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Recap: Decision theory AoS Ch !", MS Ch #."

• Loss function squared-error, absolute error, ...

• Risk function expected loss

• Admisible point estimators not inadmissible

• Bayes risk average over π(θ)

• Bayes estimator minimize Bayes risk
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Optimal Bayes estimators MS #."

• Bayes risk
RB(θ̂) =

!
Rθ(θ̂)π(θ)dθ

• Optimal Bayes estimators minimize the Bayes risk
• Equivalent to minimizing posterior loss:

"
L{θ̂(x), θ)}π(θ | x)dθ

• Example: absolute-error loss

min
θ̂

!
|θ̂ − θ|π(θ | x)dθ

• solution θ̂(x) = median π(θ | x) posterior median
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Bayes estimators are admissible MS #."

• Suppose θ̂ is a Bayes estimator and is unique

• Suppose we have another estimator θ̃ with a smaller frequentist risk function:

Rθ(θ̃) ≤ Rθ(θ̂)

• The Bayes risk of θ̃ is RB(θ̃) =
"
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Bayes estimators are admissible MS #."

• Suppose θ̂ is a Bayes estimator and is unique

• Suppose we have another estimator θ̃ with a smaller frequentist risk function:

Rθ(θ̃) ≤ Rθ(θ̂)

• The Bayes risk of θ̃ is RB(θ̃) =
"

• instead of )nding estimator to minimize the weighted average of the risk function
we could

minmaxRθ(θ̂)
De!nition "#.$

• such estimators are called minimax admissible
• Bayes estimators with constant risk are minimax
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Decision theory

• )nding the ‘best’ point estimator θ̂

• best * smallest expected loss

• no asymptotic theory involved

• can )nd these using a Bayesian argument

• but the justi)cation is not Bayesian

• another non-asymptotic approach to ‘best’ estimators: UMVU MS #.%
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Interval estimation MS $.!,"; AoS #.%."

• X!, . . . , Xn i.i.d. f (x; θ), θ ∈ R
• a !''(!− α)% con)dence interval for θ is a random interval [L(X),U(X)] with

continuous

• similarly, upper and lower (!− α)-con)dence bounds:

pr{θ ≥ L(X)} = !− α; pr{θ ≤ U(X)} = !− α
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Interval estimation MS $.!,"; AoS #.%."

• X!, . . . , Xn i.i.d. f (x; θ), θ ∈ R
• a !''(!− α)% con)dence interval for θ is a random interval [L(X),U(X)] with

continuous

• similarly, upper and lower (!− α)-con)dence bounds:

pr{θ ≥ L(X)} = !− α; pr{θ ≤ U(X)} = !− α

• exact limits if we have exact distribution of X
• approximate limits if prθ{L(X) ≤ θ ≤ U(X)} ≈ !− α
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Exact con!dence intervals MS $.!

• Example: X!, . . . , Xn i.i.d. N(µ, !)
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Exact con!dence intervals MS $.!

• Example: X!, . . . , Xn i.i.d. N(µ, !)
• Example X!, . . . , Xn i.i.d. U(', θ) pr(a ≤ X(n)

θ
≤ b)
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Exact con!dence intervals MS $.!

• Example: X!, . . . , Xn i.i.d. N(µ, !)
• Example X!, . . . , Xn i.i.d. U(', θ) pr(a ≤ X(n)

θ
≤ b)

• Example X!, . . . , Xn i.i.d. N(µ,σ")
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Approximate con!dence intervals MS $.!

• Example: X ∼ Binom(n, θ), θ̂ .∼ N(θ, θ(!− θ)/n) MS Ex.&.#

prθ

#
−!.(+ ≤

√
n(θ̂ − θ)

{θ(!− θ)}!/"
≤ !.(+

$
≈ '.(&
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Approximate con!dence intervals MS $.!

• Example: X ∼ Binom(n, θ), θ̂ .∼ N(θ, θ(!− θ)/n) MS Ex.&.#

prθ

#
−!.(+ ≤

√
n(θ̂ − θ)

{θ(!− θ)}!/"
≤ !.(+

$
≈ '.(&

prθ

#
−!.(+ ≤

√
n(θ̂ − θ)

{θ̂(!− θ̂)}!/"
≤ !.(+

$
≈ '.(&
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Approximate con!dence intervals MS $.!

• Example: X ∼ Binom(n, θ), θ̂ .∼ N(θ, θ(!− θ)/n) MS Ex.&.#

prθ

#
−!.(+ ≤

√
n(θ̂ − θ)

{θ(!− θ)}!/"
≤ !.(+

$
≈ '.(&

prθ

#
−!.(+ ≤

√
n(θ̂ − θ)

{θ̂(!− θ̂)}!/"
≤ !.(+

$
≈ '.(&

• θ̂n maximum likelihood estimate θ̂
.∼ N[', {nI(θ)}−!]

• approximate (&, con)dence interval AoS Thm #.(#
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... Approximate con!dence intervals MS Ex.$.$

• X!, . . . , Xn i.i.d. Exp(λ) f (xi;λ) =

• λ̂ =

• g(λ) = log λ
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... Bayesian credible intervals MS $."

• upper and lower bounds θ ∈ R
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... Bayesian credible intervals MS $."

• upper and lower bounds θ ∈ R

• equi-tailed posterior intervals
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... Bayesian credible intervals MS $."

• upper and lower bounds θ ∈ R

• equi-tailed posterior intervals

• highest posterior density θ ∈ Rp, p ≥ (
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... Bayesian credible intervals MS $."

• upper and lower bounds θ ∈ R

• equi-tailed posterior intervals

• highest posterior density θ ∈ Rp, p ≥ (
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Example: Equi-tailed Bayesian credible intervals MS $."
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Approximate normality of posterior

• X!, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x!, . . . , xn)
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Approximate normality of posterior

• X!, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x!, . . . , xn)

• π(θ | xn) ≈ N{θ̂, j−!(θ̂)}; π(θ | xn) ≈ N{θ̃, ȷ̃(θ̃)}
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Approximate normality of posterior

• X!, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x!, . . . , xn)

• π(θ | xn) ≈ N{θ̂, j−!(θ̂)}; π(θ | xn) ≈ N{θ̃, ȷ̃(θ̃)}

• careful statement Berger, ()*+; Ch.,

• For any a,b ∈ R, a < b
• let an = θ̂n + aj−!/"(θ̂n), bn = θ̂n + bj−!/"(θ̂n)

• θ̂n is the solution of ℓ′(θ; xn) = $, assumed unique, and j(θ) = −ℓ′′(θ; xn)
Then ! bn

an
π(θ | xn)dθ −→ Φ(b)− Φ(a), n→ ∞.

need π(θ) > ',π′(θ) continuous
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Approximate normality of posterior

• X!, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x!, . . . , xn)

• π(θ | xn) ≈ N{θ̂, j−!(θ̂)}; π(θ | xn) ≈ N{θ̃, ȷ̃(θ̃)}

• approximate posterior probability intervals
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Example: vaccine e"cacy Guardian, Jan "& "'"!

Link to Guardian

P)zer-BioNTech vaccine trial:

vaccine: $$''' subjects, - cases

placebo: $$''' subjects, !+$ cases

-/!+$ * &, =⇒ (&, e#cacy

data released November !- $'$' link

published December %! $'$' in NEJM link
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https://www.nejm.org/doi/full/10.1056/NEJMoa2034577


P!zer publication NEJM January "'"!

Results: A total of "%,&"- participants underwent randomization, of whom "%,""-
received injections: $!,.$' with BNT!+$b$ and $!,.$- with placebo. There were - cases of
Covid-!( with onset at least . days a/er the second dose among participants assigned
to receive BNT!+$b$ and !+$ cases among those assigned to placebo; BNT!+$b$ was (&,
e0ective in preventing Covid-!( ((&, credible interval, ('.% to (..+).
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P!zer publication NEJM
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Credible intervals

• vaccine group !-''' participants; - cases
• placebo group !-''' participants; !+$ cases
• '.'& = -/!+$ −→ (&, e#cacy
• model
X! ∼ Poisson(λψ), X" ∼ Poisson(λ) X! | S = X! + X" ∼ Binom(S,ψ/(!+ ψ))

• prior Beta(a,b) −→ posterior Beta(x! + a, s− x! + b)
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Credible intervals

• vaccine group !-''' participants; - cases
• placebo group !-''' participants; !+$ cases
• '.'& = -/!+$ −→ (&, e#cacy
• model
X! ∼ Poisson(λψ), X" ∼ Poisson(λ) X! | S = X! + X" ∼ Binom(S,ψ/(!+ ψ))

• prior Beta(a,b) −→ posterior Beta(x! + a, s− x! + b)

• qbeta(c(0.025,0.975), shape1 = 8.7, shape2 = 163)

• > [1] 0.02319 0.08799

• 1- .Last.value/(1-.Last.value)

• > [1] 0.97625 0.90352 VE = (− ψ
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Con!dence region MS $.!

• multiparameter model f (X;θ)
prθ{θ ∈ R(X)} ≥ !− α,

for all θ, with equality for some θ

• pivotal method:

!− α = prθ{a ≤ g(X;θ) ≤ b} = prθ{θ ∈ R(X)}
• Example: X!, . . . ,Xn i.i.d. Np(µ,Σ) MS Ex.&.*
• exact pivot

g(X;µ) = n(n− p)
p(n− !) (%µ− µ)TΣ̂−!(%µ− µ)
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Con!dence region MS $.!

• multiparameter model f (X;θ)
prθ{θ ∈ R(X)} ≥ !− α,

for all θ, with equality for some θ

• pivotal method:

!− α = prθ{a ≤ g(X;θ) ≤ b} = prθ{θ ∈ R(X)}
• Example: X!, . . . ,Xn i.i.d. Np(µ,Σ) MS Ex.&.*
• exact pivot

g(X;µ) = n(n− p)
p(n− !) (%µ− µ)TΣ̂−!(%µ− µ)

•
R(X) = {µ :

n(n− p)
p(n− !) (%µ− µ)TΣ̂−!(%µ− µ) ≤ f!−α}

Fp,n−p
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Highest posterior density (HPD) regions SM !!.".!

• HPD region C for θ:

(!)
!

C
π(θ | x) = !− α

($) π(θ | x) ≥ π(θ∗ | x)
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Approximate con!dence regions

• maximum likelihood estimator is approximately normal
•

%θ .∼ N{θ, I−!n (%θ)} =⇒ (%θ − θ)TIn(%θ)(%θ − θ)
.∼ χ"k

•
!− α ≈ prθ{θ ∈ R(%θ)}

•
R(%θ) = {θ : (%θ − θ)TIn(%θ)(%θ − θ) ≤ χ"k,!−α}
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Approximate con!dence regions

• maximum likelihood estimator is approximately normal
•

%θ .∼ N{θ, I−!n (%θ)} =⇒ (%θ − θ)TIn(%θ)(%θ − θ)
.∼ χ"k

•
!− α ≈ prθ{θ ∈ R(%θ)}

•
R(%θ) = {θ : (%θ − θ)TIn(%θ)(%θ − θ) ≤ χ"k,!−α}

• k = !:
θ̂ ± z!−α/" %se(θ̂)

AoS Thm #.(#
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Likelihood ratio based approximate con!dence regions

• X!, . . . , Xn ∼ f (x;θ)

• L(θ; x) = f (x;θ), ℓ(θ) = log L(θ; x)

•
w(θ) = ${ℓ(θ̂)− ℓ(θ)} d→ χ"p, n→ ∞
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Likelihood ratio based approximate con!dence regions

• X!, . . . , Xn ∼ f (x;θ)

• L(θ; x) = f (x;θ), ℓ(θ) = log L(θ; x)

•
w(θ) = ${ℓ(θ̂)− ℓ(θ)} d→ χ"p, n→ ∞

• approximation:
w(θ) .∼ χ"p

• approximate con)dence region

{θ : w(θ) ≤ χ"p,!−α}
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Pro!le likelihood intervals MS $.(

• model Y ∼ f (y;ψ,λ), ψ ∈ R,λ ∈ Rd−!, θ = (ψ,λ) y = (y!, . . . , yn)

• log-likelihood function ℓ(ψ,λ; y) = log f (y;ψ,λ) =
&

log f (yi;ψ,λ) if independent

• pro)le log-likelihood function ℓp(ψ) = ℓ(ψ, λ̂ψ) maximize over λ

• maximum likelihood estimate jp(ψ) = −ℓ′′p (ψ)

ψ̂
.∼ N{ψ, j−!/"p (ψ)} =⇒ !− α CI ≈ ψ̂ ± z!−α/" ȷ̂

!/"
p

• likelihood ratio test

${ℓp(ψ̂)− ℓp(ψ)}
.∼ χ"! =⇒ !− α CI ≈ {ψ : ${ℓp(ψ̂)− ℓp(ψ)} ≤ χ"!,!−α}
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Pro!le likelihood intervals MS $.(

• model Y ∼ f (y;ψ,λ), ψ ∈ R,λ ∈ Rd−!, θ = (ψ,λ) y = (y!, . . . , yn)

• log-likelihood function ℓ(ψ,λ; y) = log f (y;ψ,λ) =
&

log f (yi;ψ,λ) if independent

• pro)le log-likelihood function ℓp(ψ) = ℓ(ψ, λ̂ψ) maximize over λ

• maximum likelihood estimate jp(ψ) = −ℓ′′p (ψ)

ψ̂
.∼ N{ψ, j−!/"p (ψ)} =⇒ !− α CI ≈ ψ̂ ± z!−α/" ȷ̂

!/"
p

• likelihood ratio test

${ℓp(ψ̂)− ℓp(ψ)}
.∼ χ"! =⇒ !− α CI ≈ {ψ : ${ℓp(ψ̂)− ℓp(ψ)} ≤ χ"!,!−α}
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Nonparametric con!dence bands AoS $.&

• recall X!, . . . , Xn, i.i.d.F(·)

• empirical cdf

F̂n(t) =
!
n

n'

i=!
!{X(i) ≤ t}

• properties:
E{F̂n(t)} = F(t), var{F̂n(t)} =

!
nF(t){!− F(t)}

any !xed t
• pointwise approximate con)dence limits F̂n(t)± z!−α/"[F̂n(t){!− F̂n(t)}]!/"
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Nonparametric con!dence bands AoS $.&

• recall X!, . . . , Xn, i.i.d.F(·)

• empirical cdf

F̂n(t) =
!
n

n'

i=!
!{X(i) ≤ t}

• properties:
E{F̂n(t)} = F(t), var{F̂n(t)} =

!
nF(t){!− F(t)}

any !xed t
• pointwise approximate con)dence limits F̂n(t)± z!−α/"[F̂n(t){!− F̂n(t)}]!/"

• simultaneous con)dence band : pr{L(t) ≤ F(t) ≤ U(t) for all t} ≥ !− α:

L(t) = max{F̂n(t)− εn,'}, U(t) = min{F̂n(t)− εn, !}, εn =

(
!
$n log

)
$
α

*+!/"
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... Nonparametric con!dence bands AoS $.&
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Bootstrap con!dence intervals AoS ).%; MS I Lec *
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Bootstrap con!dence intervals AoS ).%; MS I Lec *
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