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Today Check Recording

1. Recap
2. Con#dence bounds, intervals, regions
3. Approximate CIs from likelihood theory
4. Normal approximation to posterior
5. Project

Upcoming seminar of interest

• February 13 3.30 – 4.30 Sandrine Dudoit Details
“Learning from Data in Single-Cell Transcriptomics”

• February 22-23 Toronto Workshop on Reproducibility

Mathematical Statistics II February 7 2023 2

wet
6 s testy

list ready byready

Tpartner

https://canssiontario.utoronto.ca/event/data-science-ares-sandrine-dudoit/
https://canssiontario.utoronto.ca/event/toronto-workshop-on-reproducibility-2023/


Recap

• Bayesian inference: philosophy, choice of priors
• optimality of Bayes estimators !nite sample

• Hierarchical Bayes models, shrinkage estimators
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Recap

• Bayesian inference: philosophy, choice of priors
• optimality of Bayes estimators !nite sample

• Hierarchical Bayes models, shrinkage estimators

• Multi-parameter posterior distributions; marginalization

Mathematical Statistics II February 7 2023 3

yup



Recap

• Bayesian inference: philosophy, choice of priors
• optimality of Bayes estimators !nite sample

• Hierarchical Bayes models, shrinkage estimators

• Multi-parameter posterior distributions; marginalization

• con#dence intervals and bounds
• exact CIs using pivotal inversion
• approximate CIs using limiting distributions
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Con!dence region MS 7.1

• multiparameter model f (X;θ)
prθ{θ ∈ R(X)} ≥ 1− α,

for all θ, with equality for some θ

• pivotal method:

1− α = prθ{a ≤ g(X;θ) ≤ b} = prθ{θ ∈ R(X)}
• Example: X1, . . . ,Xn i.i.d. Np(µ,Σ) MS Ex.7.8
• exact pivot

g(X;µ) = n(n− k)
k(n− 1) (!µ− µ)TΣ̂−1(!µ− µ)
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Con!dence region MS 7.1

• multiparameter model f (X;θ)
prθ{θ ∈ R(X)} ≥ 1− α,

for all θ, with equality for some θ

• pivotal method:

1− α = prθ{a ≤ g(X;θ) ≤ b} = prθ{θ ∈ R(X)}
• Example: X1, . . . ,Xn i.i.d. Np(µ,Σ) MS Ex.7.8
• exact pivot

g(X;µ) = n(n− k)
k(n− 1) (!µ− µ)TΣ̂−1(!µ− µ)

•
R(X) = {µ :

n(n− k)
k(n− 1) (!µ− µ)TΣ̂−1(!µ− µ) ≤ f1−α}
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Approximate con!dence intervals MS Ex. 7.5,6; AoS 6.3.2

• maximum likelihood estimator is approximately normal
•

!θ .∼ N{θ, I−1n (!θ)} =⇒ (!θ − θ)TIn(!θ)(!θ − θ)
.∼ χ2k

•
1− α ≈ prθ{θ ∈ R(!θ)}

•
R(!θ) = {θ : (!θ − θ)TIn(!θ)(!θ − θ) ≤ χ2k,1−α}
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Approximate con!dence intervals MS Ex. 7.5,6; AoS 6.3.2

• maximum likelihood estimator is approximately normal
•

!θ .∼ N{θ, I−1n (!θ)} =⇒ (!θ − θ)TIn(!θ)(!θ − θ)
.∼ χ2k

•
1− α ≈ prθ{θ ∈ R(!θ)}

•
R(!θ) = {θ : (!θ − θ)TIn(!θ)(!θ − θ) ≤ χ2k,1−α}

• k = 1:
θ̂ ± z1−α/2 !se(θ̂)

AoS Thm 6.16
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Pro!le likelihood intervals MS 7.5; notes Jan 17

• model Y ∼ f (y;ψ,λ), ψ ∈ R,λ ∈ Rd−1, θ = (ψ,λ) y = (y1, . . . , yn)

• log-likelihood function ℓ(ψ,λ; y) = log f (y;ψ,λ) =
"

log f (yi;ψ,λ) if independent

• pro#le log-likelihood function ℓp(ψ) = ℓ(ψ, λ̂ψ) maximize over λ

• maximum likelihood estimate jp(ψ) = −ℓ′′p (ψ)

ψ̂
.∼ N{ψ, j−1/2p (ψ)} =⇒ 1− α CI ≈ ψ̂ ± z1−α/2 ȷ̂

1/2
p

• likelihood ratio test

2{ℓp(ψ̂)− ℓp(ψ)}
.∼ χ21 =⇒ 1− α CI ≈ {ψ : 2{ℓp(ψ̂)− ℓp(ψ)} ≤ χ21,1−α}
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Pro!le likelihood intervals MS 7.5; notes Jan 17

• model Y ∼ f (y;ψ,λ), ψ ∈ R,λ ∈ Rd−1, θ = (ψ,λ) y = (y1, . . . , yn)

• log-likelihood function ℓ(ψ,λ; y) = log f (y;ψ,λ) =
"

log f (yi;ψ,λ) if independent

• pro#le log-likelihood function ℓp(ψ) = ℓ(ψ, λ̂ψ) maximize over λ

• maximum likelihood estimate jp(ψ) = −ℓ′′p (ψ)

ψ̂
.∼ N{ψ, j−1/2p (ψ)} =⇒ 1− α CI ≈ ψ̂ ± z1−α/2 ȷ̂

1/2
p

• likelihood ratio test

2{ℓp(ψ̂)− ℓp(ψ)}
.∼ χ21 =⇒ 1− α CI ≈ {ψ : 2{ℓp(ψ̂)− ℓp(ψ)} ≤ χ21,1−α}
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Bayesian interval estimation MS 7.2

• upper and lower bounds
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Bayesian interval estimation MS 7.2

• upper and lower bounds

• equi-tailed posterior intervals
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Bayesian interval estimation MS 7.2

• upper and lower bounds

• equi-tailed posterior intervals

• highest posterior density
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Upper and lower bounds MS 7.2
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Approximate normality of posterior MS 7.2, AoS Thm 11.5

• X1, . . . , Xn ∼ f (x | θ), θ ∼ π(θ), π(θ | xn) = f (x | θ)
f (x) x = (x1, . . . , xn)
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Approximate normality of posterior MS 7.2, AoS Thm 11.5

• X1, . . . , Xn ∼ f (x | θ), θ ∼ π(θ), π(θ | xn) = f (x | θ)
f (x) x = (x1, . . . , xn)

• π(θ | x) ≈ N{θ̂, j−1(θ̂)}; π(θ | x) ≈ N{θ̃, ȷ̃−1(θ̃)}
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Approximate normality of posterior MS 7.2, AoS Thm 11.5

• X1, . . . , Xn ∼ f (x | θ), θ ∼ π(θ), π(θ | xn) = f (x | θ)
f (x) x = (x1, . . . , xn)

• π(θ | x) ≈ N{θ̂, j−1(θ̂)}; π(θ | x) ≈ N{θ̃, ȷ̃−1(θ̃)}

• careful statement Berger, 1985; Ch.4

• For any a,b ∈ R, a < b
• let an = θ̂n + aj−1/2(θ̂n), bn = θ̂n + bj−1/2(θ̂n)

• θ̂n is the solution of ℓ′(θ; x) = 0, assumed unique, and j(θ) = −ℓ′′(θ; x)
Then # bn

an
π(θ | x)dθ −→ Φ(b)− Φ(a), n→ ∞.

need π(θ) > 0,π′(θ) continuous
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Approximate normality of posterior

• X1, . . . , Xn ∼ f (x | θ), θ ∼ π(θ), π(θ | x) = f (xnx | θ)
f (x) v = (x1, . . . , xn)

• π(θ | x) ≈ N{θ̂, j−1(θ̂)}; π(θ | x) ≈ N{θ̃, ȷ̃(θ̃)}

• approximate posterior probability intervals θ̃ ≈ θ̂

• exact posterior probability intervals
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Example: vaccine e"cacy Guardian, Jan 24 2021

Link to Guardian

P#zer-BioNTech vaccine trial:

vaccine: 22000 subjects, 8 cases

placebo: 22000 subjects, 162 cases

8/162 = 5% =⇒ 95% e-cacy

data released November 18 2020 link

published December 31 2020 in NEJM link
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https://www.theguardian.com/theobserver/commentisfree/2021/jan/24/behind-the-numbers-what-does-it-mean-if-covid-vaccine-has-90-per-cent-eifficacy
https://www.statnews.com/2020/11/18/pfizer-biontech-covid19-vaccine-fda-data/comment-page-1/
https://www.nejm.org/doi/full/10.1056/NEJMoa2034577


P!zer publication NEJM January 2021

Results: A total of 43,548 participants underwent randomization, of whom 43,448
received injections: 21,720 with BNT162b2 and 21,728 with placebo. There were 8 cases of
Covid-19 with onset at least 7 days a/er the second dose among participants assigned
to receive BNT162b2 and 162 cases among those assigned to placebo; BNT162b2 was 95%
e0ective in preventing Covid-19 (95% credible interval, 90.3 to 97.6).
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P!zer publication NEJM
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Credible intervals

• vaccine group 18000 participants; 8 cases
• placebo group 18000 participants; 162 cases
• 0.05 = 8/162 −→ 95% e-cacy
• model
X1 ∼ Poisson(λψ), X2 ∼ Poisson(λ) X1 | S = X1 + X2 ∼ Binom(S,ψ/(1+ ψ))

• prior Beta(a,b) −→ posterior Beta(x1 + a, s− x1 + b)
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Credible intervals

• vaccine group 18000 participants; 8 cases
• placebo group 18000 participants; 162 cases
• 0.05 = 8/162 −→ 95% e-cacy
• model
X1 ∼ Poisson(λψ), X2 ∼ Poisson(λ) X1 | S = X1 + X2 ∼ Binom(S,ψ/(1+ ψ))

• prior Beta(a,b) −→ posterior Beta(x1 + a, s− x1 + b)

• qbeta(c(0.025,0.975), shape1 = 8.7, shape2 = 163)

• > [1] 0.02319 0.08799

• 1- .Last.value/(1-.Last.value)

• > [1] 0.97625 0.90352 VE = 1− ψ
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Highest posterior density (HPD) regions

• HPD region C for θ:

(1)
#

C
π(θ | x) = 1− α

(2) π(θ | x) ≥ π(θ∗ | x)
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Highest posterior density (HPD) regions SM 11.2.1
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Likelihood ratio based approximate con!dence regions

• X1, . . . , Xn ∼ f (x;θ)

• L(θ; x) = f (x;θ), ℓ(θ) = log L(θ; x)

•
w(θ) = 2{ℓ(θ̂)− ℓ(θ)} d→ χ2p, n→ ∞

Mathematical Statistics II February 7 2023 17



Likelihood ratio based approximate con!dence regions

• X1, . . . , Xn ∼ f (x;θ)

• L(θ; x) = f (x;θ), ℓ(θ) = log L(θ; x)

•
w(θ) = 2{ℓ(θ̂)− ℓ(θ)} d→ χ2p, n→ ∞

• approximation:
w(θ) .∼ χ2p

• approximate con#dence region

{θ : w(θ) ≤ χ2p,1−α}
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Nonparametric con!dence bands AoS 7.4

• recall X1, . . . , Xn, i.i.d.F(·)

• empirical cdf

F̂n(t) =
1
n

n$

i=1
1{X(i) ≤ t}

• properties:
E{F̂n(t)} = F(t), var{F̂n(t)} =

1
nF(t){1− F(t)}

any !xed t
• pointwise approximate con#dence limits F̂n(t)± z1−α/2[F̂n(t){1− F̂n(t)}]1/2
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Nonparametric con!dence bands AoS 7.4

• recall X1, . . . , Xn, i.i.d.F(·)

• empirical cdf

F̂n(t) =
1
n

n$

i=1
1{X(i) ≤ t}

• properties:
E{F̂n(t)} = F(t), var{F̂n(t)} =

1
nF(t){1− F(t)}

any !xed t
• pointwise approximate con#dence limits F̂n(t)± z1−α/2[F̂n(t){1− F̂n(t)}]1/2

• simultaneous con#dence band : pr{L(t) ≤ F(t) ≤ U(t) for all t} ≥ 1− α:

L(t) = max{F̂n(t)− )n,0}, U(t) = min{F̂n(t)− )n, 1}, )n =

%
1
2n log

&
2
α

'(1/2
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... Nonparametric con!dence bands AoS 7.4
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Kernel regression AoS 20.4

Mathematical Statistics II February 7 2023 20

tough
toomoth

knon par

regression

I n



Kernel regression AoS 20.4
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Kernel regression AoS 20.4
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Introduction to Formal Hypothesis testing MS 7.3, AoS 10.1

X1, . . . , Xn ∼ f (x; θ)

• Null and alternative hypothesis

• Test function

• Rejection region

• Type I and Type II error

• Power and Size
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... Hypothesis testing: intro MS 7.3, AoS 10.1

X1, . . . , Xn ∼ f (x; θ)
• Null and alternative hypothesis: H0 : θ ∈ Θ0; H1 : θ ∈ Θ1, Θ0 ∪Θ1 = Θ

• Test (decision) function: φ : X → {0, 1}
φ(X) = 1 decide θ ∈ Θ1, else decide θ ∈ Θ0

• Rejection region: R ⊂ X ; if x ∈ R “reject” H0 R = {x : φ(x) = 1}

• Type I and Type II error: Pr{X ∈ R | θ ∈ Θ0}, Pr{X /∈ R | θ ∈ Θ1}

• Power and Size: β(θ) = Prθ(X ∈ R) α = supθ∈Θ0 β(θ)

• Optimal tests: among all level-α tests, #nd that with the highest power under H1
level-α means size ≤ α
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... Hypothesis testing: intro MS 7.3

• goal is to identify R, or φ(·) with small Type I and Type II errors

• can’t reduce both errors at once see text following Ex. 7.10

• classical solution: require
Eθ{φ(X)} ≤ α, θ ∈ Θ0

• subject to this constraint, minimize

Eθ{φ(X)}, θ ∈ Θ1
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... Hypothesis testing: intro MS 7.3

• goal is to identify R, or φ(·) with small Type I and Type II errors

• can’t reduce both errors at once see text following Ex. 7.10

• classical solution: require
Eθ{φ(X)} ≤ α, θ ∈ Θ0

• subject to this constraint, minimize

Eθ{φ(X)}, θ ∈ Θ1

• #nd a test statistic, T = t(X), and φ(X) = 1{T ≥ tcrit} tcrit to be determined
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Example: Two-sample t-test EH §1.2
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... t-test AoS Ex.10.8

leukemia_big <- read.csv

("http://web.stanford.edu/~hastie/CASI_files/DATA/leukemia_big.csv")

oneline <- leukemia_big[136,]

one <- c(1:20, 35:61) # I had to extract these manually,

two <- c(21:34, 62:72) # couldn’t figure out the data frame

n1 <- length(one); n2 <- length(two)

mean_one <- sum(oneline[1,one])/n1. ##[1] 0.7524794

mean_two <- sum(oneline[1,two])/n2. ##[1] 0.9499731

var_one <- sum((oneline[1,one]-mean_one)^2)/(n1-1)

var_two <- sum((oneline[1,two]-mean_two)^2)/(n2-1)

pooled <- ((n1-1)*var_one + (n2-1)*var_two)/(n1+n2-1)

taos <- (mean_one-mean_two)/sqrt((var_one/n1)+(var_two/n2))

##[1] -3.132304

tbe <- (mean_one-mean_two)/sqrt(pooled*((1/n1)+(1/n2)))

##[1] -3.035455
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... t-test AoS Ex.10.8

• model
• null and alternative hypothesis
• rejection region
• test statistics and critical value
• type I and type II error
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Example: comparing two proportions AoS Ex.10.7

• X ∼ Binom(m,p1), Y ∼ Binom(n,p2)
• δ = p1 − p2; H0 : δ = 0
• maximum likelihood estimate of δ
• estimated standard error

• same test set: Di = Xi − Yi
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