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A New Turn in the Fight Over Masks

A crucial pandemic question is deceptively hard to answer. [
By Yasmin Tay 1
Y e Here’s Why the Science Is Clear That
Masks Work

Atlantic (Y. Tayag) NY Times (Z. Tufekci)


https://www.theatlantic.com/health/archive/2023/02/covid-mask-guidelines-fight-cochrane-review/673039/
https://www.nytimes.com/2023/03/10/opinion/masks-work-cochrane-study.html

Medical/surgical masks No masks

Risk Ratio Risk Ratio

Study or Subgroup log[RR] ~ SE Total Total  Weight IV, Random, 95% CI IV, Random, 95% CI
1.1.1 Influenza/COVID-like illness

Abaluck 2022 (1) 0135 0.036 111525 155268 414%  0.87(0.81,0.94] o
Aello 2012 0095  0.115 302 370 19.8%  1.10(0.88,1.38] b
Alfelali 2020 0095  0.105 3864 3823 219%  1.10(0.90,1.35] L
Barasheed 2014 05 03 75 80 46%  058(0.32,1.04] .
Canini 2010 0025 0342 148 158 36%  1.03[052,200] 4
Cowiing 2008 0128 0.483 61 205 19%  0.88[0.34,227) J
Macintyre 2009 01 028 186 100 52%  1.11(064,191] -
Macintyre 2016 1439 116 302 205 03%  032(003,341) . |
Suess 2012 -0494 0571 26 30 1.4% 0.61[0.20, 1.87] _
Subtotal (95% CI) 116579 160338 100.0%  0.95[0.84,1.09] 4
Heterogeneity: Tau? = 0.01; Chi* = 11.44, df = 8 (P = 0.18); I = 30%

Test for overall effect: Z = 0.71 (P = 0.48)

1.1.2 Laboratory-confirmed influenza or SARS-cov-2

Aello 2012 0083 0223 302 370 259%  092[059,1.42]

Alfelali 2020 034 0215 3864 3823 267%  1.40(0.92,2.14)

Bundgaard 2021 (2) 02 0208 2392 2470 274%  082(0.54,1.23)

Cowiing 2008 0148 0674 61 205 58%  1.16[0.31,4.34]

Macintyre 2009 092 06225 186 100  66%  251(0.74,850]

Suess 2012 0942 057 26 30 77%  039[0.13,1.19)

Subtotal (95% CI) 921 6998 100.0%  1.01[0.72,1.42]

Heterogeneity: Tau? = 0.07; Chi* = 8.52, df = 5 (P = 0.13); F = 41%

Test for overall effect: Z = 0.07 (P = 0.95)

1.1.3 Laboratory-confirmed other viruses

Bundgaard 2021 055 042 2302 2470 1000%  0.58(0.25,1.31) L
Subtotal (95% CI) 2392 2470 100.0%  0.58[0.25,1.31] 1.

Heterogeneity: Not applicable
Test for overall effect: Z = 1.31 (P = 0.19)

Footnotes
(1) Covid-like-iliness
(2) SARS-cov-2

005 02 5 20
Favours medical/surgical masks Favours no masks

Cochrane Review



https://www.cochranelibrary.com/cdsr/doi/10.1002/14651858.CD006207.pub6/full#CD006207-abs-0002

1. Next lectures

2. Recap

3. Robust estimation
4. Asymptotic theory

Upcoming

+ March 20 3.30 - 4.30 online Details
“Using Data Science to Optimize Business -
Opportunities & Challenges”

Alison Burnham, Digitization Office, RepairSmith Inc
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https://canssiontario.utoronto.ca/event/data-science-ares-burnham/

Next Lectures

« March 14 10.00 - 13.00
« March 21 11.00 - 13.00
- March 28 10.00 - 12.00

« April 4 Project presentations
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Methods

References

‘Week Date
Next Lectures 1 Jan 10
2 Jan 17
« March 14 10.00 - 13.00 R
« March 21 11.00 - 13.00 .
5 Feb 7
« March 28 10.00 - 12.00 o mbu
Feb 21
« April 4 Project presentations T Feb2s
7 Feb 28
8 Mar 7
9 Mar 14
10 Mar 21
11 Mar 28
12 Apr4
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Likelihood inference: review of ML
estimation; mis-specified models;
computation; nonparametric mle

Bayesian estimation; Bayesian in-
ference

Optimality in estimation

Interval Confidence

bands

estimation;
Hypothesis testing; likelihood ratio
tests

Significance testing

Break

Significance testing

Goodness-of-fit testing

Multiple testing and FDR

Robust Estimation
Likelihood Asymptotics

Causal Inference
Classification

Course Summary; Presentations

MS §§5.1-7, SM Ch 4

MS §5.8;
§§11.1,2

AoS §§ 11.14; SM
MS Ch 6; AoS Ch 12; SM §7.1,
11.5.2

MS §§7.1,2; AoS Ch 7; SM §7.1.4

MS §§7.1-4 AoS Ch 10.6, SM

MS §7.5; AoS §10.2,6; SM Ch 4,
§7.3.1
SM 7.3.1

MS Ch 9; AoS §§10.3,4,5,8 SM
.327-8 (hard)

AoS Ch 10.7, EH Ch 15.1,2

MS 8.4, 8.6; SM 8.4
SM 4.4, 4.5

AoS 16, 17

AoS 22

MS: Mathematical Statistics by K. Knight (Chapman & Hall/CRC).

March 14 2023

AoS: All of Statistics by L. Wasserman (Springer) If your copy has a Chapter 1. Introduction,
then all Chapter numbers increase by 1.

SM: Statistical Models by A.C. Davison (Cambridge University Press)




« multiple testing: family-wise error rate (FWER); false discovery rate (FDR);
Benjamini-Hochberg method controls FDR

- goodness-of-fit tests based on empirical cdf F(-)

+ Kolmogorov-Smirnov
 Cramer-vonMises
+ Anderson-Darling

 Brownian bridge; limit distributions

- goodness-of-fit tests based on multinomial distribution
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Benjamini-Hochberg A0S 10.7; EH 15.2

- order the p-values p), ..., p(m)
+ find imax, the largest index for which

i
Py < md

* Let BHq be the rule that rejects Ho; for i < imax, NOt rejecting otherwise
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Benjamini-Hochberg A0S 10.7; EH 15.2

- order the p-values p), ..., p(m)
find imax, the largest index for which

i
Py < md
Let BHq be the rule that rejects Ho; for i < imax, NOt rejecting otherwise
+ change the bound under dependence

i 1
P(i)S—mCmq Cm:ZT
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Benjamini-Hochberg A0S 10.7; EH 15.2

- order the p-values p), ..., p(m)
find imax, the largest index for which

i
Py < md
Let BHq be the rule that rejects Ho; for i < imax, NOt rejecting otherwise
+ change the bound under dependence

i 1
P(i)S—mCmq Cm:ZT

« Theorem: If the p-values corresponding to valid null hypotheses are independent
of each other, then

FDR(BHq) = m0q < q, where 7o = mg/m

7o unknown but close to 1
Mathematical Statistics Il March 14 2023 4



Benjamini-Hochberg EH 15.2

i,
(0]
2 FDR
T <
Q _

E TNi-28

Holm's
37 i-’7
0 1I0 2‘0 30 40 5‘0
index i
. i
BH-g: reject Hy,; for pj) < Eq

P() Looo K P(m)
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Proof Efron LSI

BH-q: reject Hy; for pjy < #q FDR(BHq) = m0q < q, where 7o = mg/m

o<tst Ho not rejected  Ho rejected
Ho true U v Mo
R(t) = #{pi <t} o
v(t) #{pi < t,Hoj true } H, true T s m
FDP(t) = V(t)/ max(R(t),1) m m
Q(t) = mt/max(R(t),1)
ty = SLtlp{O(t) <q}
1.
2.
3.
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Proof Efron LSI

. i
BH-g: reject Hy,; for p(;y < ma

o<t< 1
R(t) = #{pi<t}
V(t) #{pi <t Hyjtrue }
FDP(t) = V(t)/ max(R(t),1)
Q(t) = mt/max(R(t),1)
tg = sup{Q(t) < g}

1. BH-g <= :reject Hy; for pj) < t,
2.A(t) = V(t)/t, E{A(s) |A(t)} =A(t),s<t

3. max{R(tq), 1} = =3 = FDP(t,) =

Q(tq)

Mathematical Statistics Il March 14 2023

FDR(BHq) = m0q < q,

where 7o = mg/m

Ho not rejected  Ho rejected
Ho true U v mo
truth
H, true T S my
m—R R m
R(piy) =i = Q(p@) = mpgi/i
. i
if p(,') < mq then p(;) < tq
= E{A(tg)} = E{A(1)} = mo
qVita) _ ,mo
m tg m



Proof Efron LSI

2. E{A(s) | A(t)} = A(t), s<t A(t) = V(t)/t = #{p: < t, Ho; true }/t

X1, e ,Xn i.i.d. Y U(O,'l)

S
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Robust estimation MS 8.4; SM 8.4

- Linear regression Y = X3 + o¢ E(¢) = 0, var(e) < oo

« Least squares estimator
Bis = (XTX)XTY
» Gauss-Markov theorem: BLUE; MVUE

var(BLs) < var(B),

- fun fact: if ¢; ~ t, are independent,

var(fis) = Uz(XTX)JU—iz; avar(Bue) = o> (X'X) ™" Z i?
(r=2)¥+3)

- Bis has asymptotic relative efficiency
v(v+1)

v = 5,10, 20; eff = .80, .95,.99

Mathematical Statistics Il March 14 2023 9



Robust estimation

MS 8.4; SM 8.4

Figure 8.2 Estimated regression lines; the solid line is the least squares line, the
dotted line is the Ly line and the dashed line is the LMS line. Notice how the
least squares line is pulled more towards the 10 “outlying” observations than are
the other two lines.

Mathematical Statistics Il March 14 2023 10



M-estimation MS 8.4; SM 8.4,

« Linear regression: y = X3 + oe
n n
min > (vi = X[ 8)* —> min > p(yi — X[ B)
i=1 i=1
p(-) to be chosen
n
 or more typically, mﬁin ; p{(yi — xIB)/a}

- various choices for p(u) : u?/2, |u|, vlog(1+ u?/v)/2,

2 <c
Huber: pu)={ e
uber: p(u) { c(2lul —c) otherwise

« MS also considers Least Median Squares estimator

Mathematical Statistics Il March 14 2023 17



... M-estimation MS 8.4; SM 8.4

min " p{(vi X/ 8)/}

« Theorem: if p(-) is convex, and MS Thm 8.6
P(t) =o' (1),
is non-decreasing, then

max x (X'X)"'x; = 0, n— o0
1<i<n

E{y2(e)}

— An(f— B) S Np(0,721), 7= By
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Aside: ordinary least squares

Bn,Ls
/Bn,LS - ﬂ
A

An (Bn,LS - ﬁ)

max x] (XIX,)7'x; — 0
1<i<n

Note that xT (X[ X,)~'x; = hj;, where H =
Simple linear regression: x; = i; x; = 2/

Mathematical Statistics Il March 14 2023

(XaXn) "' X3 Y
(Xrwan)71X;€n
XX,

A XTen

An(Bois — B) % N(0, 021)

and trace(H) =

13



Estimating equations

+ g(6; X) is an unbiased estimating equation for ¢ if
Ee{g(6;X)} = 0. Eo{g(6:X)g"(¢:X)} < o0
- given Xy, ..., X, i.i.d. with density f(x; 9), define the estimator 4 by
n
Z 9(0g:X;) =0
i=1

* then
Vn(d — 6) % N{o, V(9)}

v(6) =) (0)I(6))(6)

J(0) = Eo{—g'(6: X)}, 1(6) = Eo{g(6: X)g" (6; X)}
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... Estimating equations
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Robust regression

« limit theory derived from theory of estimating equations

« more generally, from the theory of model misspecification MS 5.5
« true model X1, ..., Xq i.id. h(-), say

- assumed model  Xi,..., X, i.i.d. f(-;0)

« maximum likelihood estimator SM 4.6

7(6;X)=0

h(x)
f(X:H)}

N arg moin Ep log {
relative entropy; K-L divergence
V(0 = 6) 5 N{O.J, " (6n)1n(0n)ly " (6n)}

- forms the basis for GEE approach to longitudinal data
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Quantile regression Koenker, 2001, 2017

Figure 2
Quantile Regression p Function

p-(u)

n
min > _ pr(¥i = X[ )
i=1

Solution by linear programming; solution has approximately 7/n positive residuals
R package quantreg
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Quantile regression

Koenker, 2001, 2017

Mathematical Statistics Il

March 14 2023

2000

Food Expenditure
1000

1000 2000 3000 4000 5000
Household Income

FIGURE 1. Scatterplot and Quantile Regression Fit of the Engel
Food Expenditure Data: The plot shows a scatterplot of the Engel
data on food expenditure vs household income for a sample of 235
19th century working class Belgian households. Superimposed on
the plot are the {.05,.1,.25,.75,.90,.95} quantile regression lines
in gray, the median fit in solid black, and the least squares estimate
of the conditional mean function as the dashed (red) line.



Likelihood asymptotics

> cover_prob

1 5 10 50
Exact CI 0.95005 0.95148 0.95044 0.95101
q 0.94834 0.95741 0.95567 0.95159
s 0.71684 0.86771 0.90188 0.93992
r 0.93352 0.94634 0.94774 0.94939
r* 0.95165 0.95064 0.94940 0.94984

Figure 1: Simulation with 100000 times. Sample size n = 1,5, 10, 50.
X, ..., Xp Liid. f(X; 0) = 0 exp(—6x)
A . A . N A 1
a=-0)"2(0), s=rE@), r=\200)- o), r=r+log(})
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First-order theory MS 5.4

« central limit theorem: Y, ..., Y, i.i.d. E(Y;) = p,var(Y;) = 02,

V(Y — p)/o % N(o,1)

« normal approximation
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