ′′{θ(F); x}]#dF(x))#

• more generally, for θ ∈ Rp,
√n{θ̂n − θ(F)} d→ Np{",G−!(F)}

•
G(F) = J(F)I−!(F)J(F),

•
J(F) =

$
−ℓ′′{θ(F); xi}dF(xi), I(F) =

$
{ℓ′(θ(F); xi)}{ℓ′(θ(F); xi)}TdF(xi)

Godambe information
sandwich variance
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Bayesian inference AoS Ch ""

model

prior

posterior

sample
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Frequentist and Bayesian contrast AoS Ch ""

Frequentist:

• There is a %xed parameter (unknown) we are trying to learn
• Our methods are evaluated using probabilities based on f (x; θ)

Bayesian:

• The parameter can be treated as a random variable
• We model its distribution π(θ)

• Combine this with a model f (x | θ)
• Update prior belief on the basis of the data
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Example: Binomial MS $.'+; AoS Ex."".'

X!, . . . , Xn i.i.d. Bernoulli (θ) π(θ;α,β) =
Γ(α+ β)

Γ(α)Γ(β)
θα−!(!− θ)β−!," < θ < !

posterior mean, mode
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Example: censored exponential MS $.'%

X!, . . . , Xn i.i.d. Exponential (λ) π(λ) ∼ Exp(α)

censored at r smallest x; let Yi = X(i), i = !, . . . , r

f (y | λ) =
r&

i=!
λr exp(−λyi)

n&

i=r+!
exp(−λyr) = λr exp[−λ{Σr

i=!yi + (n− r)yr}]

Statistical Theory for Data Science II January !" #$#% #&



... Example: censored exponential MS $.'%

f (y | λ) =
r&

i=!
λr exp(−λyi)

n&

i=r+!
exp(−λyr) = λr exp{−λΣr

i=!yi+(n−r)yr}, π(λ) = α exp(−αλ)

π(λ | y)

posterior mean and and mode

Statistical Theory for Data Science II January !" #$#% #'
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Example: log-odds ratio AoS Ex "".#

• X!, . . . , Xn i.i.d. Bernoulli (p); π(p) ∝ !
• posterior π(p | x) = Beta(s+ !,n− s+ !) s = Σxi

• ψ = log{p/(!− p)}
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Bayesian asymptotics LaE ".)
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Bayesian asymptotics LaE ".)
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Choosing priors MS p.'(% ,

• conjugate priors

• non-informative priors #at, “ignorance”

• convenience priors

• minimally/weakly informative priors

• hierarchical priors

Statistical Theory for Data Science II January !" #$#% #*



Flat priors MS p.'!*

• if parameter space is closed (interval), e.g. Θ = [a,b], then
π(θ) ∼ U(a,b) represents ‘indi)erence’

• example: Beta (!,!) prior for Bernoulli probability

• example $.&': X ∼ N(µ, !),π(µ) ∝ !

Statistical Theory for Data Science II January !" #$#% "$



Flat priors MS p.'!*

• if parameter space is closed (interval), e.g. Θ = [a,b], then
π(θ) ∼ U(a,b) represents ‘indi)erence’

• example: Beta (!,!) prior for Bernoulli probability

• example $.&': X ∼ N(µ, !),π(µ) ∝ !

• improper priors can lead to proper posteriors ntbc

• priors +at in one parameterization are not +at in another

Statistical Theory for Data Science II January !" #$#% "$



... Flat priors

• Example: X ∼ Bin(n, θ)," < θ < !; θ ∼ U(", !)

• log-odds ratio ψ = ψ(θ) = log{θ/(!− θ)}

• π(ψ) =
eψ

(!+ eψ)# ,−∞ < ψ < ∞

• prior probability −& < ψ < & ≈ ".,

• an invariant prior: π(θ) ∝ I!/#(θ)
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Je#reys’ prior MS p '!"

• π(θ) ∝ I!/#(θ)

• Example: X ∼ Bin(n, θ) I(θ) = n/{θ(!− θ)}, " < θ < !

• Example $.&$: X ∼ Poisson(λ), I(λ) = !/λ, λ > " posterior proper?

• Je)reys’ prior for multiparameter θ: π(θ) ∝ |I(θ)|!/# not recommended even by Je$reys

• Example: X!, . . . , Xn i.i.d. N(µ,σ#) I(µ,σ#) =

Statistical Theory for Data Science II January !" #$#% "#
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Marginalization

• Bayes posterior carries all the information about θ, given x by de"nition

• probabilities for any set A computed using the posterior distribution

• pr(Θ ∈ A | x) =

• if θ = (ψ,λ), ...

• or, if ψ = ψ(θ)

• in this context, ‘+at’ priors can have a large in+uence on the marginal posterior

Statistical Theory for Data Science II January !" #$#% ""



Example: many normal means Stein, "!$!
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Statistics in the News

Link

• “The peer-reviewed statistical analysis was
conducted by academics at the London School of
Hygiene & Tropical Medicine, Yale University and
other institutions, using a statistical method
called capture-recapture analysis”

• “The study used death toll data from the health
ministry, an online survey launched by the
ministry for Palestinians to report relatives’
deaths, and social media obituaries”

• “Patrick Ball, a statistician at the US-based
Human Rights Data Analysis Group not involved
in the research, has used capture-recapture
methods to estimate death tolls for con#icts in
Guatemala, Kosovo, Peru and Colombia.
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https://www.thelancet.com/pdfs/journals/lancet/PIIS0140-6736(24)02678-3.pdf


Capture-recapture analysis Jamaluddine et al. '$

• %nite population of size N, unknown
• collect a sample of size n, tag each item, return to population
• collect a second sample of size m, record number of tags y
• estimate of N: n

N ≈ y
m =⇒ !N =

nm
y

• assumptions? variability?
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Capture-recapture analysis Jamaluddine et al. '$

• %nite population of size N, unknown
• collect a sample of size n, tag each item, return to population
• collect a second sample of size m, record number of tags y
• estimate of N: n

N ≈ y
m =⇒ !N =

nm
y

• assumptions? variability?

• List !: Ministry of Health data from hospitals
• List #: Ministry of Health rolling survey of mortality and missing persons
• List &: Social media (obituary pages)
• remove duplicates using IDs and/or probabilistic record linkage

Statistical Theory for Data Science II January !" #$#% "(



... Capture-recapture analysis

• & Lists, duplicates removed
• match people on the list
• use log-linear model %tted to probabilities of {""!,"!", !"","!!, !"!, !!", !!!} ntbc

• use %tted model to estimate probability of """ many other details

Statistical Theory for Data Science II January !" #$#% ")
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... Capture-recapture analysis

• & Lists, duplicates removed
• match people on the list
• use log-linear model %tted to probabilities of {""!,"!", !"","!!, !"!, !!", !!!} ntbc

• use %tted model to estimate probability of """ many other details

•
List ! ##&'* unique records
List # *$-! unique records
List & &!," unique records

• adding estimate of """ yields total estimate of (', #(" ,$% CI [$$, #,-− *-, $#$]
• “we computed Wald con%dence intervals”

“while recognizing that bootstrap or pro"le intervals might have better coverage”

• see also Zivot et al. (#"#$) (Letter to the editor) and
Jamaluddine et al. (#"#$) (Authors’ reply)
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... Capture-recapture analysis Jamaluddine et al. '$
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