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https://www.theglobeandmail.com/business/article-canadian-companies-recession-earnings/


the portion of companies using the word “recession” in their earnings calls rising at the
fastest pace in 15 years
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Today Check Recording

1. Recap
2. Bayesian hierarchical modelling SM 11.4, AoS 24.5
3. Multi-parameter posteriors AoS 11.7, SM, 11.1-3
4. Interval estimation MS 7.1,2
5. H3: project
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Recap

• priors for Bayesian inference: conjugate, Je'reys’, (at, convenience, weakly
informative, hierarchical, matching

• optimality in estimation: Cramer-Rao lower bound: Var{S(X)} ≥ g′(θ)2/{nI(θ)}
• matrix version, equality
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Recap

• priors for Bayesian inference: conjugate, Je'reys’, (at, convenience, weakly
informative, hierarchical, matching

• optimality in estimation: Cramer-Rao lower bound: Var{S(X)} ≥ g′(θ)2/{nI(θ)}
• matrix version, equality

• maximum likelihood estimators are “BAN” asymptotic relative e!ciencey

• so are other regular estimators with continuous (in θ) variance functions

• Minimum Variance Unbiased Estimators (MVUE) discussed in MS 6.3
• the theory is elegant, but the application is limited
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Recap 2

• *nite sample optimality: loss function, risk function, admissible estimator
• Bayes estimators are admissible proper prior; loss function

• Bayes estimators minimize Bayes risk
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Optimal Bayes estimators MS 6.2

• the Bayes risk of an estimator is the average of the risk function, over a prior
distribution

•
RB(θ̂) =

!
Rθ(θ̂)π(θ)dθ

• Optimal Bayes estimators minimize the expected posterior loss:
!
L{θ̂(x), θ)}π(θ | x)dθ

• Example: squared-error loss L(θ̂, θ) = (θ̂ − θ)2 need to minimize over θ̂
!

(θ̂ − θ)2π(θ | x)dθ

• solution θ̂(x) = E(θ | x) posterior mean
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Bayes estimators are admissible MS 6.2

• Suppose θ̂ is a Bayes estimator and is unique

• Suppose we have another estimator θ̃ with a smaller frequentist risk function:

Rθ(θ̃, θ) ≤ Rθ(θ̂, θ)

• The Bayes risk of θ̃ is
RB(θ̃) =

!
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Bayes estimators are admissible MS 6.2

• Suppose θ̂ is a Bayes estimator and is unique

• Suppose we have another estimator θ̃ with a smaller frequentist risk function:

Rθ(θ̃, θ) ≤ Rθ(θ̂, θ)

• The Bayes risk of θ̃ is
RB(θ̃) =

!

• instead of minimizing the average (over π(θ)) of the risk function we could

minmaxRθ(θ̂)

De"nition §6.2
• such estimators are called minimax

Mathematical Statistics II January 31 2023 6

falsest
I SHOCK o Totaldo fluid



Marginalization

• Bayes posterior carries all the information about θ, given x by de"nition

• probabilities for any set A computed using the posterior distribution

• pr(Θ ∈ A | x) =

• if θ = (ψ,λ), ...

• or, if ψ = ψ(θ)

• in this context, ‘(at’ priors can have a large in(uence on the marginal posterior
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Multi-parameter models AoS 11.7; SM 11.1,-3

• parameter θ = (θ1, . . . , θp)

• model f (xn | θ), xn = (x1, . . . , xn)
• joint posterior

π(θ | xn) ∝ f (xn | θ)π(θ), θ ∈ Rp
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Multi-parameter models AoS 11.7; SM 11.1,-3

• parameter θ = (θ1, . . . , θp)

• model f (xn | θ), xn = (x1, . . . , xn)
• joint posterior

π(θ | xn) ∝ f (xn | θ)π(θ), θ ∈ Rp

• marginal posterior for θ1

πm(θ1 | xn) =
!

π(θ | xn)dθ2 . . .dθp

• marginal posterior for ψ(θ)

πm(ψ | xn) =
!

{θ:ψ(θ)=ψ}
π(θ | xn)dθ
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Bayesian inference: Multi-parameter models AoS 11.7; SM 11.1,-3

• model: xi ∼ N(µi, 1), i = 1, . . . ,n

• prior: π(µ)dµ ∝ dµ

• posterior π(µ | xn) ∝
"n

i=1 π(µi | xi) =
"n

i=1 φ(xi, 1/n)
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Bayesian inference: Multi-parameter models AoS 11.7; SM 11.1,-3

• model: xi ∼ N(µi, 1), i = 1, . . . ,n

• prior: π(µ)dµ ∝ dµ

• posterior π(µ | xn) ∝
"n

i=1 π(µi | xi) =
"n

i=1 φ(xi, 1/n)

• ψ =
#n

i=1 µ
2
i squared length of mean vector

π(ψ | xn) =
!

A
π(µ | xn)dµ

• µi | xi ∼ N(xi, 1) =⇒
#

µ2i | xn ∼ χ2n(
#
x2i )
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Bayesian philosophy AoS 11.1
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Bayesian hierarchical models SM 11.4, Eg. 11.25

• xi | θi ∼ N(θi, vi) vi known

• θi | µ ∼ N(µ,σ2) σ2 known

• µ ∼ N(µ0, τ 2) hyperparameters
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Bayesian hierarchical models SM 11.4. Eg. 11.25

• xi | θi ∼ N(θi, vi)

• θi | µ ∼ N(µ,σ2)

• µ ∼ N(µ0, τ 2) hyperparameters

• π(θ, µ | x)
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Bayesian hierarchical models SM 11.4. Eg. 11.25

E(µ | x) =

var(µ | x) =

E(θi | x) =
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Bayesian hierarchical models SM 11.4. Eg. 11.25

•
E(θi | x) = xi

σ2

σ2 + vi
+ E(µ | x)(1− σ2

σ2 + vi
)

•
E(µ | x) = µ0/τ

2 +
#
xi/(σ2 + vi)

1/τ 2 +
#
1/(σ2 + vi)

• If σ2 unknown, then need to sample from the posterior, no closed form available

• Figure 11.11 applies similar ideas, plus sampling from the posterior, in logistic
regression
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Interval estimation MS 7.1,2

• X1, . . . , Xn i.i.d. f (x; θ), θ ∈ R
• a 100(1− α)% con*dence interval for θ is a random interval [L(X,U(X)] with

prθ{L(X) ≤ θ ≤ U(X)} ≥ 1− α,

for all θ, with equality for some θ

• in continuous cases usually can get = 1− α for all θ
• similarly, upper and lower (1− α)-con*dence bounds:

pr{θ ≥ L(X)} = (1− α); pr{θ ≤ U(X)} = 1− α

• exact limits if we have exact distribution of X
• approximate limits if prθ{L(X) ≤ θ ≤ U(X)} ≈ 1− α
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Exact con"dence intervals MS 7.1

• Example: X1, . . . , Xn i.i.d. N(µ, 1)
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Exact con"dence intervals MS 7.1

• Example: X1, . . . , Xn i.i.d. N(µ, 1)
• Example X1, . . . , Xn i.i.d. U(0, θ)
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Exact con"dence intervals MS 7.1

• Example: X1, . . . , Xn i.i.d. N(µ, 1)
• Example X1, . . . , Xn i.i.d. U(0, θ)
• Example X1, . . . , Xn i.i.d. N(µ,σ2)
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Approximate con"dence intervals MS 7.1

• Example: X ∼ Binom(n, θ), θ̂
.∼ N(θ, θ(1− θ)/n)

prθ

$
−1.96 ≤

√
n(θ̂ − θ)

{θ(1− θ)}1/2
≤ 1.96

%
≈ 0.95
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Approximate con"dence intervals MS 7.1

• Example: X ∼ Binom(n, θ), θ̂
.∼ N(θ, θ(1− θ)/n)

prθ

$
−1.96 ≤

√
n(θ̂ − θ)

{θ(1− θ)}1/2
≤ 1.96

%
≈ 0.95

prθ

$
−1.96 ≤

√
n(θ̂ − θ)

{θ̂(1− θ̂)}1/2
≤ 1.96

%
≈ 0.95
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Approximate con"dence intervals MS 7.1

• Example: X ∼ Binom(n, θ), θ̂
.∼ N(θ, θ(1− θ)/n)

prθ

$
−1.96 ≤

√
n(θ̂ − θ)

{θ(1− θ)}1/2
≤ 1.96

%
≈ 0.95

prθ

$
−1.96 ≤

√
n(θ̂ − θ)

{θ̂(1− θ̂)}1/2
≤ 1.96

%
≈ 0.95

• θ̂n maximum likelihood estimate θ̂
.∼ N[0, {nI(θ)}−1]

• approximate 95% con*dence interval AoS Thm 6.16
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Con"dence region MS 7.1

•
prθ{θ ∈ R(X)} ≥ 1− α,

for all θ, with equality for some θ

• pivotal method:

1− α = prθ{a ≤ g(X;θ) ≤ b} = prθ{θ ∈ R(X)}

• Example: X1, . . . ,Xn i.i.d. Np(µ,Σ) MS Ex.7.8

Mathematical Statistics II January 31 2023 19



Bayesian credible intervals MS 7.2
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... Bayesian credible intervals MS 7.2

• upper and lower bounds
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... Bayesian credible intervals MS 7.2

• upper and lower bounds

• highest posterior density
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... Bayesian credible intervals MS 7.2

• upper and lower bounds

• highest posterior density

• equi-tailed posterior intervals
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Approximate normality of posterior

• X1, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x1, . . . , xn)
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Approximate normality of posterior

• X1, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x1, . . . , xn)

• π(θ | xn) ≈ N{θ̂, j−1(θ̂)}; π(θ | xn) ≈ N{θ̃, ȷ̃(θ̃)}
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Approximate normality of posterior

• X1, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x1, . . . , xn)

• π(θ | xn) ≈ N{θ̂, j−1(θ̂)}; π(θ | xn) ≈ N{θ̃, ȷ̃(θ̃)}

• careful statement Berger, 1985; Ch.4

• For any a,b ∈ R, a < b
• let an = θ̂n + aj−1/2(θ̂n), bn = θ̂n + bj−1/2(θ̂n)

• θ̂n is the solution of ℓ′(θ; xn) = 0, assumed unique, and j(θ) = −ℓ′′(θ; xn)
Then ! bn

an
π(θ | xn)dθ −→ Φ(b)− Φ(a), n→ ∞.

need π(θ) > 0,π′(θ) continuous
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Approximate normality of posterior

• X1, . . . , Xn ∼ f (xn | θ), θ ∼ π(θ), π(θ | xn) = f (xn | θ)
f (xn) xn = (x1, . . . , xn)

• π(θ | xn) ≈ N{θ̂, j−1(θ̂)}; π(θ | xn) ≈ N{θ̃, ȷ̃(θ̃)}

• approximate posterior probability intervals

• exact posterior probability intervals θ̃ ≈ θ̂
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