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STA221 2 H S L E Co1 01 Evidence for human mortality plateau was claimed in a 2018 article

@ScienceMagazine. Replication on French data shows this finding is not
universal: the plateau can't be proven yet. Read the new paper by
@linhhkdang et al. @InedFr @Demo_UdeM @Inserm. « demographic-
research.org/volumes/vol48/...
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Mortality plateau

Figure 1: Estimated cumulative hazard using nonparametric and
parametric approaches, French females born 1883-1901,
ages 105 and above 54
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Fig. 2. Cumulative hazard beyond age 105 for the cohort of Italian women born in 1904, as
Age (years) — determined by the Nelson-Aalen estimator. Straight lines represent cumulative hazards of the

estimated plateau predicted from ISTAT data, under a constant hazard (light blue) and a Gompertz
Notes: NPMLE is for nonparametric maximum likelihood estimate. This figure is equivalent to Figure 2 in Barbi

etal. (2018: p. 1461). hazard model (darker blue). The shaded area indicates th
Source: Authors’ calculations based on data from the Répertoire national d'identification des personnes physiques Nelson-Aalen estimate.
(RNIPP).

France 2022 (Dang et al.) L Italy 2017 (Barbi et al.)
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https://www.demographic-research.org/volumes/vol48/11/default.htm
https://www.science.org/doi/10.1126/science.aat3119

International Women's Day

INTERNATIONAL

WOMEN'S DAY

— % WIKIPEDIA | -
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List of women in statistics

Article  Talk Rea

From Wikipedia, the free encyclopedia

This is a list of women who have made noteworthy contributions to or achievements in statistics.'ll?]
See TIM>

Contents
A-B-C-D-E-F-G+H:I-J-K-L*M:N:-O-P-Q-R-S:T-U:V-W-X:Y-Z
See also - References - External links

A [edit]
o Helen Abbey (1915-2001), American biostatistician known for prolific mentorship of students
¢ Edith Abbott (1876—1957), American economist, social worker, educator, and author

Math em atl Cal Statlstl csS I M arc h 7 2(-5;2? Abramowitz (born 1967), American statistics educator and textbook author -1

« Dorothy Adkins (1912-1975), psychologist concentrating on psychometrics

~Cuinnn Ahmad (havs 4048\ A i i inian Aand Ad d 1



https://en.wikipedia.org/wiki/List_of_women_in_statistics

1. Next lectures

2. Recap

3. Multiple testing

4. Goodness-of-fit tests

Upcoming

« March 9 3.30 — 4.30 DoSS 9014 Details
“Valid statistical inference with privacy constraints”
Aleksandra Slavkovic, Penn State

« March 13 3.30 —4.30 DoSS 9014 & online Details
“Training Scientists to Perform Robust Bayesian Inference”
Justin Bois, CalTech

Mathematical Statistics I March 7 2023


https://www.statistics.utoronto.ca/events/valid-statistical-inference-privacy-constraints
https://canssiontario.utoronto.ca/event/data-science-ares-justin-bois/

March 14 10.00 - 13.00

March 2 3.00

March 28 10.00 - 12.00

April 4 Project presentations

Mathematical Statistics I March 7 2023 1


https://utstat.toronto.edu/reid/sta2212s/syllabus23.pdf
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March 14 10.00 - 13.00

March 21 11.00 - 13.00
March 28 10.00 - 12.00

April 4 Project presentations

March 7 2023

STA 2212S: Mathematical Statistics 11

Spring 2023

Syllabus
Week Date  Methods References
1 Jan 10  Likelihood inference: review of ML MS §§5.1-7, SM Ch 4
estimation; mis-specified models;
computation; nonparametric mle
2 Jan 17 Bayesian estimation; Bayesian in- MS §5.8; AoS §§ 11.1-4; SM
ference §611.1,2
3 Jan 24  Optimality in estimation MS Ch 6; AoS Ch 12; SM §7.1,
11.5.2
4 Jan 31 Interval estimation; Confidence MS §§7.1,2; AoS Ch 7; SM §7.1.4
bands
5 Feb 7 Hypothesis testing; likelihood ratio MS §§7.1-4 AoS Ch 10.6, SM
tests
6 Feb 14  Significance testing MS §7.5; AoS §10.2,6; SM Ch 4,
§7.3.1
Feb 21  Break
7 Feb 28  Significance testing SM 7.3.1
7 Feb 28  Goodness-of-fit testing MS Ch 9; AoS §§10.34,5,8; SM
p.327-8 (hard)
8 Mar 7 Multiple testing and FDR AoS Ch 10.7, EH Ch 15.1,2
o~
9 Mar 14 Empirical Bayes v EH Ch 6, SM Ch 11.5
10 Mar 21  Multivariate Models ‘\ AoS Ch 14; SM Ch 6.3
11 Mar 28 Introduction to Causal Inference AoS Ch 16, 17
12 Apr4  Recap

Subject to adjustment as the course progresses.



https://utstat.toronto.edu/reid/sta2212s/syllabus23.pdf

4 Jall 1{ Dayecslall €5U1111atloll,  Dayeslall 1= V1o §9.6, A0S g8 11.1—4; Olvl

ference §611.1,2
3 Jan 24 Optimality in estimation MS Ch 6; AoS Ch 12; SM §7.1,
11.5.2
4 Jan 31 Interval estimation; Confidence MS §§7.1,2; AoS Ch 7; SM §7.1.4
bands
° —
Ma rCh 14 1 O'OO 13'00 5 Feb 7 Hypothesis testing; likelihood ratio MS §§7.1-4 AoS Ch 10.6, SM
tests
6 Feb 14  Significance testing MS §7.5; AoS §10.2,6; SM Ch 4,
« March 21 11.00 - 13.00 731
Feb 21  Break
7 Feb 28  Significance testing SM 7.3.1
« March 28 10.00 - 12.00 7 Feb 28  Goodness-of-fit testing MS Ch 9; AoS §§10.3.4,5.8; SM
p.327-8 (hard)
8 Mar 7 Multiplefosting and TR& AQS Ch 107 EH Ch 15.1,2
« April 4 Project presentations 9 Mau S oK
U
10 Mar 21\ Likelihood asymptotics; keust estimatiq (SM 7.2); causal inference (AoS 16);

near and genese 3 3); graphical models (AoS 8,
nonparametric curve estimation (AoS 20); classification (AoS 22){any of 1-8
._/_\-—- — —
11 Mar 28

12 Apr 4 Course Summary; Presentations
Subject to adjustment as the course progresses.

References (U/V
MS: Mathematical Statistics by K. Knight (Chapman & Hall/CRC).

AoS: All of Statistics by L. Wasserman (Springer) If your copy has a Chapter 1. Introduction,
then all Chapter numbers increase by 1.

SM: Statistical Models by A.C. Davison (Cambridge University Press)
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Statistical Methods

Experimentai Desigr,

|

Scientific Inference

R. A. FISHER

CIPLES OF EXPERIMENTATION,
R E'II:ETD By A PSYCHO-PHYSICAL

5, Statement
clares that by tastin

B | 8 a cup of tea made with
cé.n vd!scrlmmate whether the milk or the tea
infusion was first added ¢ th i

of Experiment

haracteristics,
to the experi-
ped, and those which

both those which appear to be essential
mental method, when well develo
are not essential but auxiliary,

Our experiment consists in mj
tea, four in one way and four in the other, and presenting
them to the subject for judgment in a random order.
The subject has been told in advance of what the test
ull consist, namely that she will be asked to taste eight
ups, that these shall be four of each kind, and that
ey shall be presented to her in a random order, that
“inan order not determined arbitrarily by human
toice, byt by the actual manipulation of the physical
S used in games of chance, cards, dice, roulett.es,
f';:fé more expeditiously, from a pub_IiShed co_llectnc})ln
O™ sampling numbers purporting to give the
wesults of such manipulation. Her task is to
the ¢ 8 cups into two sets of 4, agreeing, if possible,
w Tatments recejved.

Xing eight cups of

Pparaty,
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Recap: Choosing test statistics

1. Context
2. Optimal choice - Neyman-Pearson Lemma 1/ and its extensions; MS 7.3

3. Pragmatic choice - likelihood-based statistics \/ Wald, score, LRT

4. Pragmatic choice - nonparametric test statistics \/

/\_/_\_'__,_\/‘/-\_,
'%m[«l g »{mu. /!

“vvwvu‘w&/l'/
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Diagnostic testing Wikipedia

1. Hypothesis testing

Ho not rejected I-FI;\{ejected l/
Ho true v type 1error < X
truth - \
H, true type 2 error \/: |—1.2 = ?o«irﬁf
2. Diagnostic testing OL link
test negative test pogitive
C19 neg ™N @ x | N specificity = TN/N
ERutl sensitivity = TP/P
C19 pos @ X TP« | P

v

Mathematical Statistics I March 7 2023 6


https://en.wikipedia.org/wiki/Receiver_operating_characteristic

Diagnostic testing and ROC

Perfect
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T~ 0.8 1.0®
Véj I R @
ST Eoe SR o
hall- : 2
g — NetChbp C-term 3.0 = 05
“E’ 0.4 — TAP 4+ ProteaSMM-i o
= ——  ProteaSMM-i o
)
' 2
|_
0.2
/ I 0.0
0 N . S 1 . Vl . 0.0 0.5 1.0
0 0.2 0.4 .
False positive ratc False pOSItIVG rate

Shectret) F?
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Multiple testing AoS Table 10.2

2. Diagnostic testing

test negative test positive | -, 55 Contcol
C19 neg TN P &N 1S T ER
truth u &. O F28 FWw
C19 pos EN. TP (ﬁ —
— .
- oz, ... 71
3. Multiple testing ‘ uz‘ e §
Ho not rejected  Hy#ejected f",l = )Au' ‘(7:1:@; +
Ho true U Mo —
truth -

FDP = V/R
H, true T /=

FDR = E(V/R)

Mathematical Statistics I March 7 2023


https://en.wikipedia.org/wiki/Receiver_operating_characteristic#Area_under_the_curve

Multiple testing

I Unlikely results

How a small proportion of false positives can prove very misleading

False M True

1. Of hypotheses
interesting
enough to test,
perhaps onein
ten will be true.
Soimagine tests
on 1,000
hypotheses,

100 of which

are true.

Source: The Economist

Mathematical Statistics I

M False negatives

2. The tests have a
false positive rate
of 5%. That means
they produce 45
false positives (5%
of 900). They have
a power of 0.8, so
they confirm only
80 of the true
hypotheses,
producing 20 false
negatives.

March 7 2023

M False positives

Ho not rejected

Ho rejected

m Ho true U v Mo
H, true T S ms
m — R R m
(11 11]
bEEEEH
3. Not knowing test negative  test positive
whatis false and
whatis not, the C19 neg TN FP
researcher sees
125 hypotheses as
true, 45 of which
are not. C19 pos FN TP
The negative

results are much
more reliable—but
unlikely to be
published.



Multiple testing EH 15.2, A0S 10.7

W 15500090 (AL_.(?—\VFS,& TV MZ@/

« p-values p,,...,Ppm
<— FHgZ

« Bonferroni method:

ject Hy; if pj < a/m

* pr(any I{-Itofalsely rejected very conservative

\

B

Mathematical Statistics Il March 7 2023 10



Multiple testing EH 15.2, A0S 10.7

« Hojversus H,;, 1=1,....m

p-values p,,...,Pm
Bonferroni method: reject Hy; if p; < a/m

« pr(any H, falsely rejected ) < « very conservative
« FDR method controls the number of rejections that are false FDP = V/R
Ho not rejected H,, rejected
Ho true U vV Mo
truth
H, true T S m,
m —R R m

Mathematical Statistics Il March 7 2023 10



Benjamini-Hochberg A0S 10.7; EH 15.2

- order the p-values ps), ..., Pm) D 7 M\J/Ve
b

* find inax, the largest index for which

PG 9 (>

* Let BHq be the rule that rejects Hy; for i < inax, NOt rejecting otherwise
k,.—- —~ e———}

Mathematical Statistics Il March 7 2023 11



Benjamini-Hochberg A0S 10.7; EH 15.2

order the p-values p(y),...,pm)
find imax, the largest index for which

i
Py < ma
Let BHq be the rule that rejects Hy; for i < imax, NOt rejecting otherwise
change the bound under dependence

— —

I
N —
Piy = mc.,

Mathematical Statistics Il March 7 2023 11



Benjamini-Hochberg A0S 10.7; EH 15.2

order the p-values p(y),...,pm)
find imax, the largest index for which

Let BHq be the rule that rejects H; Te ot rejecting otherwise
change the bound under dependence

i 1
< :E_
PO = e, Cm i

Theorem: If the p-values corresponding to valid null hypotheses are independent
of each other, then

FDR(BHq) = m0q < q, where 7o = mg/m

7o unknown but close to 1

Mathematical Statistics I March 7 2023 11



Benjamini-Hochberg
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don’t reject
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Threshold index i
( a“a ] ‘ 0
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Example

AoS Ex.10.28

index 1

2 3 4 5 ( 6 7 8 9 10 0)/’:.09

pval 0.00017 ({.00448 0.00671 0.00907 0.0122010.33626 0.3934 0.5388 0.5813 0.9862

v
cutl 0.00500 0.01000 0.01500 0.02000 0.02500

—

cut2 0.0017
C

Cm /\,i)u;k A L‘o |

)

v
0.03000 0.0350 0.0400 0.0450 0.0500 (L /M 0

v T

C—

—

1\‘0.00341 0.00512 0.00683 0.00854 0.01024 0.0119 0.0137 0.0154 0.0171

Mathematical Statistics I March 7 2023 13



Multiple testing EH 15.2, A0S 10.7

leukemia_big <- read.csv
("http://web.stanford.edu/"hastie/CASI_files/DATA/leukemia_big.csv")
dim(leukemia_big)

[1] 7128 72

df <- t(leukemia_big)

df _all <- df[startsWith(rownames(df), "ALL"), ]

df _aml <- df[startsWith(rownames(df), "AML"), ] j}

nl <- nrow(df_all); n2 <- nrow(df_aml)

ml <- apply(df_all, 2, mean); m2 <- aggly(df_aml, 2, mean)

sl <- apply(df_all, 2, sd); s2 <- apply(df_aml, 2, sd) &—

2
pooled <- sqrt(((nl - 1) * s1°2 + (n2 - 1) * s272) / (nl + n2 - 2)) —— S LZJﬂ
ttest <- (m1 - m2) / pooled / sqrt(1 / n1 + 1 / n2) & pe
pvalues <- 2 * pt(abs(ttest), df = nl + n2 - 2, lower.tail = F)

Mathematical Statistics Il March 7 2023 14



Multiple testing EH 1.2, 15.2

750 - Sorted p-values, alpha = 0.01
—— FDRline /
0 —— Bonferroni threshold 7/
7
+ 500 - g !
8 s
12
wn
250 - § _
S}
o
8
l I I T T T T
0- — e _ 0 200 400 600
1 L] U 1 L] L l d
-15 -10 -5 0 5 10 ndex
ttest The figure above shows sorted p-values of the N = 7128 t¢-tests. The red line corresponds to

the threshold /N from the Bonferroni method, and the blue line is the FDR line (i/N)a. The

> summary (ttest)
Min. 1st Qu. Median Mean 3rd Qu. Max.
-13.52611 -1.20672 -0.08406 0.02308 1.20886 12.26065

Mathematical Statistics I March 7 2023 15



Benjamini-Hochberg proof Efron; FZ 2006

Theorem: If the p-values corresponding to valid null hypotheses are independent of
each other, then

FDR(BHy) = m0q £ q, where 7o = my/m
- =

The Annals of Sutistcs
2006, Vol. 34, No. 4, 18271849

1 10,1214/0090 3606000000425
© Instiute of Mathematical Statstcs, 2006

1R

ON THE BENJAMINI-HOCHBERG METHOD

Monographs

BYJ. A. FERRE!RA‘ AND A. H. ZWINDERMAN
University of Amsterdam
We investigate the properties of the Benjamini-Hochberg method for
multiple testing and of a variant of Storey’s generalization of it, extending a r e - C a e
and complementing the asymptotic and exact results available in the litera-
ture. Results are obtained under two different sets of assumptions and include
asymptotic and exact expressions and bounds for the proportion of rejections,

the proportion of incorrect rejections out of all rejections and two other pro- - I n fe re n C e
portions used to quantify the efficacy of the method. L (’ 0
- o 1r10r - Q e fr
1. Introduction. Let X = (X, X2,...,X,) be a set of m random vari- C / N _’L—’ Eln.p“lc.‘ll Bd)"eb MethOd5 for _
ables defined on a probability space (2, . P) such that, for some positive in- L Estimation, Testing, and Predicti
teger mo < m, each of X, X2,..., X, has distribution function (d.f.) F and C =
Xmo+1s - - -+ Xm all have d.fs different from F, and consider the problem of choos- W' W\, wn
ing aset R C X in such a way that the random variable (r.v.) Bradley Efron
Sm

Mn=g V7

where R, = #R and Sy, = #(R N {X|,..., Xm,}), is guaranteed to be small in
some probabilistic sense. In more ordinary language, the problem is that of dis-
covering observations in X which do not have d.f. F without incurring a high
proportion of incorrect rejections—the proportion ITy , of rejected observations

which in fact come from F.

Benjamini and Hochberg [2] have proposed a method of choosing R specif- . .
ically aimed at discovering r.v.'s taking values in the interval [0, 1] that tend to e
be smaller than standard uniform r.v.’s and which, given § > 0, guarantees that

E(I} ) < & under certain conditions. The method consists of fixing g € [0, 1],
computing
(L1 R,..:maX[i:X,-,msq'—].

m

where 0 < X\, + < Xm:m < 1 denote the order statistics of X, and set-
ting R = (X1:m, XR,:m}- In its simplest form, the Benjamini—Hochberg the-
orem states that if R is chosen according to this procedure and X, X2,..., Xm,

Received February 2005; revised August 200

Mathematigat Statisties i = ™ Maret7 2623

AMS 2000 subject classifications. 62115, 62G30, 60F05.
Key words and phrases. Multiple testing, goodness of fit, empirical distributions, false discovery
rate. > BRIDGE
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Goodness-of-fit tests MS 9, SM p.327-9

residuals from linear regression

-0.1
|

Sample Quantiles
0.1
[

-0.3

Theoretical Quantiles
SM Example 8.9

Mathematical Statistics I March 7 2023 17



Goodness-of-fit tests MS 9, SM p.327-9

residuals from linear regression Maize data SM Ex 7.24
O O ?
w B w
(Xg el g w0 = CO//—
c - c -
008 © g
o i <@ - k) 5 ooO
0 g < £ © - S0 °
] a 00 3 x
™ O o o)
< | I I | I 3 [ I !
-2 -1 0 1 2 -1 0 1
Theoretical Quantiles Theoretical Quantiles
SM Example 8.9
" A 7 3 ( o ) 3
—Ju'f‘ € Z(*') [ Z Y
4/(0, r) ~ € (: ) - i z ‘/) CDI ’)
G T N
Mathematical Statistics Il March 7 2023 ¢<) O 17
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Smooth goodness-of-fit tests MS 9.3, SM p.327-9

Fi 7.5 Analysis of
maize data) Left:
empirical distribution
function for height
differences. with fitted
normal distribution (dots).
Right: null density of
Anderson-Darlin

samples of size n = 15
with location and scale
estimated. The shaded part
of the histogram shows

values of T* in excess of
the observed value /.

1.0

A
eT"*

2.0

L
>
XY

Distribution function
1.0

00 02 04 06 038

<

-100 -50 O 50 100 0.0 0.5 1.0 1.5

y t*

2
A
SM Example 7.24 testing N(u, 02) distribution _L* _ QLF (x) - $,(7c))7dj;(’1)

Mathematical Statistics Il March 7 2023 AD J T E(q_) S |- G(x )3 18




Smooth goodness-of-fit tests MS 9.3, SM p.327-9

Xy Xn iid. F(); Ho:F=Fo o singe it 6

ACEEPYIRIESY ] (o b no fomenstes )

|

 three test statistics:

1sup[a(t) — Fot)) &= Lol oy
2. [{R(t) = Fo()PdFo(t) &  Crommw - o Vs e

{Fa(t) — Fo(t))? . o
Fo(t){1—Fo(t)}dF o(t) Al D“LT

« SM Example 7.24 testing N(u, o2) distribution

+ SM Example 7.23; 6.14 testing U(0, 1) distribution F (X) ~ Ulo)

Mathematical Statistics I March 7 2023 19



Smooth goodness-of-fit tests

(
« Special case Ho : F(t) = Fo(t) =t Ulo, ’) X; ~ U(0,1)
* Recall

Eo{Fa(t)} = Fo(t) = t, var{Fa(t)} = t(1— t)/n foxed T

« What about distributior(l of T
sup; |Fa(t) — J{Fn(t) — t}2dt
T [\

( ~
{Fn(t) o t}2
| -0 t

oLe<y

* need joint density of Fn(t) 2\7 t

Mathematical Statistics Il March 7 2023 20



Smooth goodness-of-fit tests

Special case Ho : F(t) = Fo(t) =t X; ~ U(0,1)
Recall

Eo{Fn(t)} = Fo(t) =t, var{Fa(t)} =t(1—t)/n
What about distribution of

supy |Fn(t) — t| J{Fa(t) — t}3dt

{Fa(t) -t}
O

need joint density of F,(t) V t

S“D(J/\- (‘OCQ.S_S S
define ania-h—tﬁ-dgeBn(t) = \/ﬁ(FAf(t) —t ¥ ite o, ! 2 15)2

vector (Bn(t,), ..., Bn(tr)) LN Ne(0, C),

C,'j = min(t,-, tj) — t,'tj

 a Brownian bridge is a continuous functio

with all finite-dimensional distributions as above
Mathematical Statistics Il March 7 2023 20



Smooth goodness-of-fit tests

« Kolmogorov-Smirnov test

« Cramer-vonMises test

- Anderson-Darling test

Mathematical Statistics Il March 7 2023 21



Smooth goodness-of-fit tests

Kolmogorov-Smirnov test

Cramer-vonMises test

Anderson-Darling test n
g » ()( 4»

=
o~
S—_

limit theorems

d g
Kn = K W3 -
n fn Z JUJ+1)
T pr(K > x) =2 Z:f>:<’1(—1)j+‘I exp(—2j°x?)
S - )

Mathematical Statistics I March 7 2023 21



Smooth goodness-of-fit tests

0.6

B(t)
04

0.2

0.0 0.2 04 0.6 0.8 1.0

Figure 9.1 A simulated realization of a Brownian bridge process.
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Multinomial distribution MS 9.2; A0S 14.4; SM Ex.2.36

. XNMultk(n;p) X; = number of obs in category j
nl x, x, R
L(,}L s Pr(X1:X1>--~>Xk:Xk;B): ro '])x T F(,, . Zﬂ-i . ZWJ'T—'YI/
z! . z,f ) = =

CEX) = np E(X)= Py wor (K) = npileg)
ccoviX) = —= D/(ijxk) = f-V\PJ' Fl‘ () nbbe. aos Thm 144

/\ . ) A A 1
_er 7:,‘ fv: )_}\—Yw'"’f\c—/%

=z N- 4"‘x1,/“-‘7<.
cov(p PP -ppe TP Xy K V-
Al
Mathematical Statistics Il \March $ 202§ - P&,U ?“) ‘Z k M"}’éx W ( IL - | ) 23



Multinomial distribution MS 9.2; A0S 14.4; SM Ex.2.36

X ~ Multg(n; p) X; = number of obs in category j

pr(X; = Xq,..., Xg = Xg; p) =

°
()
o
<

—
>

~

|

AoS Thm 14.4

°
()
o
<

—~~

o

~

I
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Multinomial distribution A0S §14.4; SM Ex.2.36

« log-likelihood function

 Fisher information
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Multinomial goodness-of-fit tests A0S 10.8; MS 9.2

J l
* Ho: Xq,... . Xplid. f(x;0), xeR;, 0eR
 Letl,,..., I, be disjoint intervals on R | ] , {
- Define N; =7 1{X; € I} . \ \ ‘
Define N; = > i, 1{Xi T Th
® (N1,...,Nk

)NMw{ﬁk (n/} J>_(9)>

5 R wds ad M )

K gems < fF A Zi“ - vy;(0)5 010 - X
)= Y\’PJ[Q) |

{0 .sw)omk»m gt it by war Bl — 0

W - z{ ...w?_,(e)g Z(oﬂg)l 4 7(?;3
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Multinomial goodness-of-fit tests A0S 10.8; MS 9.2

%, w0,
« Ho: Xr,... Xpiid. f(x;0), xcR; 6ecRS ]__%Q Ple) -~ P (o2 =Ley
(¢ v

 Letl,,..., I, be disjoint intervals on R
- Define N; = 3" 1{X; € I;} :
e (Na, ..., Ng) ~ M’”Eﬁje];"fgl’m
L(6) 00) = S5, Nylog{p;(0)}; 6 = arg maxy £(6) poo Mo X
. —_— — vt a
)
4 a%? } o y
L9 X5 e 0 © ( o
e & — = &' 9_3 Y)[ )
) (@) & 34 (O
98 fln0) B\ = 0
[CASSRLS)
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Multinomial goodness-of-fit tests A0S 10.8; MS 9.2

* Ho: Xq,..., Xpllid. f(x;0), xeR;, HeR° ) Ny - ]
 Letl,,..., I, be disjoint intervals on R H' M= gm*’i{‘;j JV’Q ¢
- Define N; = "1 1{X; € I;} A W
s ittt T
’ L (8D dp——.
L(6) =TI, py(0)%:  £(8) = S5/, Njlog{p;(6)}: 6 = argmaxy £(6) p;6°)"

« Theorem 10.29 (A0S): Under Ho, MS Thm 9.2
s e i
np;(6

« Theorem 9. (MS): Under Ho

-1 # [
LGV o L(p)
npl( )> . - f L®)26
< — %, S PJ —

ENT —zZNIog<

Mathematical Statistics I March 7 2023




Multinomial goodness-of-fit tests A0S 10.8; MS 9.2

Table 9.1 Frequency of goals in First Division matches and “expected” frequency
under Poisson model in Example 9.2 “ L

I
w -

Goals 6 .2 3

Frequency @ 734 4) 104 28 _1@

Expected 2489 326.5 214.1 93.6 30.7 10.2

Q=1.09; W =10.87; pr(x; > [11.09,10.87]) = [o 026, 0.028]

T —, e —— —
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Multinomial goodness-of-fit tests SM Ex 4.38

136 4 - Likelihood

Table 4.3 Blood groups
Antigen ‘B’ in England (Taylor and
Pgior, 1938). The upper
rt of the table shows a
oss-classification of 422
sons by presence or
Absent  ‘O’: 202 ‘B’: 35 237 absence of antigens ‘A’

Antigen ‘A’ Present ‘A |79 ‘AB:6 185 :’«,, F\y) 16) and ‘B’, giving the groups

‘A, ‘B’, ‘AB’, ‘O’ of the (r
human blood group \/

Absent Present  Total h/ %’
0

Total 381 41 422 system. The lower part
/\ shows genotypes and
corresponding
probabilities under one-
and two-locus mode]s Se
Two-locus moﬁ/ One-locus model T
Group Genotype Probability Genotype Probability Q — 15 73; W = 17. 66 (tWO locu S)
A (AA; bb), (Aa; bb) a(l - B) (AA), (AO) 32+ 2040 CANUP < 1072
‘B’ (aa; BB), (aa; Bb) (1—-a)B (BB),(BO) )7 + 2;\3)7“ ) .
‘AB’  (AA;BB), (Aa; BB), ap (AB) 2Aahp Q=2.82W=3.17 (SI ngle lOCUS)
(AA; Bb), (Aa; Bb) —_— — .
‘o’ (aa; bb) (1—a)1—p) (00) 32 p = 0.09; 0.07
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