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Recap: Confidence intervals MS 7.1,2; A0S 6.3.2
neK PE

* p =1 (1— «) confidence interval, confidence bound S— A/LDJD"Z W',Ba_a)«'n&..q
j’h-o’{mc\ ;‘-cw wvd u—e)&e,(

* p > 1: (1— «) confidence region 5 next slides

* p=1:(1— ) credible interval, credible bound prior 7(0)
e— — &

* p> 1 (1—«)credible set “'P"J)(W'C ﬂ’w

T T B ‘(;W MMM \7°‘t/\
* (1—a) is the coverage of the confidence interval or region e .. 7
or the probability of the credible interval or set

—_—

- coverage of confidence regions and intervals can be exact or approximate

Ep— —
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Recap X~ f(x;0), 0€R

N Q U/O',)
approximate (1 — «) confidence interval & M€ @

-2
T-ot/~ %l- “fa

é\ :l: 21_a/2SAe(é) = é :l: Z1_a/2j_1/2(é)

— N) . A )
approximate pivotalquantity@&)ﬂz\iv 2 SR (o) = 4 [é\)

L e\’//‘//v,j) =OP[")

approximate (1 — «) credibleTntery

approximate normality of posterior

f (0 | x) ~ N{6,j~"2(9)} or @X) ~N{f,j~"%(0)}

i D
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Recap: Confidence and credible regions

- Bayesian: HPD region C for 6: / fcR
I (1) /w(0|x):1—a
C

(2) 7w(0|x)>n(0"|x), anydecCandf* ¢C j s i

- approximate plvotalquantm( ;
(§~6)<nlo,5"6) 6 — 0"l ) >e:\ L.(@= E@i—ﬁ (9%)3
0)} L

9¢ . w(6 —2{ ’76;

- approximate confidence reglons ' LT
n\_ (D T NN 2 (_', . ,m?
Ri(0)={0: (6 — 0)T1,(8)(6 — 0) < x3, .}, Jﬁ%\
Ro(6)= {6 : w(8) < x3,_.}

| regions in ©, depend on @
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Confidence intervals for sub-parameters

(\- modelxwf(ch,A), @AGRPC', 0 = (1, \) d=1 +« = 2n)
- profile log-likelihood functior( Oo(v) %c 0, \y) <— maximize over X

2 J gf Y ‘\f/
- approximate pivotal quantities (Peﬂi MS Thm 7.4,5

(% — ) ()% — ¥) S—

A p(¥ —( p } 4([l‘)
(y[\{/)zf(‘(’,ﬂy) Lz{g (W)t} £ S 8

- approximate confidence regions

{wwinA@@?¢o<ﬁﬂa}§

\

{:2{6p() — (W)} < Xg ot

// °
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Aside: Likelihood ratio test

Textbook version J =
A supgco f(X; 0) _ SUPpeo L(0)&
Supgee, f (X 0) Slupeeeo L(6)
h— |

Theorem 7.5 A e z
2log An SV ~ N3

O

constraint § € ©, has d restrictionson § = (64,...,0p) <— O
= > —

version using profile fixes v =Y(0,,...,04),d < p
I o B =

())
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Introduction to Formal Hypothesis testing MS 7.3, AoS Ch. 10

Xqy ooy Xn ~ f(X;0) i, AoS range x € X
« Null and alternative hypothesis L—l—b S pV, _ ,[21_ éEg

. Test function h=ws b dode M““*b-% 7 9!(75 = {OJ "}

Cu—

* Rejection region’tFZf,é—.;zJ tee.. ”’l 6wz 1 we dolde ”,
%eR Ho 0 -
 Type I and Type Il error 7
m) 1 bt 1 e dr ][9.,‘,. oA
- Test statistic and critical value ¢ i E ke

T ke RS ook, bped = E F(X) = < b {ys(gg)z{g
ﬁ/\t é7<§éR \7!«\-/\7 JV'W:Z = Ll“"SZShOZ) - PAu,fcﬁU&,)-;o;
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... Hypothesis testing: intro MS 7.3, AoS AoS Ch. 10

Xqy ooy Xn ~ f(X;0) AoS range X € X

 Null and alternative hypothesis: Hy : 6 € ©g; H, : 0 € ©,, ©,U©O, =0

Test (decision) function: ¢ : X — {0,1} MS 7.3
»(X) = 1decide 0 € ©,, else decide 0 € ©,

Rejection region: R C X; if x € R “reject” H, A0S 10.0
R={x:¢(x)=1}

Type | and Type Il error: Pr{X € R}, 6 € O, Pr{X ¢ R}, 0 € ©,

Test statistic and critical value: R = {x € X : t(x) > c} c to be chosen

&th_u»q, 0_311/\.4"" LL—T() ?,‘:€R
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... Hypothesis testing: intro MS 7.3; AoS Ch. 10

l

1
- goal is to identify R, or ¢(-) with small Type | and Type Il errors

@ text followim

AETL 1
fahgajzc:e )'(33
wen ?ﬂu{ﬁ[)() = OS
Mo %%;ux);uz

H' c to be chosen

« can't reduce both_ e

* classical solution: require

Eo{6(X)) ;,[a 0k (1

- subject to this constraint, minimize

E9{¢(X)}7 ie @l

« find a test function ¢(X) to satisfy
- find a test statistic, T = t(X), and define ¢(x) = 1{t(x) > c}

(2

—
—
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Example: Two-sample t-test

1.2 Hypothesis Testing

Our second example concerns the march of methodology and inference
for hypothesis testing rather than estimation: 72 leukemia patients, 47 with
ALL (acute lymphoblastic leukemia) and 25 with AML (acute myeloid leuk-
emia, a worse prognosis) have each had genetic activity measured for a
panel of 7,128 genes. The histograms in Figure 1.4 compare the genetic
activities in the two groups for gene 136.

. Gr
- ~f -
N AL
T2 0 05 os 1 1z s
ALL scores — mean .752 BRADLEY EFRON
TREVOR HASTIE
: COMPUTER'AGE -

02

et STATISTICAL A

AML scores — mean .950

S ' ’ q

s s INFERENCE 5.

@ bottom \
Wl paralue = .0036.

The AML group appears to show greater activity, the mean values being

ALL = 0.752 and AML = 0.950. (1.5)
—_—
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.. (-test AoS Ex.10.8

leukemia_big <- read.csv
("http://web.stanford.edu/ "hastie/CASI_files/DATA/leukemia_big.csv")
oneline <- leukemia_big[136,]

one <- c(1:20, 35:61) # I had to extract these manually, ")
——
two <_.E£21i§é*‘§24122-# couldn’t figure out the data frame

nl <- length(one); n2 <- length(two)

mean_one <- sum(oneline[1l,one]l)/nl1l. ##[1] 0.7524794
mean_two <- sum(oneline[1l,two])/n2. ##[1] 0.9499731
var_one <- sum((oneline[1,one]-mean_one)"2)/(nl1-1)

var_two <- sum((oneline[1l,two]-mean_two)~2)/(n2-1)

pooled <- ((nl-1)*var_one + (n2-1)*var_two)/(nl+n2-1)

taos <- (mean_one-mean_two)/sqrt((var_one/nl)+(var_two/n2))
##[1] -3.132304

tbe <- (mean_one-mean_two)/sqrt(pooled*((1/n1)+(1/n2)))
##[1] -3.014003

Mathematical Statistics I February 25 2025 12



.. (-test AoS Ex.10.8

library("tidyverse")
leukemia_big<- read.csv
("http://web.stanford.edu/ "hastie/CASI_files/DATA/leukemia_big.csv")
leukemia_big | %>% select(starts_with("ALL")) %>% as.numeric() -> alll36 =
leukemia_big 15% ©>h se with("éﬂg")) %>% as.numeric() —-> %91196 Y
)t test(alll36,aml113 am11361/%ar equal = TRUE)

TH# ﬂi,‘ TT;

Two Sample t-test Pnce ‘F < .05

data: 2lll36 and aml136 e ”‘"('j“t ’I'k ’ ILALL,: }4AML_
= -3.014, df = 70, (p value = 0.003589 ] FL, = }&1’
is: true difference in means is not equal to O

XH\LLN}/)’( -

\
D aot w- CI/-] N xokm, ~ N [}lb)lq :) 13

alternative

95 percent confidence interval:

-0.32817995 -0.06680742

Mathemat|ca Statistics. Feﬁuar 25 202
sample es%lmat y 25 e




AoS Ex.10.8

pas — t(x) iy Zud

« model =
- null and alternative hypothesis iy O .

o o o ~ y Xl - X 9 m
* rejection region ;
- test statistics and critical value g], W
 type | and type Il error

N
Lo g S, < podod T o
’/('Ll - ]UL

3o
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A word on the t-test

## Default S3 method: Sx L Sy et .
m _ —
t.test(x, y = NULL, yo = W-('ZCng Xj
alternative = c("two.STded, "lose" —Toreater"), ~—
= ’ ( 0.. )
mu = O, paired = FALSE, ¥ar.equal = FALSE T~ N lpa, T

conf.level = 0.95, ...)

1 dost (#ll136) amling , var.eg = T)

> t.test(x= oneline[l,one], y= onelinel[l,two], var.equal=T)
t = -3.014, df = 70, p-value = 0.003589

———

. > t.test(x= opetimefi;omel, y= onelinel[l,two fﬁb@t(a“)gL)“VJJgg>
0049 t = -3.1323, m p-value = 0.002786
,000 - o~
.05 W w‘jcé.,.v\a
3550 > pt(-3.1323, df=54.667) # 0. 001392839 ! \|7"
A- > pt(-3.014, df=70) # [{] 0.001794297 Z’
Mathematicat Statistics I February 25 2025 15
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Example: comparing two proportions AoS Ex10.7

model, null, alternative, rejection reg, test stat, ...

10.7 Example (Comparing Two Prediction Algorithms). We test a prediction

algorithm on a test set of size m and we test a second prediction algorithm on
a second test set of size n. Let )é be the number of incorrect predictions for
algorithm 1 and let Y be the number of incorrect predictions for algorithm

2. Then X ~ Binoﬁial!m, p1) and Y ~ Binomial(n,ps). To test the null
—_— .
hypothesis that p; = py write N X

- c - Y
Hy:6=0 versus H;:#0 Fl“ A% F‘b" ™

where § = p; — po. The MLE is 5= p1 — po with estimated standard error

,\=\/51(1—ﬁ1)+ﬁ2(1—f2)' ‘t

se
m n

A A
= P f'l—
The size o Wald test is to reject Hy when |W| > z, /o where
) n-m -

se \/51(1—51) | Pa(l=Fa) I =
m n tre - i 35

be largest when p; is far from ps/and when the

The power of this

sample sizes are large.

Mathematical Statistics II February 25 2025 16



Example: comparing two proportions AoS Ex10.7

X ~ Binom(m, p,),Y ~ Binom(n, p,) two prediction algorithms

(S:p1—p2;Ho:5:O

maximum likelihood estimate of §

estimated standard error

Mathematical Statistics I February 25 2025 17



Likelihood ratio statistic MS 7.4; A0S 10.6

« composite null hypothesis Hg : 0, = 040, ...,0, = 0o r<p

 definition A, = AoS Def 10.21 A

Mathematical Statistics I February 25 2025 18



Likelihood ratio statistic MS 7.4; A0S 10.6

- composite null hypothesi?/Ho:{:Hm, 0 = 0 ﬁz r<p

—_—

\
- definition A, = gg’@ L(gy l‘:,_J /%& [ (e ? _1_4) AoS Def 10.21 X
6 e

EAA CHESTESS
« Theorem MS 7.5, AoS 10.22

2) e Feod e
] é C e
5T B)6-9) (P -w)Z @) (4.
- - = Teo ‘-l’ « lo Z—
cfy OVREE S ﬁ* A

A o
Mat ematicalStatisticg'lli KnggPugr;’zézg%) 3 2 %L?(@’B - ef(,\h ) Md J__L 1



Neyman-Pearson Lemma

« Neyman- Pears% lemma gives the “best” test statistic
- among all tests with type | error < «

 find the test y\nth smallest type Il error = largest power
b
{'/.:
f(x)—> % sd. £ s €
E“‘é % (D3 s V"-‘Mo[.

b () WX~ Lx) el v veple
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Neyman-Pearson Lemma MS 7.3; A0S 10.1041

- Neyman-Pearson lemma gives the “best” test statistic L(v S e Q’ (') L\, WX~ S>: )
- among all tests with type | error < « 9
I (,1)9)

4

;F(“'l e)
:2 Oe@, 6c®

- find the test with smallest type Il error = largest power

maximize pf(reject Hy | H,)

Mathematical Statistics II February 25 2025 19



Neyman-Pearson Lemma MS 7.3; A0S 10.1041

- Neyman-Pearson lemma gives the “best” test statistic

- among all tests with type | error < «
- find the test with smallest type Il error = largest power

« fix pr(reject Ho | Ho) < «, maximize pr(reject Hy | H,)

* Neyman-Pearson Lemma MS Thm 7.2

Mathematical Statistics II February 25 2025 19



Neyman-Pearson Lemma MS Thm 7.2; AoS 10.10.1

Suppose?( = (X1,...,Xn) ~ f(x). Under Ho, f(X) = fo(x), and under H,, f(X) = f1(x).

——

The test with test function

1 'P((
W):{ 1 if () > Rfs(X), x) sS4

O otherwise £~

(for some 0 < R < oo) is @a most powerful test of H, vs H, at level

g — Eo{fb(x)}-

Vo Coppric Y(x) > [0y 3 0% Hley=d
Ev(x) ¢ X = B#(X)

Mathematical Statistics II February 25 2025 20



Neyman-Pearson Lemma MS Thm 7.2; AoS 10.10.1

j‘(’(ac)iﬁw)/&ﬁ (=) §v & f¢cx) (n - KQC*);&( Eof = o

- (X) - Eg %) < LRy - Fof Q< G¥ <
ws« s Ll)-hbht) 2o -~

O AR AL e, < ¢z )56 w)- dh )y
A3 plu)=l  — //ﬁt

) Pl Ldx =€ L/ pla)ed
2) ()0 )i -w § £ 0V ¢lx)z0
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p-values MS 7.5; A0S 10.2; SM 7.3

- The formal theory of testing imagines a decision to “reject H,” or not, according as
X € RorX ¢ R, for some defined region R C X e.g. |Z| > 1.96

« This is useful for deriving the form of optimal tests, but not useful in practice.
 Doesn’t distinguish between Z = 1.97 and Z = 19.7, for example.

 P-values give more precise information about the null hypothesis

Mathematical Statistics II February 25 2025 22



p-values MS 7.5; A0S 10.2; SM 7.3

The formal theory of testing imagines a decision to “reject H,” or not, according as
X € RorX ¢ R, for some defined region R C X e.g. |Z| > 1.96

This is useful for deriving the form of optimal tests, but not useful in practice.

Doesn’t distinguish between Z = 1.97 and Z = 19.7, for example.

P-values give more prejfse information about the null hypothesis
obs

— 0.004
. MS definition: p(X) = inf{a : o (X) = 1} P ) .
« AoS definition: p-value = inf{a: T(X,) € ;}\ :.\ o J’ 001~ Def 10411
= N S mjeck 4l
. SM deﬁnitiiz@s = PT(X,,) 2@/
Mathematical Statistics I  FeBruary25<c25 22
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Example: two-sample t-test

X1, 0 o Xm i.i.d. N(l,l/1,0-2), Y1, ceey Yn i.i.d. N(,LL270-2)

Ho : 14 = 1o LRT, Wald, score, exact
p(t) = pry, (|T| > t)

Mathematical Statistics I February 25 2025 23



Example: Poisson

g:.v\’_ S Q—:_a v
Xu,. . Xy i.i.d. Po()\) i

m‘ Y~
Ho: A =)o le?\=)\\>?\o 'C@) Z% 7 \C(ll.) )LC 4

’G [ —n (A~ Ao
’Hqg)'-—’ ?(&T 7/@' = [%76 o) > #
I
(] >

&> S > ¢
S ;\‘a/ PD[”)‘O> PA %? > C«% < o Mesw:—-- af C
Ne R
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Example: logistic regression

Coefficients:
Estimate Std. Error z value Pr(>lzl)

(Intercept) -34.103704 6.530014 -5.223 1.76e-07 *** % )
zn -0.079918  0.033731 -2.369 0.01782 * J A _
indus -0.059389  0.043722 -1.358 0.17436 3

chas 0.785327 0.728930 1.077 ©.28132 (6

nox 48.523782  7.396497  6.560 5.37e-11 *** c

m -0.425596  ©0.701104 -0.607 ©.54383

age 0.022172 ©0.012221 1.814 0.06963 .

dis 0.691400 0.218308 3.167 0.00154 **

rad 0.656465 ©0.152452  4.306 1.66e-05 ***

tax -0.006412  0.002689 -2.385 0.01709 *

ptratio 0.368716 ©0.122136 3.019 0.00254 **

black -0.013524  0.006536 -2.069 0.03853 *

Istat 0.043862 0.048981 ©0.895 0.37052

medv 0.167130 ©0.066940 2.497 ©.01254 *

Signif. codes: @ “***’ 9.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 * 1

Mathematical Statistics II February 25 2025 25



Sign test SM Ex.7.26

© X1,..., Xplid. F(+)

* Ho : = po, 1 = F~'(1/2) median of distribution

* Hy:p > o both H composite
test statistic

n
= 21{Xi > fio}
i=1

under Ho,
T ~ Binom(n,1/2)

p-value

n
ny 1 . 2(tops — N/2
pobs:ero(TZtobs): Z (r)z—n:1—¢{ (0'511/2 / )}
r=tobs
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Power of the sign test SM Ex.7.30

Ho : F'(1/2) = po Hi: F7'(1/2) > po

Test statistic T = Y7 1{X; > o}

pry, (reject Ho) = pr(T > ¢, | Ho) = @ = €, & n/2 — n'?z, /2

pry (reject Ho) = pr(T > ¢, | H4) Need distribution of T under H,

to calculate power we need values for x and for F

Mathematical Statistics I February 25 2025 27



Power of the sign test SM Ex.7.30

Ho : F'(1/2) = po Hi: F7'(1/2) > po
Test statistic T = Y7 1{X; > o}
pry, (reject Ho) = pr(T > ¢, | Ho) = @ = €, & n/2 — n'?z, /2

* pry, (reject Ho) = pr(T > ¢, | Hq) Need distribution of T under H,
« to calculate power we need values for 1 and for F

 e.g. changeto H, : F'(1/2) = p, pre, (X > po)
« SM assumes F is N(u, 02), SO 8 =n"2(uy — po)/o

nd(n=—"/25) —n/2 + n'/?z,
[nd(n=1/26){1 — &(n—"/2}] }
= &{z, + 6(2/m)"/?}

pr,, (T > ¢a) = pr,, (T > n/2—n"?z,/2) = ¢ {

test based on X has power ®(z,, + 6)

Mathematical Statistics II February 25 2025 27



... power of sign test

334 7 - Estimation and Hypothesis Testing

Figure 7.6 Power
functions for a test of
whether the mean of a
N(pt, o) random sample
of size n equals 11 against
the alternative ;t = 1, as
a function of
8 =n"(uy — po)/o.
The test size is @ = 0.05.
The solid curve is the
power function for a test
of 1 > po based on 'y,
and the dashed line is the
power function for the
sign test. Both critical
regions are of form
-4 -2 0 2 4 Y > ty. The dotted curve
is the power function for y
delta when the critical region is
Y < ty.

1.0

Power
00 02 04 06 08
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Other test statistics

X1,y ..., Xg ~ Mult(n; ps,...,Pr)

Mathematical Statistics I February 25 2025 29



Permutation test

lGUkemla data (EH): X1, .. ,X47 ; Y1, c ey Y25 AoS Ex. 10.20
oneline
ALL ALL.1 ALL.2 ALL.3 ALL.4 ALL.5 ALL.6 ALL.7

136 0.9186952 1.634002 0.4595867 0.6379664 0.3440379 0.8614784 0.5132176 0.9790902

ALL.8 ALL.9 ALL.10 ALL.11 ALL.12 ALL.13 ALL.14 ALL.15 ALL.16
136 0.2105782 0.8016072 0.6006949 0.3614374 1.04632 0.9697635 0.4873159 0.4976364 1.101717

ALL.17 ALL.18 ALL.19 AML AML.1 AML.2 AML.3 AML.4 AML.5
136 0.8563937 0.661415 0.817711 0.7671718 0.9793741 1.425479 1.074389 0.9839282 0.9859271

AML.6 AML.7 AML.8 AML.9 AML.10 AML.11 AML .12 AML.13 ALL.20

136 0.3247027 0.7110302 1.09625 0.9675151 0.975123 0.7775957 0.9472205 1.261352 0.5679544
ALL.21 ALL.22 ALL.23 ALL.24 ALL.25 ALL.26  ALL.27 ALL.28
136 0.8462901 0.8838616 0.7239931 0.7327029 0.7823618 0.5435396 0.832537 0.5527333
ALL.29 ALL.30 ALL.31 ALL.32  ALL.33 ALL.34 ALL.35 ALL.36
136 0.7327029 0.5510955 0.8214005 0.6418498 0.720798 0.5830999 0.7657568 0.5262976
ALL.37 ALL.38 ALL.39  ALL.40 ALL.41 ALL.42 ALL.43 ALL.44
136 1.466999 0.5445589 0.5725049 1.362768 0.8533535 0.8132982 0.8538596 0.5689876
ALL.45 ALL.46 AML.14 AML.15 AML.16  AML.17 AML.18 AML.19  AML.20
136 0.6930355 1.067526 0.9677959 0.9338141 1.138926 1.161753 0.6242354 0.6590103 1.215186
AML.21  AML.22  AML.23 AML.24
136 0.9340861 1.310376 0.771426 0.7556606

Mathematical Statistics II February 25 2025 30



o
8 J_ITL
gH
8 _ — |
©
> -
(6] -
S g
3 1 | -
o
o
b —
-
8
(Y]
original
‘/t—statistic
O T T 1 1
1 1 ] ] T
-4 -3.01 -2 0 2 3.01 4
t* values

Figure 4.3 10,000 permutation ¢ *-values for testing ALL vs AML,
for gene 136 in the 1leukemia data of Figure 1.3. Of these, 26
t*-values (red ticks) exceeded in absolute value the observed
t-statistic 3.01, giving permutation significance level 0.0026.

Mathematical Statistics Il February 25 2025 A0S 10.20 uses median 31



Choosing test statistics

1. Context
2. Pragmatic choice - likelihood-based test statistics
3. Pragmatic choice — nonparametric test statistics

4. Optimal choice - Neyman-Pearson lemma

Mathematical Statistics I February 25 2025 32



Hypothesis tests and significance tests

- Hypothesis tests typically means:
« Ho, H,
critical/rejection region R C X,
level «, power 1 —
conclusion: “reject Ho at level «” or “do not reject H, at level o”
planning: maximize power for some relevant alternative minimize type Il error

Mathematical Statistics I February 25 2025 33



Hypothesis tests and significance tests

- Hypothesis tests typically means:
« Ho, H,

critical/rejection region R C X,

level «, power 1 —

planning: maximize power for some relevant alternative

- Significance tests typically means:
* Ho,
- test statistic T
- observed value t°%,
« p-value p°* = Pr(T > t°°; H,)
- alternative hypothesis often only implicit

Mathematical Statistics II February 25 2025

conclusion: “reject Ho at level «” or “do not reject H, at level o”

minimize type Il error

large T points to alternative

33



Hypothesis tests and significance tests

- overlap: sometimes (not recommended)
p°bs < 0.05 — “evidence against Hy" “reject Ho"

- overlap: p°%s is the smallest a-level
at which the corresponding hypothesis test would reject Ho Definition 10.11 in AoS
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