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Predictions

And see “Land doesn’t vote”

twitter.com/simongerman600/status/1591175192834965515?s=12
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Today

1. Upcoming events
2. Reminder re Project
3. Recap
4. Finish generalized linear models
5. Survival data

Project Guidelines STA 2101F: Methods of Applied Statistics I 2022

Outline

• Part I 3–5 pages, non-technical 12 point type, 1.5 vertical spacing, thank you

1. a description of the scientific problem of interest

2. how (and why) the data being analyzed was collected

3. preliminary description of the data (plots and tables)

4. non-technical summary for a non-statistician of the analysis and conclusions

• Part II 3–5 pages, technical LaTeX or R markdown; submit .Rmd and .pdf files

1. models and analysis

2. summary for a statistician of the analysis and conclusions

• Part III Appendix submit .Rmd and .pdf or .html files

R script or .Rmd file; additional plots; additional analysis; References

Project Marking

• 40 points total

• Part I:
description of data and scientific problem 5
suitability of plots and tables 5 clear, non-technical, concise but thorough
quality of the presentation 5

• Part II:
summary of the modelling and methods 5 justification for choices
suitability and thoroughness of the analysis 10 model checks, data checks

• Part III:
relevance of additional material 5
complete and reproducible submission 5
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Upcoming Toronto

• November 17 3.30-4.30 Statistical Sciences Seminar
Room 9014, Hydro Building
and online

Qiongshi Li, U Wisconsin
“New Advances in Genetic Risk Prediction”

• November 18 12.00-1.00 Toronto Data Workshop
UY 9195 and zoom
Lindsay Katz, U Toronto
“... a new comprehensive database of all proceedings of Australian Parliamentary
debates”
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https://www.statistics.utoronto.ca/events/new-advances-genetic-risk-prediction-model-fine-tuning-benchmarking-and-portability
https://utoronto.zoom.us/j/84277066292


This just in Link: Job site at SSC

link

We are currently hiring a Statistical Programmer for our client, a global pharmaceutical
company and one of the largest pharmaceutical companies in the world. The company
is known for its success in researching developing and marketing innovative drugs.

The Statistical Programmer will be responsible for the development of SAS programs
and statistical output for the management and reporting of clinical trial data managed
by the Unit. Ensure quality of statistical output produced by external provider, programs
tools to support data review activities and data visualization and collaborate on the
interpretation and communication of trial results. ...
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ssc.ca employment

otherjobpages

https://ssc.ca/en/employment
https://www.linkedin.com/jobs/search/?currentJobId=3316613665&keywords=brunel%20statistical%20programmer


And this Economist, November 5

“Anxiety on the day of the test did not predict exam performance at all. ... What actually
hampered students, it turned out, were high levels of anxiety during the weeks before
the exam took place. ” Economist

Source: Psychological Science, Theobold et al. 2022Applied Statistics I November 16 2022 4

https://journals.sagepub.com/doi/epub/10.1177/09567976221119391


Applied Statistics II

YouTube Link
Applied Statistics I November 16 2022 5

https://www.youtube.com/watch?v=xM1vf_KT76g&t=1s


Recap

• brief review of likelihood theory
• overdispersion; troutegg example; Pearson’s χ2; beta-binomial mgcv::betar

• measures of risk: odds ratio, risk ratio, risk di*erence; prospective and
retrospective sampling

• binary responses: non-convergence; latent variables
• generalized linear models: families, density, linear predictor, link function, variance
function
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Generalized linear models

glm has several options for family

binomial(link = "logit")

gaussian(link = "identity")

Gamma(link = "inverse")

inverse.gaussian(link = "1/mu^2")

poisson(link = "log")

quasi(link = "identity", variance = "constant")

quasibinomial(link = "logit")

quasipoisson(link = "log")
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Generalized linear models

glm has several options for family

binomial(link = "logit")

gaussian(link = "identity")

Gamma(link = "inverse")

inverse.gaussian(link = "1/mu^2")

poisson(link = "log")

quasi(link = "identity", variance = "constant")

quasibinomial(link = "logit")

quasipoisson(link = "log")

Each of these is a member of the class of generalized linear models

Generalized: distribution of response is not assumed to be normal

Linear: some transformation of E(yi) is of the form xTi β link function
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Link functions

link

a specification for the model link function. This can be a name/expression,

a literal character string, a length-one character vector, or an object

of class "link-glm" (such as generated by make.link)

provided it is not specified via one of the standard names given next.

The gaussian family accepts the links (as names) identity, log and inverse;

the binomial family the links logit, probit, cauchit, (corresponding to logistic,

normal and Cauchy CDFs respectively) log and cloglog (complementary log-log);

the Gamma family the links inverse, identity and log;

the poisson family the links log, identity, and sqrt;

and the inverse.gaussian family the links 1/mu^2, inverse, identity and log.

The quasi family accepts the links logit, probit, cloglog, identity, inverse, log,
Applied Statistics I November 16 2022 8

HEI nate

T GE nie

FI
pi atf

I fig Gaa City



Generalized linear models: notation ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• density: f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• moments: E(yi | xi) = b′(θi) = µi Var(yi | xi) = φib′′(θi) = φiV(µi)
µi is a function of θi

Applied Statistics I November 16 2022 9
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Generalized linear models: notation ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• density: f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• moments: E(yi | xi) = b′(θi) = µi Var(yi | xi) = φib′′(θi) = φiV(µi)
µi is a function of θi

• link function: g(µi) = xTi β = links the n observations together via covariates

• linear predictor: ηi = xTi β residual plots

Applied Statistics I November 16 2022 9
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Generalized linear models: notation ELM-2 8.1,2; SM 10.3; ELM-1 6.1,2

• density: f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• moments: E(yi | xi) = b′(θi) = µi Var(yi | xi) = φib′′(θi) = φiV(µi)
µi is a function of θi

• link function: g(µi) = xTi β = links the n observations together via covariates

• linear predictor: ηi = xTi β residual plots

• Var(yi | xi) = φib′′(θi) = φiV(µi)

• V(·) is the variance function
ELM has ai(φ) instead of φi, later ai(φ) = φ/wi

SM has φi, later φi = aiφ

Applied Statistics I November 16 2022 9
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Diagnostics ELM-2 8.4; ELM-1 6.4
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1

• Binomial: f (ri;pi) =
!
mi
ri

"
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

!
mi
miyi

"
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi), pi = E(yi)
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2,b′(µi) = µi,b′′(µi) = 1

• Binomial: f (ri;pi) =
!
mi
ri

"
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

!
mi
miyi

"
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi), pi = E(yi)

• ELM (§8.1/6.1) uses ai(φ) in place of φi, later ai(φ) = φ/wi;
SM uses φi, later (p. 483) φi = φai
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... Examples ELM-2 8.1; ELM-1 6.1; SM 10.3.1

Family Canonical link Variance function φi

Normal η = µ 1 σ2

Binomial η = log{µ/(1− µ)} µ(1− µ) 1/mi
Poisson η = log(µ) µ 1
Gamma η = 1/µ µ2 1/ν
Inverse Gaussian η = 1/µ2 µ3 ξ

Applied Statistics I November 16 2022 13
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... Examples ELM-2 8.1; ELM-1 6.1; SM 10.3.1

Family Canonical link Variance function φi

Normal η = µ 1 σ2

Binomial η = log{µ/(1− µ)} µ(1− µ) 1/mi
Poisson η = log(µ) µ 1
Gamma η = 1/µ µ2 1/ν
Inverse Gaussian η = 1/µ2 µ3 ξ

Gamma: f (yi;µi, ν) =
1

Γ(ν)

!
ν

µi

"ν

yν−1i exp(− ν

µi
)yi

= exp[− ν

µi
yi − ν log(

1
µi
) + (ν − 1) log(yi) + ν log(ν)− log{Γ(ν)}]

= exp[ν{ yi
−µi

− log(
1
µi
) + log(yi)− log Γ(ν) + log(ν)− 1

ν
log(yi)}]

canonical link conventionally ignores the −sign
Applied Statistics I November 16 2022 13
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Inference

• ℓ(β; y) =
n#

i=1

$
yiθi − b(θi)

φi
+ c(yi,φi)

%
b′(θi) = µi; b′′(θi) = V(µi)

• g(µi) = g{b′(θi)} = ηi = xT

i β

• ∂ℓ(β; y)
∂βj

=
# ∂ℓi

∂θi

∂θi
∂βj

=
# yi − b′(θi)

φi

∂θi
∂βj
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Inference

• ℓ(β; y) =
n#

i=1

$
yiθi − b(θi)

φi
+ c(yi,φi)

%
b′(θi) = µi; b′′(θi) = V(µi)

• g(µi) = g{b′(θi)} = ηi = xT

i β

• ∂ℓ(β; y)
∂βj

=
# ∂ℓi

∂θi

∂θi
∂βj

=
# yi − b′(θi)

φi

∂θi
∂βj

• g′{b′(θi)}b′′(θi)
∂θi
∂βj

= xij = g′(µi)V(µi)
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Inference

• ℓ(β; y) =
n#

i=1

$
yiθi − b(θi)

φi
+ c(yi,φi)

%
b′(θi) = µi; b′′(θi) = V(µi)

• g(µi) = g{b′(θi)} = ηi = xT

i β

• ∂ℓ(β; y)
∂βj

=
# ∂ℓi

∂θi

∂θi
∂βj

=
# yi − b′(θi)

φi

∂θi
∂βj

• g′{b′(θi)}b′′(θi)
∂θi
∂βj

= xij = g′(µi)V(µi)

• ∂ℓ(β; y)
∂βj

=
# yi − µi

φig′(µi)V(µi)
xij =

# yi − µi
aiφg′(µi)V(µi)

xij
when φi = aiφ
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Inference

• ℓ(β; y) =
n#

i=1

$
yiθi − b(θi)

φi
+ c(yi,φi)

%
b′(θi) = µi; b′′(θi) = V(µi)

• g(µi) = g{b′(θi)} = ηi = xT

i β

• ∂ℓ(β; y)
∂βj

=
# ∂ℓi

∂θi

∂θi
∂βj

=
# yi − b′(θi)

φi

∂θi
∂βj

• g′{b′(θi)}b′′(θi)
∂θi
∂βj

= xij = g′(µi)V(µi)

• ∂ℓ(β; y)
∂βj

=
# yi − µi

φig′(µi)V(µi)
xij =

# yi − µi
aiφg′(µi)V(µi)

xij
when φi = aiφ

• matrix notation:
∂ℓ(β)

∂β
= XTu(β), X =

∂η

∂βT
, u = (u1, . . . ,un), ui =

yi − µi
φig′(µi)V(µi)
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Scale parameter φi

• in most cases, either φi is known, or φi = φai, where ai is known

• Normal distribution, φ = σ2

• Binomial distribution φi = m−1
i

• Gamma distribution, φ = 1/ν

Family Canonical link Variance function φi

Normal η = µ 1 σ2
Binomial η = log{µ/(1 − µ)} µ(1 − µ) 1/mi
Poisson η = log(µ) µ 1
Gamma η = 1/µ µ2 1/ν
Inverse Gaussian η = 1/µ2 µ3 ξ
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Scale parameter φi

• in most cases, either φi is known, or φi = φai, where ai is known

• Normal distribution, φ = σ2

• Binomial distribution φi = m−1
i

• Gamma distribution, φ = 1/ν

Family Canonical link Variance function φi

Normal η = µ 1 σ2
Binomial η = log{µ/(1 − µ)} µ(1 − µ) 1/mi
Poisson η = log(µ) µ 1
Gamma η = 1/µ µ2 1/ν
Inverse Gaussian η = 1/µ2 µ3 ξ

• ∂ℓ(β; y)
∂βj

=
# yi − µi

φig′(µi)V(µi)
xij =

# yi − µi
aiφg′(µi)V(µi)

xij
when φi = aiφ

• if θi = g(µi) canonical link, then g′(µi) = 1/V(µi), and
# yixij

ai
=

# yiµ̂ixij
aiApplied Statistics I November 16 2022 15

pg

e Ey

af et
it easyis



Solving maximum likelihood equation

• Newton-Raphson: ℓ′(β̂) = 0 ≈ ℓ′(β) + ℓ′′(β)(β̂ − β)

de#nes iterative scheme

• β̂(t+1) = β̂(t) − {ℓ′′(β̂(t))}−1ℓ′(β̂(t))

Applied Statistics I November 16 2022 16
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Solving maximum likelihood equation

• Newton-Raphson: ℓ′(β̂) = 0 ≈ ℓ′(β) + ℓ′′(β)(β̂ − β)

de#nes iterative scheme

• β̂(t+1) = β̂(t) − {ℓ′′(β̂(t))}−1ℓ′(β̂(t))

• Fisher scoring: −ℓ′′(β) ← E{−ℓ′′(β)} = i(β)
many books use I(β)

• β̂(t+1) = β̂(t) + {i(β̂(t))}−1ℓ′(β̂(t))
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Solving maximum likelihood equation

• Newton-Raphson: ℓ′(β̂) = 0 ≈ ℓ′(β) + ℓ′′(β)(β̂ − β)

de#nes iterative scheme

• β̂(t+1) = β̂(t) − {ℓ′′(β̂(t))}−1ℓ′(β̂(t))

• Fisher scoring: −ℓ′′(β) ← E{−ℓ′′(β)} = i(β)
many books use I(β)

• β̂(t+1) = β̂(t) + {i(β̂(t))}−1ℓ′(β̂(t))

• applied to matrix version: XTu(β̂) = 0 .
= XTu(β) + (β̂ − β)XT

∂u(β)
∂βT

ui =
yi−µi

φig′(µi)V(µi)

• change to Fisher scoring: XTu(β̂) = 0 .
= XTu(β) + (β̂ − β)XTE

$
∂u(β)
∂βT

%

β̂ = β + i(β)−1XTu(β)
Applied Statistics I November 16 2022 16



... maximum likelihood equation

β̂ = β + i(β)−1XTu(β)

• ∂2ℓ(β; y)
∂βj∂βk

=

Applied Statistics I November 16 2022 17



... maximum likelihood equation

β̂ = β + i(β)−1XTu(β)

• ∂2ℓ(β; y)
∂βj∂βk

=
# −b′′(θi)

φi

!
∂θi
∂βj

"!
∂θi
∂βk

"
+

# yi − b′(θi)
φi

∂2θi
∂βj∂βk
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... maximum likelihood equation

β̂ = β + i(β)−1XTu(β)

• ∂2ℓ(β; y)
∂βj∂βk

=
# −b′′(θi)

φi

!
∂θi
∂βj

"!
∂θi
∂βk

"
+

# yi − b′(θi)
φi

∂2θi
∂βj∂βk

• E
!
−
∂2ℓ(β; y)
∂βj∂βk

"
=

# V(µi)
φi

xij
g′(µi)V(µi)

xik
g′(µi)V(µi)

=
# xijxik

φi{g′(µi)}2V(µi)
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... maximum likelihood equation

β̂ = β + i(β)−1XTu(β)

• ∂2ℓ(β; y)
∂βj∂βk

=
# −b′′(θi)

φi

!
∂θi
∂βj

"!
∂θi
∂βk

"
+

# yi − b′(θi)
φi

∂2θi
∂βj∂βk

• E
!
−
∂2ℓ(β; y)
∂βj∂βk

"
=

# V(µi)
φi

xij
g′(µi)V(µi)

xik
g′(µi)V(µi)

=
# xijxik

φi{g′(µi)}2V(µi)
•

β̂ = β + (XTWX)−1XTu(β) = (XTWX)−1{XTWXβ + XTu(β)}
= (XTWX)−1{XTW(Xβ +W−1u(β)}
= (XTWX)−1XTWz
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... maximum likelihood equation

β̂ = β + i(β)−1XTu(β)

• ∂2ℓ(β; y)
∂βj∂βk

=
# −b′′(θi)

φi

!
∂θi
∂βj

"!
∂θi
∂βk

"
+

# yi − b′(θi)
φi

∂2θi
∂βj∂βk

• E
!
−
∂2ℓ(β; y)
∂βj∂βk

"
=

# V(µi)
φi

xij
g′(µi)V(µi)

xik
g′(µi)V(µi)

=
# xijxik

φi{g′(µi)}2V(µi)
•

β̂ = β + (XTWX)−1XTu(β) = (XTWX)−1{XTWXβ + XTu(β)}
= (XTWX)−1{XTW(Xβ +W−1u(β)}
= (XTWX)−1XTWz

• does not involve φi iteratively re-weighted least squares W, z both depend on β

• derived response z = Xβ +W−1u linearized version of y

Applied Statistics I November 16 2022 17



Summary

Model:

E(yi) = µi; g(µi) = xTi β; Var(yi) = φiV(µi) φi = aiφ

Estimation:

β̂ = (XTWX)−1XTWz; z = Xβ +W−1u; z(β) = Xβ +W−1(β)u(β)

Variance:

Var(β̂) .
= (XTWX)−1 W is diagonal

On pp. 118-119 of ELM, this iteration is carried out in R on the bliss data
Applied Statistics I November 16 2022 18



Summary 2

β̂ = (XTWX)−1XTWz; z = Xβ +W−1u; z(β) = Xβ +W−1(β)u(β)
Var(β̂) .

= (XTWX)−1 W is diagonal

Wii =
1

φai{g′(µi)}2V(µi)

ui =
yi − µi

φaig′(µi)V(µi)

Note β̂ is free of φ because of W and W−1, but Var(β̂) depends on φ

Warnings

1. in ELM W is de.ned slightly di*erently (no φ), so he writes&Var(β̂) = (XTWX)−1φ̂
2. ELM uses wi where SM uses 1/ai

Applied Statistics I November 16 2022 19
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Analysis of data using GLMs: overview

• choose a model, o/en based on type of response or on mean/variance relationship
• .t a model, using maximum likelihood estimation convergence (almost) guaranteed
• inference for individual coe0cients β̂j from summary

• inference for groups of coe0cients by analysis of deviance

Applied Statistics I November 16 2022 20



Analysis of data using GLMs: overview

• choose a model, o/en based on type of response or on mean/variance relationship
• .t a model, using maximum likelihood estimation convergence (almost) guaranteed
• inference for individual coe0cients β̂j from summary

• inference for groups of coe0cients by analysis of deviance

• estimation of φ based on Pearson’s Chi-square
typo in ELM p.121: cross out = var(µ̂)

φ̂ =
1

n− p

n#

i=1

(yi − µ̂i)
2

V(µ̂i)

• analysis of deviance: see p. 121 (near bottom) likelihood ratio tests
• diagnostics: same as for lm ELM p.124; SM p.477

• residuals: deviance or Pearson; can be standardized ELM likes 1/2 normal plots
• in&uential observations: uses hat matrix SMPracticals has very good GLM diagnostics

glm.diag, plot.glm.diag
Applied Statistics I November 16 2022 20
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Analysis of survival data SM 5.4

• response is time to event – failure of a unit, death of a patient, length of
unemployment

• response takes values in [0,∞)

• responses may be censored we know y > c only

Applied Statistics I November 16 2022 21
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Analysis of survival data SM 5.4

• response is time to event – failure of a unit, death of a patient, length of
unemployment

• response takes values in [0,∞)

• responses may be censored we know y > c only

• density function f (y); cumulative distribution function F(y)
• survivor function S(y) = 1− F(y) = pr(Y ≥ y) assume distribution of y is continuous
• hazard function λ(y) = pr(failure “at” y | survival to y) force of mortality
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Analysis of survival data SM 5.4

• response is time to event – failure of a unit, death of a patient, length of
unemployment

• response takes values in [0,∞)

• responses may be censored we know y > c only

• density function f (y); cumulative distribution function F(y)
• survivor function S(y) = 1− F(y) = pr(Y ≥ y) assume distribution of y is continuous
• hazard function λ(y) = pr(failure “at” y | survival to y) force of mortality
•

λ(y) = lim
h→0

1
hpr(y ≤ Y < y + h | Y ≥ y) = f (y)

S(y)
• cumulative hazard function

Λ(y) =
' y

0
λ(u)du

SM uses h(·) for λ(·)
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Some parametric models SM 5.4

• exponential: density f (y) = λe−λy

• Weibull: survivor fn S(y) = exp{−(y/θ)α}; hazard function λ(y) = αθ−αyα−1

• Gamma: hazard function
λ(y) = λαyα−1e−λy

(∞
y λαuα−1e−λudu

• log-logistic: survivor function

S(y) = 1
1+ (λy)α

• sometimes it’s more convenient to specify the density, sometimes the hazard,
sometimes the survivor function
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Data and censoring SM 5.4

• sample of size n, we observe (y1,d1), . . . , (yn,dn) independent
• yi = min(y0i , ci) where Y0i ∼ f (·) and Ci ∼ g(·)
• Ci is an associated censoring time for unit i
• di = 1 if yi is uncensored; di = 0 if yi is censored
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Parametric Inference: single sample SM 5.4.2

• data (y1,d1), . . . , (yn,dn)
• likelihood function

L(θ; y,d) =
n)

i=1
f (yi; θ)di{1− F(yi; θ}1−di

=
n)

i=1

*
f (yi; θ)

1− F(yi; θ)

+di
{1− F(yi; θ)}

=
n)

i=1
λ(yi; θ)di{1− F(yi; θ)}

• log-likelihood function cumulative hazard function

ℓ(θ; y,d) =
n#

i=1
di log{λ(yi; θ)}− Λ(yi; θ)

• any of the models above could be used for inference
SM Example 5.8: exponential, Weibull
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Non-parametric inference: single sample SM 5.4.3

• order the observed times y1 < y2 < · · · < yn
• Kaplan-Meier estimator of survivor function: life-table

,S(y) =
)

yi≤y

!
1− 1

ri

"di

•
var{,S(y)} .

= {,S(y)}2
#

yi≤y

di
ri(ri − di)

• censoring indicator di = 1 if yi is a failure time

• ri = number of items available to fail at time yi
= #{j; yj ≥ yi}
= n− i+ 1 if there are no ties in the data
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... Non-parametric inference: single sample SM 5.4.3
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Regression analysis SM 10.8

• data (yi,di, xi), i = 1, . . . ,n independent still ordered

• parametric inference: model hazard function or density function in terms of yi | xi
• log-likelihood function ℓ(β; y,d, x) =

-n
i=1 di log{λ(yi; xi,β)}− Λ(yi; xi,β)

SM Example 10.36

• proportional hazards model

λ(yi; xi,β) = λ0(yi) exp{xTi β}

• partial likelihood

Lpart(β; t, x) =
)

failures

exp(xTi β)-
j∈Ri

exp(xTj β)

• risk set Ri set of individuals still alive at the time the ith item fails
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Regression analysis of survival data SM 10.8

• partial log likelihood

ℓpart(β; t, x) =
#

failures
[xTi β − log{

#

j∈Ri

exp(xTj β)}]

• inference
ℓ′part(β̂) = 0; − ℓ′′part(β̂)

.
= {&var(β̂)}−1
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Regression analysis of survival data SM 10.8

• partial log likelihood

ℓpart(β; t, x) =
#

failures
[xTi β − log{

#

j∈Ri

exp(xTj β)}]

• inference
ℓ′part(β̂) = 0; − ℓ′′part(β̂)

.
= {&var(β̂)}−1

β̂ − β
.∼ N(0,&var(β̂))

2{ℓpart(β̂)− ℓpart(β0)}
.∼ χ2p

• can be proved (but it’s hard) that the usual likelihood theory applies to ℓpart
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Regression analysis of survival data SM 10.8

• estimation of survivor function S(y; x) = pr(Y ≥ y | x)
• under PH model S(y; x) = {S0(y)}exp(x

Tβ)

• estimate baseline survivor function

,S0(y) =
)

i:yi≤y

.
1− di-

j∈R〉
exp(xTj β̂)

/

• estimate survivor function for individual with covariates x+:

,S(y; x+) = {,S0(y)}exp(x
T
+β̂)
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Example JAMA 2019

link

“the treatment e*ect on the primary outcome was calculated with Cox proportional
hazards, with adjustment for 5 pre-speci.ed baseline covariates”

“results are reported as hazard ratio with 95% con.dence interval
and Kaplan-Meier curves”Applied Statistics I November 16 2022 30
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https://jamanetwork.com/journals/jama/fullarticle/2724361


... Example JAMA 2019
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... Example JAMA 2019
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Example Fox and Weisberg, 2011

See Appendix to An R Companion to Applied Regression

> library(car)

> data(Rossi)

> Rossi[1:5, 1:10]

week arrest fin age race wexp mar paro prio educ

1 20 1 no 27 black no not married yes 3 3

2 17 1 no 18 black no not married yes 8 4

3 25 1 no 19 other yes not married yes 13 3

4 52 0 yes 23 black yes married yes 1 5

5 52 0 no 19 other yes not married yes 3 3

> mod.allison <- coxph(Surv(week,arrest) ~ fin + age + race + wexp + mar + paro

+ prio, data = Rossi)
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... Example Fox and Weisberg, 2011

> summary(mod.allison)

Call:

coxph(formula = Surv(week, arrest) ~ fin + age + race + wexp +

mar + paro + prio, data = Rossi)

n= 432, number of events= 114

coef exp(coef) se(coef) z Pr(>|z|)

finyes -0.37942 0.68426 0.19138 -1.983 0.04742 *

age -0.05744 0.94418 0.02200 -2.611 0.00903 **

raceother -0.31390 0.73059 0.30799 -1.019 0.30812

wexpyes -0.14980 0.86088 0.21222 -0.706 0.48029

marnot married 0.43370 1.54296 0.38187 1.136 0.25606

paroyes -0.08487 0.91863 0.19576 -0.434 0.66461

prio 0.09150 1.09581 0.02865 3.194 0.00140 **
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... Example Fox and Weisberg, 2011

> plot(survfit(mod.allison), ylim=c(.7,1), xlab="weeks",

ylab = "proportion not re-arrested")
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