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Today Start Recording

1. Recap
2. Nonparametric Likelihood MS 5.6
3. Pro&le Likelihood
4. Bayesian Estimation MS 5.8

Upcoming seminars of interest

• January 23 11.00 –12.00 Jevin West Details
• “The Art of Skepticism in a Data-Driven World”
• 140 St. George St., 4th *oor
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https://www.eventbrite.ca/e/data-sciences-speaker-series-jevin-west-tickets-481913816197




Recap

• data x1, . . . , xn independent observations; model f (x; θ) =
!
f (xi; θ), θ ∈ R

• limit theorem
√
n(θ̂ − θ)

d→ N(0, I−11 (θ))

• approximation θ̂
.∼ N{θ, I−1(θ̂)}, or θ̂ .∼ N{θ, J−1(θ̂)} I(θ) = nI1(θ), J(θ) = −ℓ′′(θ; x)
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Recap

• data x1, . . . , xn independent observations; model f (x; θ) =
!
f (xi; θ), θ ∈ R

• limit theorem
√
n(θ̂ − θ)

d→ N(0, I−11 (θ))

• approximation θ̂
.∼ N{θ, I−1(θ̂)}, or θ̂ .∼ N{θ, J−1(θ̂)} I(θ) = nI1(θ), J(θ) = −ℓ′′(θ; x)

• data x1, . . . , xn independent observations; model f (x;θ) =
!
f (xi;θ), θ ∈ Rp

• limit theorem
√
n{I(θ)}1/2(θ̂ − θ)

d→ Np(0, Id)
• approximation θ̂

.∼ Np{θ, I−1(θ̂)}, or θ̂ .∼ Np{θ, J−1(θ̂)}
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Recap

• data x1, . . . , xn independent observations; model f (x; θ) =
!
f (xi; θ), θ ∈ R

• limit theorem
√
n(θ̂ − θ)

d→ N(0, I−11 (θ))

• approximation θ̂
.∼ N{θ, I−1(θ̂)}, or θ̂ .∼ N{θ, J−1(θ̂)} I(θ) = nI1(θ), J(θ) = −ℓ′′(θ; x)

• data x1, . . . , xn independent observations; model f (x;θ) =
!
f (xi;θ), θ ∈ Rp

• limit theorem
√
n{I(θ)}1/2(θ̂ − θ)

d→ Np(0, Id)
• approximation θ̂

.∼ Np{θ, I−1(θ̂)}, or θ̂ .∼ Np{θ, J−1(θ̂)}

• data x1, . . . , xn independent observations
true model F(x) = !

F(xi), θ ∈ Rp assumed model ℓ(θ; x), ℓ′(θ̂; x) = 0

• limit theorem
√
n{θ̂ − θ(F)} d→ N{0, J−1(F)I(F)J−1(F)} θ(F), I(F), J(F)
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... Recap

• proof requires many smoothness conditions on underlying model
• i.i.d. can o+en be weakened to independent (not i.d.) observations,

or even dependent need WLLN and CLT
• MS Theorem 5.3, p.253 has a careful proof for θ ∈ R

see also MSI, Nov 29, likelihood handout
• key step is

√
n(θ̂ − θ) =

−n−1/2Σn
i=1ℓ

′(Xi; θ)
n−1Σn

i=1ℓ
′′(Xi; θ) + (θ̂ − θ)(2n)−1Σn

i=1ℓ
′′′(Xi; θ∗)
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... Recap

• proof requires many smoothness conditions on underlying model
• i.i.d. can o+en be weakened to independent (not i.d.) observations,

or even dependent need WLLN and CLT
• MS Theorem 5.3, p.253 has a careful proof for θ ∈ R

see also MSI, Nov 29, likelihood handout
• key step is

√
n(θ̂ − θ) =

−n−1/2Σn
i=1ℓ

′(Xi; θ)
n−1Σn

i=1ℓ
′′(Xi; θ) + (θ̂ − θ)(2n)−1Σn

i=1ℓ
′′′(Xi; θ∗)

• vector version is
√
nΣp

k=1(θ̂k − θk){n−1ℓ′′jk(θ̂) + (2n)−1Σp
l=1(θ̂l − θl)ℓ

′′′
jkl(θ

∗)} = −n−1/2ℓ′j(θ),

j = 1, . . . , p
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Loose ends see also MS I Nov 29

• proof of consistency (Thms 5.1,2) uses WLLN applied to

φn(t) =
1
n

n"

i=1
log

f (Xi; t)
f (Xi; θ)

Mn(θ) =
1
n

n"

i=1
log

f (Xi; θ)
f (Xi; θtrue)

φ(t) = Eθ log
f (Xi; t)
f (Xi; θ)

≡ −K(ft : fθ) Eθtrue log
f (Xi; θ)
f (Xi; θtrue)

≡ −D(θtrue, θ)
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Loose ends see also MS I Nov 29

• proof of consistency (Thms 5.1,2) uses WLLN applied to

φn(t) =
1
n

n"

i=1
log

f (Xi; t)
f (Xi; θ)

Mn(θ) =
1
n

n"

i=1
log

f (Xi; θ)
f (Xi; θtrue)

φ(t) = Eθ log
f (Xi; t)
f (Xi; θ)

≡ −K(ft : fθ) Eθtrue log
f (Xi; θ)
f (Xi; θtrue)

≡ −D(θtrue, θ)

• by Jensen’s φ(t) maximized at θ, which suggests θ̂ → θ but functions are tricky
• need sup condition, see Thm 5.1 (a)
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Loose ends see also MS I Nov 29

• proof of consistency (Thms 5.1,2) uses WLLN applied to

φn(t) =
1
n

n"

i=1
log

f (Xi; t)
f (Xi; θ)

Mn(θ) =
1
n

n"

i=1
log

f (Xi; θ)
f (Xi; θtrue)

φ(t) = Eθ log
f (Xi; t)
f (Xi; θ)

≡ −K(ft : fθ) Eθtrue log
f (Xi; θ)
f (Xi; θtrue)

≡ −D(θtrue, θ)

• by Jensen’s φ(t) maximized at θ, which suggests θ̂ → θ but functions are tricky
• need sup condition, see Thm 5.1 (a)

• K(f : f0) Kullback-Leibler divergence measures ‘closeness’ of densities f and f0
E0{log f0(X)/f (X)}

• maximum likelihood estimator minimizes K-L divergence between empirical cdf and model
EFn log{dFn(x)/fθ(x)}Mathematical Statistics II January 17 2023 5
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Nonparametric MLE MS 5.6

• sample x1, . . . , xn independent, identically distributed, with cdf F
no parametric model assumed

• likelihood function L(F) =
!
f (xi)

• assume solution puts mass only at x1, . . . , xn
• log-likelihood function ℓ(p) =

#n
i=1 log(pi)
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Nonparametric MLE MS 5.6

• sample x1, . . . , xn independent, identically distributed, with cdf F
no parametric model assumed

• likelihood function L(F) =
!
f (xi)

• assume solution puts mass only at x1, . . . , xn
• log-likelihood function ℓ(p) =

#n
i=1 log(pi)

• maximized at pi = 1/n, i = 1, . . . ,n Lagrange

• gives empirical cdf

F̂n(x) =
1
n

n"

i=1
1(Xi ≤ x)
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Multi-parameter example: logistic regression

Boston$crim2 <- Boston$crim > median(Boston$crim) # define binary response

Boston.glm <- glm(crim2 ~ . - crim, family = binomial,

data = Boston) #fit logistic regression

summary(Boston.glm)

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -34.103704 6.530014 -5.223 1.76e-07 ***

zn -0.079918 0.033731 -2.369 0.01782 *

indus -0.059389 0.043722 -1.358 0.17436

chas 0.785327 0.728930 1.077 0.28132

nox 48.523782 7.396497 6.560 5.37e-11 ***

rm -0.425596 0.701104 -0.607 0.54383

age 0.022172 0.012221 1.814 0.06963 .

dis 0.691400 0.218308 3.167 0.00154 **
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... Example: logistic regression

Boston.glm <- glm(crim2 ~ . - crim, family = binomial,

data = Boston) #fit logistic regression

confint(Boston.glm)

Waiting for profiling to be done...

2.5 % 97.5 %

(Intercept) -47.480389822 -21.699753794

zn -0.152359922 -0.020567540

indus -0.149113408 0.024168460

chas -0.646429219 2.233443233

nox 34.967619055 64.088411260

rm -1.811639107 0.950196261

age -0.001231256 0.046865843

dis 0.280762523 1.140619391

rad 0.376833861 0.975898274

tax -0.012038221 -0.001324887

ptratio 0.136910471 0.618725856
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Multi-parameter setting AoS §9.10

Y1 ∼ Binom(n1,p1), Y2 ∼ Binom(n2,p2), independently
observed values y1 = 160,n1 = 200, y2 = 180,n2 = 200
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... Multi-parameter setting AoS §9.10
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Pro!le likelihood function
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... Pro!le likelihood function
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... Pro!le likelihood function
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Bayesian estimation MS 5.8; AoS 11

model

prior

posterior

sample
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Frequentist and Bayesian contrast

Frequentist:

• There is a &xed parameter (unknown) we are trying to learn
• Our methods are evaluated using probabilities based on f (x; θ)

Bayesian:

• The parameter can be treated as a random variable
• We model its distribution π(θ)

• Combine this with a model f (x | θ)
• Update prior belief on the basis of the data
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Example: Binomial MS 5.26; AoS Ex.11.2

X1, . . . , Xn i.i.d. Bernoulli (θ) π(θ;α,β) =
Γ(α+ β)

Γ(α)Γ(β)
θα−1(1− θ)β−1,0 < θ < 1

posterior mean, mode
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Example: censored exponential MS 5.27

X1, . . . , Xn i.i.d. Exponential (λ) π(λ) ∼ Exp(α)

censored at r smallest x; let Yi = X(i), i = 1, . . . , r

f (y | λ) =
r$

i=1
λr exp(−λyi)

n$

i=r+1
exp(−λyr) = λr exp{−λΣr

i=1yi + (n− r)yr}
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Exponential families and conjugate priors MS p.288,9

f (x; θ) = exp{c(θ)T(x)− d(θ) + S(x)}; π(θ;α,β) = K(α,β) exp{αc(θ)− βd(θ)}
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Exponential families and conjugate priors MS p.288,9

f (x; θ) = exp{c(θ)T(x)− d(θ) + S(x)}; π(θ;α,β) = K(α,β) exp{αc(θ)− βd(θ)}

Example: f (x; θ) = θ(1− θ)x, x = 0, 1, ...;0 < θ < 1
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Exponential families and conjugate priors MS p.288,9

f (x; θ) = exp{c(θ)T(x)− d(θ) + S(x)}; π(θ;α,β) = K(α,β) exp{αc(θ)− βd(θ)}

Example: f (x; θ) = θ(1− θ)x, x = 0, 1, ...;0 < θ < 1

Example: f (x;µ) = 1√
2π exp{− 1

2 (x − µ)2}
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Example: Bivariate normal EH §3.1
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... Bivariate normal EH §3.1

f (θ̂ | θ) = 1
π
(n− 2)(1− θ2)(n−1)/2(1− θ̂2)(n−4)/2

% ∞

0

1
cosh(w)− θθ̂)

dw
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Example: Bivariate normal EH §3.1
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Example: Binomial SM Ex.11.11

prior for hospital A Beta(1, 1) posterior mean
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Example: Binomial SM Ex.11.11

put all hospitals together; 208 failures ‘
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“Flat” priors MS p.290+
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Marginalization
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Not all likelihood functions are regular

Example: X1, . . . , Xn i.i.d. U(0, θ)
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... Not all likelihood functions are regular

MS Exercise 5.1

X1, . . . , Xn i.i.d. f (x;θ) = a(θ1, θ2)h(x), θ1 ≤ x ≤ θ2
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