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Mortality plateau

France 2022 (Dang et al.) Italy 2017 (Barbi et al.)

h(t; x) = f (t; x)
1− F(t; x) = a exp(bt+ β1x1 + β2x2); H0 : b = 0
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https://www.demographic-research.org/volumes/vol48/11/default.htm
https://www.science.org/doi/10.1126/science.aat3119


Today

1. Next lectures
2. Recap
3. Multiple testing
4. Goodness-of-fit tests

Upcoming

• March 9 3.30 – 4.30 DoSS 9014 Details
“Valid statistical inference with privacy constraints”
Aleksandra Slavković, Penn State

• March 13 3.30 –4.30 DoSS 9014 & online Details
“Training Scientists to Perform Robust Bayesian Inference”
Justin Bois, CalTech
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https://www.statistics.utoronto.ca/events/valid-statistical-inference-privacy-constraints
https://canssiontario.utoronto.ca/event/data-science-ares-justin-bois/


Next Lectures

• March 14 10.00 – 13.00

• March 21 11.00 – 13.00

• March 28 10.00 – 12.00

• April 4 Project presentations
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Next Lectures

• March 14 10.00 – 13.00

• March 21 11.00 – 13.00

• March 28 10.00 – 12.00

• April 4 Project presentations

STA 2212S: Mathematical Statistics II
Syllabus Spring 2023

Week Date Methods References

1 Jan 10 Likelihood inference: review of ML
estimation; mis-specified models;
computation; nonparametric mle

MS §§5.1–7, SM Ch 4

2 Jan 17 Bayesian estimation; Bayesian in-
ference

MS §5.8; AoS §§ 11.1–4; SM
§§11.1,2

3 Jan 24 Optimality in estimation MS Ch 6; AoS Ch 12; SM §7.1,
11.5.2

4 Jan 31 Interval estimation; Confidence
bands

MS §§7.1,2; AoS Ch 7; SM §7.1.4

5 Feb 7 Hypothesis testing; likelihood ratio
tests

MS §§7.1–4 AoS Ch 10.6, SM

6 Feb 14 Significance testing MS §7.5; AoS §10.2,6; SM Ch 4,
§7.3.1

Feb 21 Break

7 Feb 28 Significance testing SM 7.3.1

7 Feb 28 Goodness-of-fit testing MS Ch 9; AoS §§10.3,4,5,8; SM
p.327-8 (hard)

8 Mar 7 Multiple testing and FDR AoS Ch 10.7, EH Ch 15.1,2

9 Mar 14 Empirical Bayes EH Ch 6, SM Ch 11.5

10 Mar 21 Multivariate Models AoS Ch 14; SM Ch 6.3

11 Mar 28 Introduction to Causal Inference AoS Ch 16, 17

12 Apr 4 Recap

Subject to adjustment as the course progresses.
References

MS: Mathematical Statistics by K. Knight (Chapman & Hall/CRC).

AoS: All of Statistics by L. Wasserman (Springer) If your copy has a Chapter 1. Introduction,
then all Chapter numbers increase by 1.

SM: Statistical Models by A.C. Davison (Cambridge University Press)

EH: Computer Age Statistical Inference by B. Efron and T. Hastie (Cambridge University Press)
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• March 14 10.00 – 13.00

• March 21 11.00 – 13.00

• March 28 10.00 – 12.00

• April 4 Project presentations

STA 2212S: Mathematical Statistics II
Syllabus Spring 2023

Week Date Methods References

1 Jan 10 Likelihood inference: review of ML
estimation; mis-specified models;
computation; nonparametric mle

MS §§5.1–7, SM Ch 4

2 Jan 17 Bayesian estimation; Bayesian in-
ference

MS §5.8; AoS §§ 11.1–4; SM
§§11.1,2

3 Jan 24 Optimality in estimation MS Ch 6; AoS Ch 12; SM §7.1,
11.5.2

4 Jan 31 Interval estimation; Confidence
bands

MS §§7.1,2; AoS Ch 7; SM §7.1.4

5 Feb 7 Hypothesis testing; likelihood ratio
tests

MS §§7.1–4 AoS Ch 10.6, SM

6 Feb 14 Significance testing MS §7.5; AoS §10.2,6; SM Ch 4,
§7.3.1

Feb 21 Break

7 Feb 28 Significance testing SM 7.3.1

7 Feb 28 Goodness-of-fit testing MS Ch 9; AoS §§10.3,4,5,8; SM
p.327-8 (hard)

8 Mar 7 Multiple testing and FDR AoS Ch 10.7, EH Ch 15.1,2

9 Mar 14

10 Mar 21 Likelihood asymptotics; robust estimation (SM 7.2); causal inference (AoS 16);
linear and generalized linear models (MS 8); graphical models (AoS 17,18);
nonparametric curve estimation (AoS 20); classification (AoS 22); any of 1-8

11 Mar 28

12 Apr 4 Course Summary; Presentations

Subject to adjustment as the course progresses.
References

MS: Mathematical Statistics by K. Knight (Chapman & Hall/CRC).

AoS: All of Statistics by L. Wasserman (Springer) If your copy has a Chapter 1. Introduction,
then all Chapter numbers increase by 1.

SM: Statistical Models by A.C. Davison (Cambridge University Press)
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Recap

• Neyman-Pearson lemma; simple and composite hypotheses; power and size

• p-values: definition, interpretation; diagnostic tests
• sign test; permutation test; intro to multiple testing
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Fisher 1935
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Fisher 1935
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Recap: Choosing test statistics

1. Context

2. Optimal choice – Neyman-Pearson Lemma and its extensions; MS 7.3

3. Pragmatic choice – likelihood-based statistics Wald, score, LRT

4. Pragmatic choice – nonparametric test statistics sign, permutation
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Diagnostic testing Wikipedia

1. Hypothesis testing

H0 not rejected H0 rejected
H0 true type 1 error

truth
H1 true type 2 error

2. Diagnostic testing link

test negative test positive
C19 neg TN FP N

truth
C19 pos FN TP P

specificity = TN/N

sensitivity = TP/P

Mathematical Statistics II March 7 2023 5

https://en.wikipedia.org/wiki/Receiver_operating_characteristic


Diagnostic testing and ROC
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Multiple testing AoS Table 10.2

2. Diagnostic testing link

test negative test positive
C19 neg TN FP N

truth
C19 pos FN TP P

3. Multiple testing

H0 not rejected H0 rejected
H0 true U V m0

truth
H1 true T S m1

m− R R m

FDP = V/R

≡ 0 if R = 0

FDR = E(V/R)
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https://en.wikipedia.org/wiki/Receiver_operating_characteristic#Area_under_the_curve


Multiple testing

H0 not rejected H0 rejected
H0 true U V m0

H1 true T S m1
m− R R m

test negative test positive
C19 neg TN FP N

C19 pos FN TP P
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Multiple testing EH 15.2, AoS 10.7

• H0i versus H1i, i = 1, . . . ,m
• p-values p1, . . . ,pm
• Bonferroni method: reject H0i if pi < α/m
• pr(any H0 falsely rejected ) ≤ α very conservative
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Multiple testing EH 15.2, AoS 10.7

• H0i versus H1i, i = 1, . . . ,m
• p-values p1, . . . ,pm
• Bonferroni method: reject H0i if pi < α/m
• pr(any H0 falsely rejected ) ≤ α very conservative

• FDR method controls the number of rejections that are false FDP = V/R

H0 not rejected H0 rejected
H0 true U V m0

truth
H1 true T S m1

m− R R m
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Benjamini-Hochberg AoS 10.7; EH 15.2

• order the p-values p(1), . . . ,p(m)

• find imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H0i for i ≤ imax, not rejecting otherwise
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Benjamini-Hochberg AoS 10.7; EH 15.2

• order the p-values p(1), . . . ,p(m)

• find imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H0i for i ≤ imax, not rejecting otherwise
• change the bound under dependence

p(i) ≤
i

mCm
q Cm =

m!

i=1

1
i
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Benjamini-Hochberg AoS 10.7; EH 15.2

• order the p-values p(1), . . . ,p(m)

• find imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H0i for i ≤ imax, not rejecting otherwise
• change the bound under dependence

p(i) ≤
i

mCm
q Cm =

m!

i=1

1
i

• Theorem: If the p-values corresponding to valid null hypotheses are independent
of each other, then

FDR(BHq) = π0q ≤ q, where π0 = m0/m

π0 unknown but close to 1
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Benjamini-Hochberg EH 15.2
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Example AoS Ex.10.28

index 1 2 3 4 5 6 7 8 9 10

pval 0.00017 0.00448 0.00671 0.00907 0.01220 0.33626 0.3934 0.5388 0.5813 0.9862

cut1 0.00500 0.01000 0.01500 0.02000 0.02500 0.03000 0.0350 0.0400 0.0450 0.0500

cut2 0.00171 0.00341 0.00512 0.00683 0.00854 0.01024 0.0119 0.0137 0.0154 0.0171
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Multiple testing EH 15.2, AoS 10.7

leukemia_big <- read.csv

("http://web.stanford.edu/~hastie/CASI_files/DATA/leukemia_big.csv")

dim(leukemia_big)

[1] 7128 72

df <- t(leukemia_big)

df_all <- df[startsWith(rownames(df), "ALL"), ]

df_aml <- df[startsWith(rownames(df), "AML"), ]

n1 <- nrow(df_all); n2 <- nrow(df_aml)

m1 <- apply(df_all, 2, mean); m2 <- apply(df_aml, 2, mean)

s1 <- apply(df_all, 2, sd); s2 <- apply(df_aml, 2, sd)

pooled <- sqrt(((n1 - 1) * s1^2 + (n2 - 1) * s2^2) / (n1 + n2 - 2))

ttest <- (m1 - m2) / pooled / sqrt(1 / n1 + 1 / n2)

pvalues <- 2 * pt(abs(ttest), df = n1 + n2 - 2, lower.tail = F)
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Multiple testing EH 1.2, 15.2

> summary(ttest)

Min. 1st Qu. Median Mean 3rd Qu. Max.

-13.52611 -1.20672 -0.08406 0.02308 1.20886 12.26065
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Benjamini-Hochberg proof Efron; FZ 2006

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHq) = π0q ≤ q, where π0 = m0/m
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Goodness-of-fit tests MS 9, SM p.327-9
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Goodness-of-fit tests MS 9, SM p.327-9
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Smooth goodness-of-fit tests MS 9.3, SM p.327-9

SM Example 7.24 testing N(µ,σ2) distribution
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Smooth goodness-of-fit tests MS 9.3, SM p.327-9

• X1, . . . , Xn i.i.d. F(·); H0 : F = F0 cumulative d.f.

• "Fn(t) = 1
n
#n

i=1 1{Xi ≤ t}

• three test statistics:
1. supt | !Fn(t)− F0(t)|

2.
"
{ !Fn(t)− F0(t)}2dF0(t)

3.
#

{ !Fn(t)− F0(t)}2

F0(t){1− F0(t)}
dF0(t)

• SM Example 7.24 testing N(µ,σ2) distribution
• SM Example 7.23; 6.14 testing U(0, 1) distribution
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Smooth goodness-of-fit tests MS 9.3

• Special case H0 : F(t) = F0(t) = t Xi ∼ U(0, 1)
• Recall

E0{ "Fn(t)} = F0(t) = t, var{ "Fn(t)} = t(1− t)/n
• What about distribution of

supt | "Fn(t)− t|
$
{ "Fn(t)− t}2dt

% { "Fn(t)− t}2
F0(t){1− t}dt

• need joint density of "Fn(t) ∀ t
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Smooth goodness-of-fit tests MS 9.3

• Special case H0 : F(t) = F0(t) = t Xi ∼ U(0, 1)
• Recall

E0{ "Fn(t)} = F0(t) = t, var{ "Fn(t)} = t(1− t)/n
• What about distribution of

supt | "Fn(t)− t|
$
{ "Fn(t)− t}2dt

% { "Fn(t)− t}2
F0(t){1− t}dt

• need joint density of "Fn(t) ∀ t

• define Brownian bridge Bn(t) =
√
n( "Fn(t)− t)

• vector (Bn(t1), . . . ,Bn(tk))
d→ Nk(0, C), Cij = min(ti, tj)− titj MS 9.3

• a Brownian bridge is a continuous function on (0, 1)
with all finite-dimensional distributions as above
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Smooth goodness-of-fit tests MS 9.3

• Kolmogorov-Smirnov test
Kn = sup

0≤t≤1
|Bn(t)|

• Cramer-vonMises test
W2
n =

% 1

0
B2n(t)dt

• Anderson-Darling test

A2n =
% 1

0

B2n(t)
t(1− t)dt

Mathematical Statistics II March 7 2023 20



Smooth goodness-of-fit tests MS 9.3

• Kolmogorov-Smirnov test
Kn = sup

0≤t≤1
|Bn(t)|

• Cramer-vonMises test
W2
n =

% 1

0
B2n(t)dt

• Anderson-Darling test

A2n =
% 1

0

B2n(t)
t(1− t)dt

• limit theorems

Kn
d→ K, W2

n
d→

∞!

j=1

Z2j
j2π2 , A2n

d→
∞!

j=1

Z2j
j(j+ 1)

pr(K > x) = 2
!∞

j=1(−1)j+1 exp(−2j2x2)
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Smooth goodness-of-fit tests MS 9.3
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Multinomial distribution MS 9.2; AoS 14.4; SM Ex.2.36

• X ∼ Multk(n;p) Xj = number of obs in category j

• pr(X1 = x1, . . . , Xk = xk;p) =

• E(X) =

• cov(X) = AoS Thm 14.4

• p̂ =

• cov(p̂) =
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Multinomial distribution MS 9.2; AoS 14.4; SM Ex.2.36

• X ∼ Multk(n;p) Xj = number of obs in category j

• pr(X1 = x1, . . . , Xk = xk;p) =

• E(X) =

• cov(X) = AoS Thm 14.4
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Multinomial distribution AoS §14.4; SM Ex.2.36

• log-likelihood function

• Fisher information
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Multinomial goodness-of-fit tests AoS 10.8; MS 9.2

• H0 : X1, . . . , Xn i.i.d. f (x; θ), x ∈ R; θ ∈ Rs

• Let I1, . . . , Ik be disjoint intervals on R
• Define Nj =

#n
i=1 1{Xi ∈ Ij}

• (N1, . . . ,Nk) ∼
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Multinomial goodness-of-fit tests AoS 10.8; MS 9.2

• H0 : X1, . . . , Xn i.i.d. f (x; θ), x ∈ R; θ ∈ Rs

• Let I1, . . . , Ik be disjoint intervals on R
• Define Nj =

#n
i=1 1{Xi ∈ Ij}

• (N1, . . . ,Nk) ∼

• L(θ) =
&k

j=1 pj(θ)Nj ; ℓ(θ) =
#k

j=1 Nj log{pj(θ)}; θ̃ = argmaxθ ℓ(θ)
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Multinomial goodness-of-fit tests AoS 10.8; MS 9.2

• H0 : X1, . . . , Xn i.i.d. f (x; θ), x ∈ R; θ ∈ Rs

• Let I1, . . . , Ik be disjoint intervals on R
• Define Nj =

#n
i=1 1{Xi ∈ Ij}

• (N1, . . . ,Nk) ∼

• L(θ) =
&k

j=1 pj(θ)Nj ; ℓ(θ) =
#k

j=1 Nj log{pj(θ)}; θ̃ = argmaxθ ℓ(θ)

• Theorem 10.29 (AoS): Under H0, MS Thm 9.2

Q =
k!

j=1

{Nj − npj(θ̃)}2

npj(θ̃)
d→ χ2k−1−s

• Theorem 9.1 (MS): Under H0

W = 2
k!

j=1

Nj log
'

Nj
npj(θ̃)

(
d→ χ2k−1−s
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Multinomial goodness-of-fit tests AoS 10.8; MS 9.2

p0(λ) = 1−
4!

j=0

pj(λ); pj(λ) = e−λλj/j!, λ̃ = 1.3118

Q = 11.09; W = 10.87; pr(χ24 > [11.09, 10.87]) = [0.026,0.028]
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Multinomial goodness-of-fit tests SM Ex 4.38

Q = 15.73;W = 17.66 (two-locus)
p < 10−5

Q = 2.82;W = 3.17 (single locus)
p = 0.09;0.07
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