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Masks

Atlantic (Y. Tayag) NY Times (Z. Tufekci)

https://www.theatlantic.com/health/archive/2023/02/covid-mask-guidelines-fight-cochrane-review/673039/
https://www.nytimes.com/2023/03/10/opinion/masks-work-cochrane-study.html


Masks Cochrane Review

8

https://www.cochranelibrary.com/cdsr/doi/10.1002/14651858.CD006207.pub6/full#CD006207-abs-0002


Today

1. Next lectures
2. Recap
3. Robust estimation
4. Asymptotic theory

Upcoming

• March 20 3.30 – 4.30 DoSS 9014 & online Details
“Using Data Science to Optimize Business –
Opportunities & Challenges”

Alison Burnham, Digitization O'ce, RepairSmith Inc
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https://canssiontario.utoronto.ca/event/data-science-ares-burnham/


Next Lectures

• March 14 10.00 – 13.00

• March 21 11.00 – 13.00

• March 28 10.00 – 12.00

• April 4 Project presentations
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Next Lectures

• March 14 10.00 – 13.00

• March 21 11.00 – 13.00

• March 28 10.00 – 12.00

• April 4 Project presentations

Week Date Methods References

1 Jan 10 Likelihood inference: review of ML
estimation; mis-specified models;
computation; nonparametric mle

MS §§5.1–7, SM Ch 4

2 Jan 17 Bayesian estimation; Bayesian in-
ference

MS §5.8; AoS §§ 11.1–4; SM
§§11.1,2

3 Jan 24 Optimality in estimation MS Ch 6; AoS Ch 12; SM §7.1,
11.5.2

4 Jan 31 Interval estimation; Confidence
bands

MS §§7.1,2; AoS Ch 7; SM §7.1.4

5 Feb 7 Hypothesis testing; likelihood ratio
tests

MS §§7.1–4 AoS Ch 10.6, SM

6 Feb 14 Significance testing MS §7.5; AoS §10.2,6; SM Ch 4,
§7.3.1

Feb 21 Break

7 Feb 28 Significance testing SM 7.3.1

7 Feb 28 Goodness-of-fit testing MS Ch 9; AoS §§10.3,4,5,8; SM
p.327-8 (hard)

8 Mar 7 Multiple testing and FDR AoS Ch 10.7, EH Ch 15.1,2

9 Mar 14 Robust Estimation MS 8.4, 8.6; SM 8.4
Likelihood Asymptotics SM 4.4, 4.5

10 Mar 21 Causal Inference AoS 16, 17

11 Mar 28 Classification AoS 22

12 Apr 4 Course Summary; Presentations

References

MS: Mathematical Statistics by K. Knight (Chapman & Hall/CRC).

AoS: All of Statistics by L. Wasserman (Springer) If your copy has a Chapter 1. Introduction,
then all Chapter numbers increase by 1.

SM: Statistical Models by A.C. Davison (Cambridge University Press)
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Recap

• multiple testing: family-wise error rate (FWER); false discovery rate (FDR);
Benjamini-Hochberg method controls FDR

• goodness-of-)t tests based on empirical cdf F̂n(·)
• Kolmogorov-Smirnov
• Cramer-vonMises
• Anderson-Darling

• Brownian bridge; limit distributions

• goodness-of-)t tests based on multinomial distribution
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Benjamini-Hochberg AoS 10.7; EH 15.2

• order the p-values p(1), . . . ,p(m)

• )nd imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H0i for i ≤ imax, not rejecting otherwise
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Benjamini-Hochberg AoS 10.7; EH 15.2

• order the p-values p(1), . . . ,p(m)

• )nd imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H0i for i ≤ imax, not rejecting otherwise
• change the bound under dependence

p(i) ≤
i

mCm
q Cm =

m!

i=1

1
i
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Benjamini-Hochberg AoS 10.7; EH 15.2

• order the p-values p(1), . . . ,p(m)

• )nd imax, the largest index for which

p(i) ≤
i
mq

• Let BHq be the rule that rejects H0i for i ≤ imax, not rejecting otherwise
• change the bound under dependence

p(i) ≤
i

mCm
q Cm =

m!

i=1

1
i

• Theorem: If the p-values corresponding to valid null hypotheses are independent
of each other, then

FDR(BHq) = π0q ≤ q, where π0 = m0/m

π0 unknown but close to 1
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Benjamini-Hochberg EH 15.2

BH-q: reject H0i for p(i) ≤
i
mq p(1) ≤ · · · ≤ p(m)
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Proof Efron LSI

BH-q: reject H0i for p(i) ≤
i
mq FDR(BHq) = π0q ≤ q, where π0 = m0/m

0 < t ≤ 1:

R(t) = #{pi ≤ t}
V(t) = #{pi ≤ t,H0i true }

FDP(t) = V(t)/max(R(t), 1)
Q(t) = mt/max(R(t), 1)
tq = sup

t
{Q(t) ≤ q}

1.
2.

H0 not rejected H0 rejected
H0 true U V m0

truth
H1 true T S m1

m− R R m

3.
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Proof Efron LSI

BH-q: reject H0i for p(i) ≤
i
mq FDR(BHq) = π0q ≤ q, where π0 = m0/m

0 < t ≤ 1:

R(t) = #{pi ≤ t}
V(t) = #{pi ≤ t,H0i true }

FDP(t) = V(t)/max(R(t), 1)
Q(t) = mt/max(R(t), 1)
tq = sup

t
{Q(t) ≤ q}

1. BH-q ⇐⇒ : reject H0i for p(i) ≤ tq
2. A(t) = V(t)/t, E{A(s) | A(t)} = A(t), s ≤ t

H0 not rejected H0 rejected
H0 true U V m0

truth
H1 true T S m1

m− R R m

R(p(i)) = i =⇒ Q(p(i)) = mp(i)/i

if p(i) ≤
i
mq then p(i) ≤ tq

=⇒ E{A(tq)} = E{A(1)} = m0

3. max{R(tq), 1} =
mtq
Q(tq)

=
mtq
q =⇒ FDP(tq) =

q
m
V(tq)
tq

= qm0
m
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Proof Efron LSI

2. E{A(s) | A(t)} = A(t), s ≤ t A(t) = V(t)/t = #{pi ≤ t,H0i true }/t

X1, . . . , Xn i.i.d. ∼ U(0, 1)

pr(X ≤ s | X ≤ t) = · · · = s
t
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Robust estimation MS 8.4; SM 8.4

• Linear regression Y = Xβ + σ$ E(") = 0, var(") < ∞

• Least squares estimator
β̂LS = (XTX)−1XTY

• Gauss-Markov theorem: BLUE; MVUE

var(β̂LS) ≤ var(β̃),

• fun fact: if $i ∼ tν are independent,

var(β̂LS) = σ2(XTX)−1 ν

ν − 2 ; a.var(β̂MLE) = σ2(XTX)−1 ν + 3
ν + 1

• β̂LS has asymptotic relative e'ciency
(ν − 2)(ν + 3)

ν(ν + 1) ν = 5, 10, 20; e! = .80, .95, .99
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Robust estimation MS 8.4; SM 8.4
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M-estimation MS 8.4; SM 8.4

• Linear regression: y = Xβ + σ$

min
β

n!

i=1
(yi − xTi β)2 −→ min

β

n!

i=1
ρ(yi − xTi β)

ρ(·) to be chosen

• or more typically, min
β

n!

i=1
ρ{(yi − xTi β)/σ}

• various choices for ρ(u) : u2/2, |u|, ν log(1+ u2/ν)/2,
Huber: ρ(u) =

!
u2, |u| ≤ c
c(2|u|− c) otherwise

• MS also considers Least Median Squares estimator
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... M-estimation MS 8.4; SM 8.4

min
β

n!

i=1
ρ{(yi − xTi β)/σ}

• Theorem: if ρ(·) is convex, and MS Thm 8.6

ψ(t) = ρ′(t),

is non-decreasing, then

max
1≤i≤n

xTi (XTX)−1xi → 0, n→ ∞

=⇒ An(β̂ − β)
d→ Np(0, γ2I), γ2 =

E{ψ2($i)}
E2{ψ′($)}
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Aside: ordinary least squares

β̂n,LS = (XTnXn)−1XTnYn
β̂n,LS − β = (XTnXn)−1XTn$n

A2n = XTnXn
An(β̂n,LS − β) = A−1n XTn$n

max
1≤i≤n

xTi (XTnXn)−1xi → 0 =⇒ An(β̂n,LS − β)
d→ N(0,σ2I)

Note that xTi (XTnXn)−1xi = hii, where H = and trace(H) =

Simple linear regression: xi = i; xi = 2i
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Estimating equations MS 5.5

• g(θ; X) is an unbiased estimating equation for θ if

Eθ{g(θ; X)} = 0, Eθ{g(θ; X)gT(θ; X)} < ∞

• given X1, . . . , Xn i.i.d. with density f (x; θ), de)ne the estimator θ̃g by
n!

i=1
g(θ̃g; Xi) = 0

• then √
n(θ̃ − θ)

d→ N{0, V(θ)}
•

V(θ) = J−1(θ)I(θ)J−1(θ)
•

J(θ) = Eθ{−g′(θ; X)}, I(θ) = Eθ{g(θ; X)gT(θ; X)}
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... Estimating equations MS 5.5
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Robust regression

• limit theory derived from theory of estimating equations
• more generally, from the theory of model misspeci)cation MS 5.5
• true model X1, . . . , Xn i.i.d. h(·), say
• assumed model X1, . . . , Xn i.i.d. f (·; θ)

• maximum likelihood estimator SM 4.6

ℓ′(θ̂;X) = 0

θ̂
p→ argmin

θ
Eh log

"
h(x)
f (x; θ)

#

relative entropy; K-L divergence
√
n(θ̂ − θ)

d→ N{0, J−1h (θh)Ih(θh)J−1h (θh)}

• forms the basis for GEE approach to longitudinal data
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Quantile regression Koenker, 2001, 2017

min
β

n!

i=1
ρτ (yi − xTi β)

Solution by linear programming; solution has approximately τ/n positive residuals
R package quantreg
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Quantile regression Koenker, 2001, 2017
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Likelihood asymptotics

X1, . . . , Xn i.i.d. f (x; θ) = θ exp(−θx)

q = (θ̂ − θ)j1/2(θ̂), s = ℓ′(θ)j1/2(θ̂), r = ±
$
2{ℓ(θ̂)− ℓ(θ)}, r∗ = r + 1

r log(
q
r )
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First-order theory MS 5.4

• central limit theorem: Y1, . . . , Yn i.i.d. E(Yi) = µ, var(Yi) = σ2,
√
n(Ȳ − µ)/σ

d→ N(0, 1)

• normal approximation
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