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Today Start Recording

1. Upcoming events No Class on November 9
2. Housekeeping
3. Recap
4. Observational studies and causality
5. Measures of risk
6. Generalized linear models
7. In the News

8. O*ce Hour Wednesday November 2: 4-5 pm in person; 7-8 pm on Zoom
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Upcoming Toronto

• November 3 3.30-4.30 Statistical Sciences Seminar
Room 9014, Hydro Building
and online

Alexandra Schmidt, McGill U
“Modelling non-Gaussian spatio-temporal processes”

• November 10 9.00-6.00 CANSSI Ontario Statistical So,ware Conference
BL224 140 St. George St.
and online
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https://www.statistics.utoronto.ca/events/modelling-non-gaussian-spatio-temporal-processes
https://canssiontario.utoronto.ca/event/statistical-software-conference/


Upcoming Part 2 London
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Upcoming Part 2 London
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Upcoming Part 2 London
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Housekeeping

• Project – see course web page for outline and marking scheme

• Homework marking
• HW7 due Nov 4 (Friday)
• HW8 posted Nov 2/3/4 due Nov 16 (Wednesday)
• HW9 posted Nov 16/17 due Nov 23 (Wednesday)
• HW10 (Last) posted Nov 23/24 due Dec 1 (Wednesday)

• Syllabus – see course web page for updated syllabus
• nonparametric regression (ELM-2 Ch.14, ELM-1 Ch.11)
• survival data analysis (SM Ch.5.4, 10.8)
• analysis of categorical responses (ELM-2 Ch. 6,7, ELM-1 Ch.5)
• random e+ects and mixed models (ELM2 Ch.10, ELM-1 Ch.8)
• longitudinal data analysis (ELM-2 Ch.11, ELM-1 Ch.9)
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https://utstat.toronto.edu/reid/sta2101f/ProjectGuidelines.pdf
https://utstat.toronto.edu/reid/sta2101f/syllabus22-update1.pdf


Recap

• likelihood function inference Cheatsheet
• Maximum Likelihood Estimate θ̂ and estimated cov matrix {−ℓ′′(θ̂)}−1 = j(θ̂)−1

• Likelihood ratio test and nested models w(θ) = 2{ℓ(θ̂)− ℓ(θ)}
• Application to binomial: regression model and saturated model
• Residual deviance as a test of model -t
• Pearson’s χ2 correction

m!

i=1

"#
yi − nipi(β̂)
nipi(β̂)

$2

+

#
ni − yi − ni(1− pi(β̂))

ni{1− pi(β̂)}

$2%
= ... =
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Overdispersion ELM-2 §3.4, ELM-1 §2.11; SM 10.6

“Boxes of trout eggs were buried at ,ve di+erent stream locations and retrieved at 4 di+erent
times. The number of surviving eggs was recorded. The box was not returned to the stream.”
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... Overdispersion ELM-2 §3.4, ELM-1 §2.11; SM 10.6

• Yi ∼ Bin(ni,pi) ⇒ E(Yi) = nipi, Var(Yi) = nipi(1− pi)
• variance is determined by the mean
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... Overdispersion ELM-2 §3.4, ELM-1 §2.11; SM 10.6

• Yi ∼ Bin(ni,pi) ⇒ E(Yi) = nipi, Var(Yi) = nipi(1− pi)
• variance is determined by the mean

• bmod <- glm(cbind(survive,total-survive) ~ location + period, family = binomial,

data = troutegg)

summary(bmod)

Null deviance: 1021.469 on 19 degrees of freedom

## Residual deviance: 64.495 on 12 degrees of freedom

## AIC: 157.03
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... Overdispersion ELM-2 §3.4, ELM-1 §2.11; SM 10.6

• Yi ∼ Bin(ni,pi) ⇒ E(Yi) = nipi, Var(Yi) = nipi(1− pi)
• variance is determined by the mean

• bmod <- glm(cbind(survive,total-survive) ~ location + period, family = binomial,

data = troutegg)

summary(bmod)

Null deviance: 1021.469 on 19 degrees of freedom

## Residual deviance: 64.495 on 12 degrees of freedom

## AIC: 157.03

• quasi-binomial: E(Yi) = nipi, Var(Yi) = φnipi(1− pi)
• estimate φ? over-dispersion parameter
• usually use X2/(n− p), where

X2 =
! (yi − nip̂i)2

np̂i(1− p̂i)
−→ overdisp.RmdApplied Statistics I November 2 2022 9
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... Overdispersion ELM-2 §3.4, ELM-1 §2.11; SM 10.6

• the estimation of over-dispersion, and use of t- and F-tests, is approximate
• there isn’t a binomial model with this structure
• but it is sometimes a handy fudge

• a more formal approach is to -nd a more .exible distribution for responses that
are binary, or proportions

• for example, the beta distribution on (0, 1) has two parameters ELM-2 §3.6

f (y | α,β) = Γ(α+ β)

Γ(α)Γ(β)
yα−1(1− y)β−1, 0 < y < 1

•
E(Y) = µ =

α

α+ β
, var(Y) = µ(1− µ)

1+ α+ β
=

µ(1− µ)

1+ φ
, φ = α+ β

• logit(µi) = xTi β, etc. 1/(1+ φ) is now the overdispersion parameter
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Measures of risk

• see posted handout on case-control studies
• consider for simplicity binomial responses with a single binary covariate:

logit(pi) ∼ β0 + β1zi, i = 1, . . . ,n
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Measures of risk

• see posted handout on case-control studies
• consider for simplicity binomial responses with a single binary covariate:

logit(pi) ∼ β0 + β1zi, i = 1, . . . ,n

• no di/erence between groups ⇐⇒ odds-ratio ≡ 1 ⇐⇒ β1 = 0
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Measures of risk

• see posted handout on case-control studies
• consider for simplicity binomial responses with a single binary covariate:

logit(pi) ∼ β0 + β1zi, i = 1, . . . ,n

• no di/erence between groups ⇐⇒ odds-ratio ≡ 1 ⇐⇒ β1 = 0
• odds ratio of 3 or more is considered “large”
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... Measures of risk

• we might be interested in risk ratio p1
p0

instead of odds ratio p1(1− p0)
p0(1− p1)

• also called relative risk
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... Measures of risk

• we might be interested in risk ratio p1
p0

instead of odds ratio p1(1− p0)
p0(1− p1)

• also called relative risk
• if p1 and p0 are both small, (y = 1 is rare), then

p1
p0

≈ p1(1− p0)
p0(1− p1)

• sometimes p1/p0 can be large but if p1 and p0 are both small the risk di/erence
p1 − p0 might also be very small
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... Measures of risk

• we might be interested in risk ratio p1
p0

instead of odds ratio p1(1− p0)
p0(1− p1)

• also called relative risk
• if p1 and p0 are both small, (y = 1 is rare), then

p1
p0

≈ p1(1− p0)
p0(1− p1)

• sometimes p1/p0 can be large but if p1 and p0 are both small the risk di/erence
p1 − p0 might also be very small

• in order to estimate the di/erence we need to know the baseline risk p0
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... Measures of risk

• we might be interested in risk ratio p1
p0

instead of odds ratio p1(1− p0)
p0(1− p1)

• also called relative risk
• if p1 and p0 are both small, (y = 1 is rare), then

p1
p0

≈ p1(1− p0)
p0(1− p1)

• sometimes p1/p0 can be large but if p1 and p0 are both small the risk di/erence
p1 − p0 might also be very small

• in order to estimate the di/erence we need to know the baseline risk p0
• bacon sandwiches www.youtube.com/watch?v=4szyEbU94ig
• risk calculator https://realrisk.wintoncentre.uk/p1
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Odds ratio 0.64; baseline risk 41.4%
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Odds ratio 0.64; baseline risk 41.4%
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Odds ratio 2.91; baseline risk 1/1000
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Biostats secret sauce ELM-2 §4.3; SM §10.4.2

Whether we sample prospectively or retrospectively, the odds ratio is the same

Lung cancer
1 0

cases controls
smoke = 1 (yes) 688 650
smoke = 0 (no) 21 59

709 709

retro: OR =
(688/709)/(21/709)
(650/709)/(59/709) =

688× 59
650× 21 = 2.97

prosp: OR =
{688/(688+ 650)}/{650/(688+ 650)}

21/(21+ 59)/{59/(21+ 59)} =
688× 59
650× 21 = 2.97
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Types of observational studies

• secondary analysis of data collected for another purpose

• estimation of some feature of a de-ned population
could in principle be found exactly

• tracking across time of such features

• study of a relationship between features, where individuals may be examined
• at a single time point
• at several time points for di+erent individuals
• at di+erent time points for the same individual

• census

• meta-analysis: statistical assessment of a collection of studies on the same topic
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E"ect sizes

• Meta-analyses combine the results from many di/erent studies
• it is helpful if the coe*cient estimates are all on the same scale

• Example: Jüni et al., 2004 Rofecoxib trials online
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... E"ect sizes

• Several ‘e/ect estimates’ have been proposed
• in the context of these meta-analyses

• Cohen’s d is a di/erence in means, divided by an estimate of the standard deviation
of the di/erence not the standard error

• relative risks, or odds-ratios, for 0, 1 explanatory variables are already on a
standardized scale related to probabilities

• A-level maths paper referred to standardized estimates of β a,er logistic regression
• this might be a re-scaling of the covariates (math ability, etc.) to standardized units

??
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... E"ect sizes Thanks to Ilya
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Which reminds me Hünermand & Louw
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https://arxiv.org/pdf/2005.10314.pdf


Which reminds me Hünermand & Louw

can estimate causal e/ect

of X on Y by controlling

for Z1, but cannot estimate

causal e/ect of Z1 on Y
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Binary/Binomial responses, extras ELM-2.7, 3.6, 4.1, 4.2

• with binary data, may get complete separation of 1s and 0s
• leading to likelihood function not maximized at -nite β ELM-2 2.7

Applied Statistics I November 2 2022 23

Yi 0,1 ji Eso on3



Binary/Binomial responses, extras ELM-2.7, 3.6, 4.1, 4.2

• with binary data, may get complete separation of 1s and 0s
• leading to likelihood function not maximized at -nite β ELM-2 2.7

• sometimes binary responses can be thought of as an indicator for the size of a
latent variable Z, ELM-2 4.1

• i.e. Y = 1 ⇐⇒ Z > c for some -xed c
• distribution of Z sometimes called a tolerance distribution
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Binary/Binomial responses, extras ELM-2.7, 3.6, 4.1, 4.2

• with binary data, may get complete separation of 1s and 0s
• leading to likelihood function not maximized at -nite β ELM-2 2.7

• sometimes binary responses can be thought of as an indicator for the size of a
latent variable Z, ELM-2 4.1

• i.e. Y = 1 ⇐⇒ Z > c for some -xed c
• distribution of Z sometimes called a tolerance distribution

• could be, e.g. Z ∼ N(0, 1), then Y = 1 with probability
• if Z ∼ Logistic, then Y = 1 with probability exp(y−µ)/σ

1+exp(y−µ)/σ
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Binary/Binomial responses, extras ELM-2.7, 3.6, 4.1, 4.2

link

a specification for the model link function. This can be a name/expression,

a literal character string, a length-one character vector,

or an object of class "link-glm" (such as generated by make.link)

provided it is not specified via one of the standard names given next.

The gaussian family accepts the links (as names) identity, log and inverse;

the binomial family the links logit, probit, cauchit,

(corresponding to logistic, normal and Cauchy CDFs respectively)

log and cloglog (complementary log-log);

the Gamma family the links inverse, identity and log;

the poisson family the links log, identity, and sqrt;

and the inverse.gaussian family the links 1/mu^2, inverse, identity and log.
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Generalized linear models

glm has several options for family

binomial(link = "logit")

gaussian(link = "identity")

Gamma(link = "inverse")

inverse.gaussian(link = "1/mu^2")

poisson(link = "log")

quasi(link = "identity", variance = "constant")

quasibinomial(link = "logit")

quasipoisson(link = "log")
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Generalized linear models

glm has several options for family

binomial(link = "logit")

gaussian(link = "identity")

Gamma(link = "inverse")

inverse.gaussian(link = "1/mu^2")

poisson(link = "log")

quasi(link = "identity", variance = "constant")

quasibinomial(link = "logit")

quasipoisson(link = "log")

Each of these is a member of the class of generalized linear models

Generalized: distribution of response is not assumed to be normal

Linear: some transformation of E(yi) is of the form xTi β link function
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Generalized linear models: theory ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}
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Generalized linear models: theory ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• E(yi | xi) = b′(θi) = µi de-nes µi as a function of θi
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Generalized linear models: theory ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• E(yi | xi) = b′(θi) = µi de-nes µi as a function of θi

• g(µi) = xTi β = ηi links the n observations together via covariates
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Generalized linear models: theory ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• E(yi | xi) = b′(θi) = µi de-nes µi as a function of θi

• g(µi) = xTi β = ηi links the n observations together via covariates

• g(·) is the link function; ηi is the linear predictor
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Generalized linear models: theory ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• E(yi | xi) = b′(θi) = µi de-nes µi as a function of θi

• g(µi) = xTi β = ηi links the n observations together via covariates

• g(·) is the link function; ηi is the linear predictor

• Var(yi | xi) = φib′′(θi) = φiV(µi)
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Generalized linear models: theory ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• E(yi | xi) = b′(θi) = µi de-nes µi as a function of θi

• g(µi) = xTi β = ηi links the n observations together via covariates

• g(·) is the link function; ηi is the linear predictor

• Var(yi | xi) = φib′′(θi) = φiV(µi)

• V(·) is the variance function
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1

• Binomial: f (ri;pi) =
&
mi
ri

'
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

&
mi
miyi

'
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi), pi = E(yi)
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1

• Binomial: f (ri;pi) =
&
mi
ri

'
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

&
mi
miyi

'
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi), pi = E(yi)

• ELM (§8.1/6.1) uses ai(φ) in place of φi, later ai(φ) = φ/wi;
SM uses φi, later (p. 483) φi = φai
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... Examples ELM-2 8.1; SM 10.3.1

Family Canonical link Variance function φi

Normal η = µ 1 σ2

Binomial η = log{µ/(1− µ)} µ(1− µ) 1/mi
Poisson η = log(µ) µ 1
Gamma η = 1/µ µ2 1/ν
Inverse Gaussian η = 1/µ2 µ3 ξ
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... Examples ELM-2 8.1; SM 10.3.1

Family Canonical link Variance function φi

Normal η = µ 1 σ2

Binomial η = log{µ/(1− µ)} µ(1− µ) 1/mi
Poisson η = log(µ) µ 1
Gamma η = 1/µ µ2 1/ν
Inverse Gaussian η = 1/µ2 µ3 ξ

Gamma: f (yi;µi, ν) =
1

Γ(ν)

&
ν

µi

'ν

yν−1i exp(− ν

µi
)yi

= exp[− ν

µi
yi − ν log(

1
µi
) + (ν − 1) log(yi) + ν log(ν)− log{Γ(ν)}]

= exp{ν( yi
−µi

− log(
1
µi
) + (ν − 1) log(yi)− log Γ(ν) + ν log(ν)}
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Summary

Model:

E(yi) = µi; g(µi) = xTi β; Var(yi) = φiV(µi) φi = aiφ

Estimation:

β̂ = (XTWX)−1XTWz; z = Xβ +W−1u; z(β) = Xβ +W−1(β)u(β)

Variance:

Var(β̂) .
= (XTWX)−1 W is diagonal

On pp. 118-119 of ELM, this iteration is carried out in R on the bliss data
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Summary 2

β̂ = (XTWX)−1XTWz; z = Xβ +W−1u; z(β) = Xβ +W−1(β)u(β)
Var(β̂) .

= (XTWX)−1 W is diagonal

Wii =

ui =

Note β̂ is free of φ because of W and W−1, but Var(β̂) depends on φ

Warning: in ELM W is de-ned slightly di/erently (no φ), so he has Var(β̂) = (XTWX)−1φ̂
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Summary 2

β̂ = (XTWX)−1XTWz; z = Xβ +W−1u; z(β) = Xβ +W−1(β)u(β)
Var(β̂) .

= (XTWX)−1 W is diagonal

Wii =
1

φai{g′(µi)}2V(µi)

ui =
yi − µi

φaig′(µi)V(µi)

Note β̂ is free of φ because of W and W−1, but Var(β̂) depends on φ

Warnings

1. in ELM W is de-ned slightly di/erently (no φ), so he writes(Var(β̂) = (XTWX)−1φ̂
2. ELM uses wi where SM uses 1/ai
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Analysis of data using GLMs: overview

• choose a model, o,en based on type of response or on mean/variance relationship
• -t a model, using maximum likelihood estimation convergence (almost) guaranteed
• inference for individual coe*cients β̂j from summary

• inference for groups of coe*cients by analysis of deviance

Applied Statistics I November 2 2022 32



Analysis of data using GLMs: overview

• choose a model, o,en based on type of response or on mean/variance relationship
• -t a model, using maximum likelihood estimation convergence (almost) guaranteed
• inference for individual coe*cients β̂j from summary

• inference for groups of coe*cients by analysis of deviance

• estimation of φ based on Pearson’s Chi-square
typo in ELM p.121: cross out = var(µ̂)

φ̂ =
1

n− p

n!

i=1

(yi − µ̂i)
2

V(µ̂i)

• analysis of deviance: see p. 121 (near bottom) likelihood ratio tests
• diagnostics: same as for lm ELM p.124; SM p.477

• residuals: deviance or Pearson; can be standardized ELM likes 1/2 normal plots
• in-uential observations: uses hat matrix SMPracticals has very good GLM diagnostics

glm.diag, plot.glm.diag
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In the News
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�Äæ�Ýð ÓÝÏAÝn��ÓÝ
QæðÓ �nA�Ý� [AÏn
ÓÝ¨[�Ób �¨ínÓ AîAð
{Ï¨� QA¢�Ó 	¯ß

�©äuÖ�©� I õ�©äuÖ �© õ��b� �äÚ ¤u¤XuÖ ÚäIäuÚ
õ��� ÚäÖí���u ä¯ �uu¾ ����äÚ ¯© I©l �¯¤uÚ
�uIäuli ä�u �íÖ¯¾uI© <©�¯© �Ú I�¤�©� ä¯
õÖI¾ í¾ ÷uIÖÚ��¯©� ©u�¯ä�Iä�¯©Ú �¯Ö õ�Iä

¤���ä Xu ä�uõ¯Ö�lÓÚ¤¯Úä I¤X�ä�¯íÚ b��¤Iäu�¾¯��b÷
¾Ib�I�uÄ
�� �Iõ¤I�uÖÚ �© ä�u lu �Ibä¯ �< bI¾�äI� ¯� 	ÖíÚÚu�Ú

¾í�� �ä ¯��i �ä õ��� ÚäI©l IÚ I Öu¤IÖ�IX�u uöI¤¾�u ¯�
�¯ÖõIÖl ä��©��©� Iä I¤¯¤u©ä õ�u© �ä ¤I÷ Xu �IÖl
ä¯ Úuu ¾IÚä ä¯¤¯ÖÖ¯õÄ �¤�l b¯©bíÖÖu©ä u��¯ÖäÚ ä¯
IllÖuÚÚ �¤¤ul�Iäu �IÚ Ú�¯ÖäI�uÚ bIíÚul X÷7íÚÚ�IÓÚ
�©ôIÚ�¯© ¯� <�ÖI�©ui ä�u÷ b¯í�l äI�u I X�� Úäu¾ ä¯�
õIÖl ©uôuÖ I�I�© �uää�©� bIí��ä �© Úíb� I Ú�äíIä�¯©
X÷ lÖI¤Iä�bI��÷ Ibbu�uÖIä�©� I �¯©��äuÖ¤ Ú���ä IõI÷
�Ö¯¤ �¯ÚÚ�� �íu�ÚÄ
	íä ä¯ l¯ Ú¯i ä�u÷ �Iôu ä¯ Iô¯�l Xu�©� luÖI��ul X÷

¤¯í©ä�©� äu©Ú�¯©Ú IÖ¯í©l ä�u �¤¤ul�Iäu bÖ�Ú�Ú Öu�
Ú¾¯©Úuõ���u ä�u÷ äÖ÷ ä¯ Úõ��ä�÷ �I¤¤uÖ ¯íä �u÷ lu�
äI��Ú IX¯íä �¯õ ä�u �¯©��äuÖ¤ ÚäÖIäu�÷ õ��� õ¯Ö�Ä
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�¨î �æÏ¨·n �Ó ÝÏð�¢�
Ý¨ Qæ��e A {æÝæÏn {Ïnn ¨{ {¨ÓÓ��
{æn�Ó eæÏ�¢� A¢ n¢nÏ�ð [Ï�Ó�Ó
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0ä¯ÖuÚ ¯© 8�¯¾��ö �©bÄ Ú�íä l¯õ© ¯Ö �u�ä ä�u
u�b¯¤¤uÖbu ¾�Iä�¯Ö¤ Iä I© �©bÖuIÚ�©� ÖIäu �©
uIb� ¯� ä�u ¾IÚä ä�Öuu ÷uIÖÚi õ�ä� �íÚä æ� ¾uÖ
bu©ä ¯� Úä¯ÖuÚ ÚíÖô�ô�©� I �í�� ÷uIÖ ¯© IôuÖI�ui

Ibb¯Öl�©� ä¯ I ��¯Xu I©l)I�� I©I�÷Ú�Úi Ú�¯õ�©� ä�u
b¯¤¾I©÷ �Ú �Ib�©� I �Ö¯õ�©� ¾Ö¯X�u¤õ�ä� bíÚä¯¤�
uÖ Öuäu©ä�¯©Ä
,ääIõI�XIÚul 8�¯¾��÷ ¾Ö¯ô�luÚ ä¯¯�Ú ä¯ Úuä í¾

I©l ¯¾uÖIäu ¯©��©u Úä¯ÖuÚi I©l �IÚ Ëí�b��÷ Xub¯¤u
ä�u �uIluÖ �© �äÚ ��u�lÄ 8�¯¾��÷ �Ú ¯©u ¯� ä�u uIÚ�uÚä
¾�Iä�¯Ö¤Ú ¯© õ��b� ä¯ �Ií©b� I© u�b¯¤¤uÖbu XíÚ��
©uÚÚi I©l ä�u b¯¤¾I©÷ IääÖIbäÚ I ���� ô¯�í¤u ¯�
©uõ Úä¯Öu Ú��©�í¾ÚÄ
:�Iä �IÚ �u�¾ul ä¯ X¯¯Úä 8�¯¾��÷ÓÚ XíÚ�©uÚÚi Xíä

I©I�÷ÚäÚ �Iôu �¯©� ©¯äul �ä ¯XÚbíÖuÚ ä�u í©luÖ�÷�©�
�¯©��äuÖ¤ ÚíbbuÚÚ ÖIäu ¯� ä�u b¯¤¾I©÷ÓÚ bíÚä¯¤uÖ
XIÚuÄ
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8�¯¾��÷ �IÚ �Ibul bÖ�ä�b�Ú¤ ¯ôuÖ
ä�u ÷uIÖÚ �¯Ö I ÚíÚ¾ubäul���� ÖIäu
¯� bíÚä¯¤uÖ �¯ÚÚuÚ } ¯Ö b�íÖ© }
Xíä �ä �IÚ ©uôuÖ ¾íX��b�÷ l�Ú�
b�¯Úul ÚíÖô�ôI� ÖIäuÚ ¯� �äÚ Úä¯ÖuÚÄ
:�u ÚíÖ�u �© ä�u b¯¤¾I©÷ÓÚ

Úä¯Öu ô¯�í¤u XubI¤u uôu© ¤¯Öu
¾Ö¯©¯í©bul líÖ�©� ä�u 
,A�
�¶«
¾I©lu¤�bÄ :�u ©í¤XuÖ ¯� 8�¯¾�
��÷ Úä¯ÖuÚ uö¾�¯lul IÚ �¯b�l¯õ©Ú
lÖ¯ôu ¤I©÷ äÖIl�ä�¯©I� Ú¤I��
XíÚ�©uÚÚuÚ ä¯ ¾�ô¯ä ä¯ ¯©��©u
ÚI�uÚi I©lõ�luÖ ub¯©¯¤�b Ú�¯b�Ú
¾¯õuÖul I õIôu ¯� Xíll�©� u©�
äÖu¾Öu©uíÖÚ ä¯ äÖ÷ u�b¯¤¤uÖbu
ôu©äíÖuÚ �¯Ö ä�u ��ÖÚä ä�¤uÄ
	íä ©uõ lIäI Ú�¯õ ¤I©÷ ¯�

ä�¯Úu Úä¯ÖuÚ l�l ©¯ä �IÚäÄ
:�u ��¯Xu I©I�÷ûul lIäI �Ö¯¤

¤¯Öu ä�I© ��ôu ¤����¯© ¯©��©u
Úä¯ÖuÚ ä�Iä íÚul 8�¯¾��÷ÓÚ äub��
©¯�¯�÷ I©l �¯¯�ul Iä �¯õ �¯©�
ä�u÷ íÚul ä�u ¾�Iä�¯Ö¤Ä �¤¯©�
ä�u ��©l�©�Ú �Ú ä�Iä ä�u IôuÖI�u
Úä¯Öu ä�Iä ¯¾u©ul �© ëýë¶ �IÚäul
�íÚä ¶�æ lI÷Úi l¯õ© �Ö¯¤ ëëý lI÷Ú
�© ëý¶«i ¤uI©�©� Úä¯ÖuÚ Ú�íä
l¯õ© ¯Ö �u�ä 8�¯¾��÷ Iä I© �©�
bÖuIÚ�©�¾Ibu ¯ôuÖ ä�Iä ä�¤uÄ)uÖ�
b�I©äÚ õ�¯ ¾I�l �¯Ö I 8�¯¾��÷
5�íÚ Ibb¯í©ä } I© u©äuÖ¾Ö�Úu ¯¾�
ä�¯© õ�ä� ¤¯Öu �uIäíÖuÚ } �Il I
ÚíXÚäI©ä�I��÷ ����uÖ ÚíÖô�ôI� ÖIäuÄ
:�u lIäI Úí¾¾¯Öä ä�u õ�luÖ

ô�uõi Ib�©¯õ�ul�ul X÷ 8�¯¾��÷
�uIluÖÚ ä�u¤Úu�ôuÚi ä�Iä ä�u u�
b¯¤¤uÖbu X¯¯¤ ä�Iä uö¾�¯lul
�© ä�u ��ÖÚä äõ¯ ÷uIÖÚ ¯� ä�u ¾I©�
lu¤�b �IÚ ¾Ö¯ôu© ä¯ Xu í©ÚíÚ�
äI�©IX�uÄ �í©lÖulÚ ¯� ä�¯íÚI©lÚ
¯� õ¯í�l�Xu u©äÖu¾Öu©uíÖÚ l�Ú�
b¯ôuÖul ä�Iä Úuää�©� í¾ I© ¯©��©u
XíÚ�©uÚÚ �Ú ä�u uIÚ÷ ¾IÖäÄ %uu¾�©�
�ä �¯�©� I©l ¤I��©� ¤¯©u÷ �Ú
¤íb� �IÖluÖÄ
:�u lIäI I�Ú¯ Ú�¯õ 8�¯¾��÷ÓÚ

bíÚä¯¤uÖ ÚíÖô�ôI� ÖIäu �Ú ÚíXÚäI©�
ä�I��÷ �¯õuÖ ä�I© �äÚ Ö�ôI�Úi ÖI�Ú�©�
ËíuÚä�¯©Ú IX¯íä �¯õ �ä bI©¤I�©�
äI�© �äÚ �¯©��äuÖ¤ l¯¤�©I©bu �©
ä�u bÖ¯õlul u�b¯¤¤uÖbu �©líÚ�
äÖ÷Ä
Ð,©u ¯� ä�u b¯Öu ä��©�Ú 8�¯¾�

��÷ l¯uÚ �Ú X¯ä� I X�uÚÚ�©� I©l I
bíÖÚuiÑ ÚI�l7�b�BIäÚ¯©i b��u� uö�
ubíä�ôu ¯� 7)B 
¯¤¤uÖbu 
¯©�
Úí�ä�©�i I© u�b¯¤¤uÖbu b¯©Úí��
äI©b÷ ��Ö¤ XIÚul �© *uõ D¯Ö�Ä
Ð	ubIíÚu õ���u �ä �uu¾Ú ä�u b¯Úä
¯� u©äÖu¾Öu©uíÖÚ��¾ l¯õ©i l¯�©�
Ú¯ l¯uÚ©Óä ¤uI© ä�Iä ä�u ËíI��ä÷
¯� ¤uÖb�I©äÚ �Ú �¯�©� í¾ÄÑ

�bb¯Öl�©� ä¯ 8�¯¾��÷ÓÚ I©©íI� Öu�
¾¯ÖäÚi �ä �Il Ð¯ôuÖ ¯©u ¤����¯©
¤uÖb�I©äÚÑ IÚ ¯� 
ubÄ æ¶i ëý¶«Ý
IX¯íä ¶ÄÞ ¤����¯© IÚ ¯� 
ubÄ æ¶i
ëýëýÝ I©l IX¯íä ëÄ¶ ¤����¯© IÚ ¯�

ubÄ æ¶i ëýë¶Ä À8�¯¾��÷ Öu�uÖÚ ä¯
Úä¯ÖuÚ IÚ Ð¤uÖb�I©äÚÑ �© �äÚ I©�
©íI� Öu¾¯Öäi Xíä ä�u b¯¤¾I©÷
l¯uÚ ©¯ä äÖIb� ä�u ©í¤XuÖ ¯�
í©�Ëíu ¾u¯¾�u Xu��©l ä�¯Úu
Úä¯ÖuÚi I©l ¯©u ¾uÖÚ¯© bI© Úuä í¾
¤í�ä�¾�u Úä¯ÖuÚÄÁ
:�u �©bÖuIÚu �©¤uÖb�I©äÚ õIÚ

b¯©Ú�Úäu©ä�÷ b�äul IÚ I ¤I�¯Ö ÖuI�
Ú¯© �¯Ö ä�u b¯¤¾I©÷ÓÚ Öuôu©íu
�Ö¯õä� líÖ�©� ä�u ¾I©lu¤�bi Ib�
b¯Öl�©� ä¯ 8�¯¾��÷ÓÚ ��©I©b�I� Öu�
¾¯ÖäÚÄ �Ö¯¤ <8r¶Äß�X����¯© �©
ëý¶«i 8�¯¾��÷ÓÚ Öuôu©íu �í¤¾ul
X÷ zß ¾uÖ bu©ä ä¯ <8rëÄ«�X����¯© �©
ëýëý I©l �©bÖuIÚul I �íÖä�uÖ �Þ
¾uÖ bu©ä �© ëýë¶ ä¯ <8r�Äß�X����¯©Ä
	íä Ú¯ �IÖ �© ëýëëi �Ö¯õä� �IÚ
Ú�¯õul Ú�IÖ¾�÷Ä
�¯Ö :�u ��¯XuÓÚ I©I�÷Ú�Ú ¯�

8�¯¾��÷ lIäIi �¯íÖ©I��ÚäÚ õ¯Ö�ul
õ�ä� &¯b�Ú�lu 8¯�äõIÖu �©bÄi I
A�bä¯Ö�I�XIÚul äub� b¯¤¾I©÷i
õ��b� ¯¾uÖIäuÚ I lIäIXIÚu ¯� u�
b¯¤¤uÖbu Úä¯ÖuÚ bI��ul 8ä¯Öu
&uIlÚÄ :�u lIäIXIÚu �Ú Xí��ä X÷
b¯��ubä�©� �©�¯Ö¤Iä�¯© �Ö¯¤ ä�u

¯¤I�© *I¤u 8÷Úäu¤i I bu©äÖI�
�©äuÖ©uä Öu¾¯Ú�ä¯Ö÷ ¯� l¯¤I�©
©I¤uÚ I��© ä¯ I b¯©ÚäI©ä�÷�
b�I©��©� l���äI� ¾�¯©u X¯¯�Ä
8ä¯Öu &uIlÚ �IÚ l¯©u I õuu��÷

Ú©I¾Ú�¯ä ¯� ä�Iä ¾�¯©u X¯¯�
Ú�©bu ëý¶« I©l �¯��ul l¯¤I�©Ú
ä�Iä b¯©äI�© lIäI �©l�bIä�©� ä�u÷
õuÖu Úuä í¾ ä�Ö¯í�� u�b¯¤¤uÖbu
¾�Iä�¯Ö¤ÚÄ �bb¯Öl�©� ä¯ :�u
��¯XuÓÚ I©I�÷Ú�Ú ¯� 8ä¯Öu &uIlÚ
lIäIi ¶Äë ¤����¯© 8�¯¾��÷ l¯¤I�©Ú
õuÖu Úuä í¾ �© ëý¶«i ¶Äz ¤����¯©
õuÖu Úuä í¾ �© ëýëý I©l ¶Äß ¤���
��¯© õuÖu Úuä í¾ �© ëýë¶Ä
:�u ��¯Xu ä�u© ¾uÖ�¯Ö¤ul I

ÚíÖô�ôI� I©I�÷Ú�Ú ¯© ä�u lIäIXIÚu
X÷ õÖ�ä�©� I b¯¤¾íäuÖ ÚbÖ�¾ä ä�Iä

À*¯ä I�� ëýë¶ Úä¯ÖuÚ �Il I �í�� ÷uIÖ
ä¯ Xu ¯¾u© XubIíÚu ¯� ä�u lIäu
bíä¯�� �© ä�u lIäIi I©l :�u
��¯XuÓÚ ÚäIä�Úä�bI� ¤¯lu���©� Ib�
b¯í©äul �¯Ö ä��ÚÄÁ �© ¯ä�uÖ õ¯ÖlÚi
8�¯¾��÷ÓÚ Úä¯ÖuÚ �Iôu Xuu© b�¯Ú�
�©� ¯Ö �uIô�©� ä�u ¾�Iä�¯Ö¤ �IÚäuÖ
�© Öubu©ä ÷uIÖÚÄ
:��Ú ¾Ibu ¯� b�¯Ú�©�Ú �Ú I�Ú¯

¤íb� �IÚäuÖ ä�I© �© ä�u õ�luÖ
ub¯©¯¤÷Ä �bb¯Öl�©� ä¯ I �uluÖI�
�¯ôuÖ©¤u©ä Úäíl÷ ¯� ëýý¶ ä¯ ëý¶z
lIäIi «ë ¾uÖ bu©ä ¯� XíÚ�©uÚÚuÚ
õ�ä� ¯©u ä¯ �¯íÖ u¤¾�¯÷uuÚ ÚíÖ�
ô�ôul ä�u�Ö ��ÖÚä ÷uIÖÝ �I�� ÚíÖ�
ô�ôul u���ä ÷uIÖÚÄ �© �Ibäi Ibb¯Öl�
�©� ä¯ 8äIä�Úä�bÚ 
I©IlIi XíÚ�©uÚÚ�
uÚ õuÖu IbäíI��÷ �uÚÚ ���u�÷ ä¯
b�¯Úu líÖ�©� ¤¯Úä ¯� ëýëý I©l
ëýë¶ ä�I© ä�u ÷uIÖÚ Xu�¯Öui I ��©l�
�©� ¤I©÷ ub¯©¯¤�ÚäÚ bÖul�ä ä¯
¾I©lu¤�b I�l ¾Ö¯¾¾�©� í¾ XíÚ��
©uÚÚuÚÄ
�© I ÚäIäu¤u©ä ä¯ :�u ��¯Xui

8�¯¾��÷ b¯¤¤í©�bIä�¯©Ú¤I©I��
uÖ $Ib��u BIÖÖu© ÚI�l ä�u b¯¤¾I�
©÷ �IÚ �u¾ä Ðä�u b¯Úä ¯� �I��íÖu Ú¯
�¯õÑ ä�Iä ¤¯Öu �©l�ô�líI�Ú IÖu
IX�u ä¯ äÖ÷ ä�u�Ö �I©l Iä u©äÖu¾Öu�
©uíÖÚ��¾Ä 8�u ÚI�l 8�¯¾��÷ �©¯õÚ
Ð¤I©÷ XíÚ�©uÚÚuÚi ¯Ö �luIÚi ¤I÷
©¯ä Úíbbuul �¯Ö I ôIÖ�uä÷ ¯� ÖuI�
Ú¯©Ú ä�u ��ÖÚä ä�¤ui ä�u Úub¯©l
ä�¤u¯Ö uôu© ä�u ¶ëä� ä�¤uÄÑ 8�¯¾�
��÷ �Ú IX�u ä¯ ¾Ö¯ô�lu XíÚ�©uÚÚuÚ
ä�u�Ö ÚäIÖä õ�ä� Öulíbul XIÖÖ�uÖÚi
Ú�u ÚI�lÄ
8�¯¾��÷ ÚI�l :�u ��¯XuÓÚ lIäI

õuÖu l���uÖu©ä �Ö¯¤ ä�u b¯¤¾I�
©÷ÓÚ �©äuÖ©I� ©í¤XuÖÚi Xíä õ¯í�l
©¯ä Ú¾ub��÷ õ�÷ ä�Iä �Ú ¯Ö ¾Ö¯ô�lu
ä�¯Úu ���íÖuÚÄ
ÐB���uõul¯©¯ä Ú�IÖu Ú¾ub���b

¾Ö¯¾Ö�uäIÖ÷ lIäIi õu bI© äu�� ÷¯í
ä�Iä ä�u b�íÖ© I©I�÷Ú�Ú �Ú lÖIÚä��
bI��÷ l���uÖu©ä �Ö¯¤ ¯íÖ ¯õ© I©l
ä�u b¯©b�íÚ�¯©Ú lÖIõ© IÖu �I�ÚuiÑ
)ÚÄ BIÖÖu© ÚI�lÄ ÐBu u©b¯íÖI�u
uöäÖu¤u bIíä�¯© õ�u© íÚ�©�
ä��Öl�¾IÖä÷ lIäI IÚ �ä �Ú ¯�äu© �©�
IbbíÖIäu I©l �©b¯¤¾�uäuÄÑ
:¯¤ �¯Öäui ¤I©I��©� l�Öubä¯Ö

I©l Úu©�¯Ö ÖuÚuIÖb� I©I�÷Úä Iä

Ä�Ä 
Iô�lÚ¯©i I )¯©äI©I�XIÚul
�©ôuÚä¤u©ä XI©�i õ�¯ õIäb�uÚ
��¯XI� u�b¯¤¤uÖbu b¯¤¾I©�uÚ
b�¯Úu�÷i Öuô�uõul :�u ��¯XuÓÚ
I©I�÷Ú�Ú I©l ÚI�l �ä õIÚ �© ��©u
õ�ä� ��Ú uö¾ubäIä�¯©Ú XIÚul ¯©
��Ú ÖuÚuIÖb�Ä )ÖÄ BIäÚ¯© �Ö¯¤
7)B 
¯¤¤uÖbu 
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