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Recap: Goodness-of-󰎓t MS 󱸷.󱸱

• multinomial tests:

W = 󱸰
k󰁛

j=󱸯

log

󰀣
Yj

npj(󰁨θ)

󰀤
, Q =

k󰁛

j=󱸯

{yj − npj(󰁨θ)}󱸰

npj(󰁨θ)

• 󰁨θ estimated from the binned data, not the MLE
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HYPOTHESIS TESTING FOR HIGH-DIMENSIONAL
MULTINOMIALS: A SELECTIVE REVIEW1

BY SIVARAMAN BALAKRISHNAN AND LARRY WASSERMAN

Carnegie Mellon University

In memory of Stephen E. Fienberg

The statistical analysis of discrete data has been the subject of extensive
statistical research dating back to the work of Pearson. In this survey we
review some recently developed methods for testing hypotheses about high-
dimensional multinomials. Traditional tests like the χ2-test and the likelihood
ratio test can have poor power in the high-dimensional setting. Much of the
research in this area has focused on finding tests with asymptotically normal
limits and developing (stringent) conditions under which tests have normal
limits. We argue that this perspective suffers from a significant deficiency: it
can exclude many high-dimensional cases when—despite having non-normal
null distributions—carefully designed tests can have high power. Finally, we
illustrate that taking a minimax perspective and considering refinements of
this perspective can lead naturally to powerful and practical tests.

1. Introduction. Steve Fienberg was a pioneer in the development of theory
and methods for discrete data. His textbook [Bishop, Fienberg and Holland (1977)]
remains one of the main references for the topic. Our focus in this review is on
high-dimensional multinomial models where the number of categories d can grow
with, and possibly exceed the sample-size n. Steve’s paper [Fienberg and Holland
(1973)], written with Paul Holland, was one of the first to consider multinomial
data in the high-dimensional case. In Fienberg (1980), Steve provided strong mo-
tivation for considering the high-dimensional setting:

“The fact remains . . . that with the extensive questionnaires of modern-day sample-
surveys, and the detailed and painstaking inventory of variables measured by biological
and social-scientists, the statistician is often faced with large sparse arrays full of 0’s
and 1’s, in need of careful analysis.”

In this review we focus on hypothesis testing for high-dimensional multinomi-
als. In the context of hypothesis testing, several works [see for instance Read and
Cressie (1988), Holst (1972) and references therein] have considered the high-
dimensional setting. Hoeffding (1965) (building on an unpublished result of Stein)
showed that for testing goodness-of-fit, in sharp contrast to the fixed-d setting, in
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Recap: Goodness-of-󰎓t MS 󱸷.󱸱

• smooth GoF tests: some measure of the distance between empirical cdf
󰁥Fn(·) and the hypothesized cdf F󱸮(·)

Kn = sup
t
| 󰁥Fn(t)− F󱸮(t)|

Wn =

󰁝
{ 󰁥Fn(t)− F󱸮(t)}󱸰dF󱸮(t)

An =
󰁝 { 󰁥Fn(t)− F󱸮(t)}󱸰
F󱸮(t){󱸯− F󱸮(t)}

dF󱸮(t)

if F󱸮(·) is known, then Yi = F󱸮(Xi) ∼ U(󱸮, 󱸯) so we only need to consider testing
uniform distribution

• see MS 󱸷.󱸱 for hints about limiting distribution s of Kn,Wn,An Brownian bridge
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Recap: Goodness-of-󰎓t MS 󱸷.󱸱

• de󰎓nitive reference DasGupta, A. (󱸰󱸮󱸮󱸶)󱸯

• typically F󱸮(·; θ) has some unknown parameters

󱸯Asymptotic Theory of Statistics and Probability, Springer. Chapter 󱸰󱸴 Chapter 󱸰󱸶
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https://link.springer.com/content/pdf/10.1007/978-0-387-75971-5_26.pdf
https://link.springer.com/content/pdf/10.1007/978-0-387-75971-5_28.pdf


On arXiv today Hore & Barber 󱸰󱸮󱸰󱸴
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https://arxiv.org/pdf/2602.05862


A note on two-sided p-values SM 󱸵.󱸱

• a large goodness-of-󰎓t statistic suggests proposed model 󰎓ts poorly
• a very small value could suggest model 󰎓ts too well
• null distribution is not symmetric so using |T| or T󱸰 not recommended

• p+obs = pr(T ≥ tobs), p−obs = pr(T ≤ tobs) p+obs + p−obs = 󱸯+ pr(T = tobs)

• De󰎓ne P = min(P+,P−)

• p-value for a two-sided test is 󱸰min(p+obs,p
−
obs)

pr󱸮{P ≤ min(p+obs,p
−
obs)} ∼

test is exact, dist’n of T is conts
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Diagnostic testing Wikipedia

󱸯. Hypothesis testing AoS Table 󱸯󱸮.󱸯

H󱸮 not rejected H󱸮 rejected
H󱸮 true type 󱸯 error

truth
H󱸯 true type 󱸰 error

󱸰. Diagnostic testing link

test negative test positive
C󱸯󱸷 neg TN FP N

truth
C󱸯󱸷 pos FN TP P
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https://en.wikipedia.org/wiki/Receiver_operating_characteristic


Multiple testing AoS Table 󱸯󱸮.󱸰

󱸯. Hypothesis testing AoS Table 󱸯󱸮.󱸯

H󱸮 not rejected H󱸮 rejected
H󱸮 true type 󱸯 error

truth
H󱸯 true type 󱸰 error

󱸱. Multiple testing AoS Table 󱸯󱸮.󱸰

H󱸮 not rejected H󱸮 rejected
H󱸮 true U V m󱸮

truth
H󱸯 true T S m󱸯

m− R R m

FDP, FDR
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Multiple testing EH 󱸯󱸳.󱸰, AoS 󱸯󱸮.󱸵

leukemia_big <- read.csv

("http://web.stanford.edu/~hastie/CASI_files/DATA/leukemia_big.csv")

dim(leukemia_big)

[1] 7128 72

each row is a di󰎎erent gene; 󱸲󱸵 AML responses and 󱸰󱸳 ALL responses
we could compute 󱸵󱸯󱸰󱸶 t-statistics for the mean di󰎎erence between AML and ALL

tvals <- rep(0,7128)

for (i in 1:7128){

leukemia_big[i,] %>% select(starts_with("ALL")) %>% as.numeric() -> x

leukemia_big[i,] %>% select(starts_with("AML")) %>% as.numeric() -> y

tvals[i] <- t.test(x,y,var.equal=T)$statistic

}
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Multiple testing EH 󱸯.󱸰, 󱸯󱸳.󱸰

summary(tvals)

Min. 1st Qu. Median Mean 3rd Qu. Max.

-13.52611 -1.20672 -0.08406 0.02308 1.20886 12.26065
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Multiple testing EH 󱸯󱸳.󱸰, AoS 󱸯󱸮.󱸵

• H󱸮i versus H󱸯i, i = 󱸯, . . . ,m
• p-values p󱸯, . . . ,pm
• Bonferroni method: reject H󱸮i if pi < α/m FWER

• pr(any H󱸮 falsely rejected ) ≤ α very conservative
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Multiple testing EH 󱸯󱸳.󱸰, AoS 󱸯󱸮.󱸵

• H󱸮i versus H󱸯i, i = 󱸯, . . . ,m
• p-values p󱸯, . . . ,pm
• Bonferroni method: reject H󱸮i if pi < α/m FWER

• pr(any H󱸮 falsely rejected ) ≤ α very conservative

• FDR method controls the number of rejections that are false FDP 󱹫 V/R
󱸮/󱸮 ≡ 󱸮

H󱸮 not rejected H󱸮 rejected
H󱸮 true U V m󱸮

truth
H󱸯 true T S m󱸯

m− R R m

FDR = E(FDP)
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Benjamini-Hochberg AoS 󱸯󱸮.󱸵; EH 󱸯󱸳.󱸰

• order the p-values p(󱸯), . . . ,p(m)

• 󰎓nd imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H󱸮i for i ≤ imax, not rejecting otherwise
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Benjamini-Hochberg AoS 󱸯󱸮.󱸵; EH 󱸯󱸳.󱸰

• order the p-values p(󱸯), . . . ,p(m)

• 󰎓nd imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H󱸮i for i ≤ imax, not rejecting otherwise

• Theorem: If the p-values corresponding to valid null hypotheses are independent
of each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m

π󱸮 unknown but close to 󱸯
• change the bound under dependence

p(i) ≤
i

mCm
q Cm =

m󰁛

i=󱸯

󱸯
i
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Example AoS Ex.󱸯󱸮.󱸰󱸶

index 1 2 3 4 5 6 7 8 9 10

pval 0.00017 0.00448 0.00671 0.00907 0.01220 0.33626 0.3934 0.5388 0.5813 0.9862

cut1 0.00500 0.01000 0.01500 0.02000 0.02500 0.03000 0.0350 0.0400 0.0450 0.0500

cut2 0.00171 0.00341 0.00512 0.00683 0.00854 0.01024 0.0119 0.0137 0.0154 0.0171

Statistical Theory for Data Science II February 󱸯󱸮 󱸰󱸮󱸰󱸴 󱸯󱸲



Leukemia example EH 󱸯.󱸰, 󱸯󱸳.󱸰

> summary(ttest)

Min. 1st Qu. Median Mean 3rd Qu. Max.

-13.52611 -1.20672 -0.08406 0.02308 1.20886 12.26065

prostate example: Efron LSI p.󱸲󱸲
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Multiple testing
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Benjamini-Hochberg proof Efron; FZ 󱸰󱸮󱸮󱸴

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m
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Benjamini-Hochberg proof Efron 󱸰󱸮󱸯󱸮; Ch 󱸲

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m
H󱸮 not rejected H󱸮 rejected

H󱸮 true U V m󱸮
truth

H󱸯 true T S m󱸯
m − R R m

• p󱸯, . . . ,pm p-values in [󱸮, 󱸯], p(󱸯) < p(󱸰) < · · · < p(m) create a process in t
• De󰎓ne R(t) ≡ #{pi ≤ t},󱸮 < t ≤ 󱸯 and a(t) ≡ #{pi ≤ t and H󱸮}

“number of null cases with pi ≤ t”
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Benjamini-Hochberg proof Efron 󱸰󱸮󱸯󱸮; Ch 󱸲

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m
H󱸮 not rejected H󱸮 rejected

H󱸮 true U V m󱸮
truth
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m − R R m

• p󱸯, . . . ,pm p-values in [󱸮, 󱸯], p(󱸯) < p(󱸰) < · · · < p(m) create a process in t
• De󰎓ne R(t) ≡ #{pi ≤ t},󱸮 < t ≤ 󱸯 and a(t) ≡ #{pi ≤ t and H󱸮}

“number of null cases with pi ≤ t”
• false discovery proportion FDP(t) = a(t)/max{R(t), 󱸯}
• de󰎓ne Q(t) = mt/max{R(t), 󱸯}, tq = supt{Q(t) ≤ q}
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Benjamini-Hochberg proof Efron 󱸰󱸮󱸯󱸮; Ch 󱸲

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m
H󱸮 not rejected H󱸮 rejected

H󱸮 true U V m󱸮
truth

H󱸯 true T S m󱸯
m − R R m

• p󱸯, . . . ,pm p-values in [󱸮, 󱸯], p(󱸯) < p(󱸰) < · · · < p(m) create a process in t
• De󰎓ne R(t) ≡ #{pi ≤ t},󱸮 < t ≤ 󱸯 and a(t) ≡ #{pi ≤ t and H󱸮}

“number of null cases with pi ≤ t”
• false discovery proportion FDP(t) = a(t)/max{R(t), 󱸯}
• de󰎓ne Q(t) = mt/max{R(t), 󱸯}, tq = supt{Q(t) ≤ q}
• R(pi) = i =⇒ Q(p(i)) = mp(i)/i =⇒ BH-rule is

Reject H󱸮(i) for p(i) ≤ tq
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Benjamini-Hochberg proof Efron 󱸰󱸮󱸯󱸮; Ch 󱸲

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m

• R(pi) = i =⇒ Q(p(i)) = mp(i)/i =⇒ BH-rule is

Reject H󱸮(i) for p(i) ≤ tq

• With A(t) = a(t)/t, E{A(s) | A(t)} = A(t), s ≤ t martingale as t ↓ 󱸮

E{A(tq)} = E{A(󱸯)} = m󱸮
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Benjamini-Hochberg proof Efron 󱸰󱸮󱸯󱸮; Ch 󱸲

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m

• R(pi) = i =⇒ Q(p(i)) = mp(i)/i =⇒ BH-rule is

Reject H󱸮(i) for p(i) ≤ tq

• With A(t) = a(t)/t, E{A(s) | A(t)} = A(t), s ≤ t martingale as t ↓ 󱸮

E{A(tq)} = E{A(󱸯)} = m󱸮

• FDP(tq) =
q
m
a(tq)
tq

, E{FDP(tq)} = π󱸮q ≡ m󱸮
m q
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Benjamini-Hochberg proof Efron 󱸰󱸮󱸯󱸮; Ch 󱸲

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π󱸮q ≤ q, where π󱸮 = m󱸮/m

󱸯. For p󱸯, . . . ,pn assumed i.i.d. U(󱸮, 󱸯), de󰎓ne U =
󰁓n

i=󱸯 I{pi ≤ s}, V =
󰁓n

i=󱸯 I{s < pi < t}

󱸰. Show that pr(U = j | U+ V = k) =
󰀃k
j
󰀄
(s/t)k(󱸯− s/t)k−j

󱸱. Conclude
E{a(s) | a(t)} =

s
t a(t), s ≤ t
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Those pesky p-values medium.com
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... those pesky p-values JAMA Feb 2019
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Andromeda Trial Hernández et al. 2019

• comparing two treatments for septic shock
• randomized clinical trial

• estimated hazard ratio 0.75 [0.55, 1.02] a!er adjusting for confounders

• 2-sided p-value 0.06 34.9% vs 43.4% unadjusted

• Discussion: “ a peripheral perfusion-targeted resuscitation strategy
did not result in a signi'cantly lower 28-day mortality
when compared with a lactate level-targeted strategy”

• Abstract: “Among patients with septic shock, a resuscitation strategy targeting
normalization of capillary re'll time, compared with a strategy targeting serum
lactate levels, did not reduce all-cause 28-day mortality.”

Monash Feb 2020 3



A recent timeline

• 2014: Basic and Applied Social Psychology published an editorial banning p-values
actually “null hypothesis signi&cance testing”

• “prior to publication, authors will need to remove all vestiges of the NHSTP ...
p-values, ... , statements about ‘signi'cant di*erences’ or lack thereof, and so on”

“con&dence intervals are also banned”

• 2014: Nature published a News Feature by R. Nuzzo: “p-values, the gold standard of
statistical validity, are not as reliable as many scientists assume”

• 2016: American Statistical Association released a public statement on statistical
signi'cance and p-values

Monash Feb 2020 4



... a recent timeline 2016
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... a recent timeline 2017

• 2017: Another Nature
article p < 0.005

• Articles solicited for
special issue of
American Statistician
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... a recent timeline 2019

• 2019: American Statistician publishes
special issue 43 articles; 400 pages

• Editorial introduction advises “abandon
‘statistical signi'cance’ ”

• Nature publishes a letter agreeing with this
• “we are not advocating a ban on P values,
con'dence intervals or other statistical
measures – only that we should not treat them
categorically

• “This includes dichotomization as statistically
signi'cant or not, as well as categorization
based on other statistical measures such as
Bayes factors.”

Monash Feb 2020 7



Later that year 2019
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... a recent timeline Schachtman 2019

“Lawyers and judges pay close attention to standards, guidances, and consenus
statements from respected and recognized professional organizations.”

“Despite the fairly clear and careful statement of principles, legal actors did not take
long to misrepresent the ASA principles.” 2016

“distorted into strident assertions that statistical signi'cance was unnecessary for
scienti'c conclusions.”
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... a recent timeline Mayo 2020

outlines a 2018 Supreme Court case appealing a conviction for wire fraud,
based on misleading investors Harkonen v. United States 13-180

the fraud centered on p-hacking the results of a Phase III trial of a drug
marketed by Harkonen

in the appeal “his defenders argued that the ASA guide provides compelling new
evidence that the scienti'c theory upon which petitioner’s conviction was based [that of
statistical signi'cance testing] is demonstrably false”
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What to do? ASA Task Force

• report actual p-value, not “*”, p < 0.05, etc. to sensible number of decimal points

• supplement p-value with sample size, estimated power, etc.
• clarify ‘exploratory’ and ‘con'rmatory’ p-values Spiegelhalter 2017

• report e*ect sizes and estimated standard errors
• report con'dence intervals

• pre-register trials, specifying primary and secondary outcomes
• pre-specify data analysis NEJM

• provide a p-value function signi&cance function

• or some analogous distribution Bayes posterior
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