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October 27 2021



Today Start Recording

1. Upcoming events

2. Homework, Project

3. Linear Regression Completed: randomization designs

4. Logistic Regression

5. In the News Atlantic Oct 23 Ivermectin
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https://www.theatlantic.com/science/archive/2021/10/ivermectin-research-problems/620473/


Upcoming

• Friday Oct 29 Toronto Data Workshop Zoom link
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https://utoronto.zoom.us/j/84277066292


... Upcoming

• Monday Nov 1 15.30
Delphi’s COVIDcast Project: Lessons from Building a Digital Ecosystem for Tracking
and Forecasting the Pandemic Register
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https://canssiontario.utoronto.ca/event/ares_ryan_tibshirani/


Project

• Choice of dataset unique data
• Qs for HW4/5:

1. the data source: both bibliographic and a web link
2. the number of observations and the number of potential explanatory variables
3. a description of the response variable
4. a description of the potential explanatory variables
5. the scientific question(s) of interest
6. unit of observation

• Sections for Project:
1. a description of the scientific problem of interest
2. how (and why) the data being analyzed was collected
3. preliminary description of the data (plots and tables)
4. models and analysis
5. summary for a statistician of the analysis and conclusions
6. non-technical summary for a non-statistician of the analysis and conclusions
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... Project

• Sections for Project:
1. a description of the scientific problem of interest
2. how (and why) the data being analyzed was collected
3. preliminary description of the data (plots and tables)
4. models and analysis
5. summary for a statistician of the analysis and conclusions
6. non-technical summary for a non-statistician of the analysis and conclusions

• Project Guidelines
1. report: 3-5 pages: non-technical, no code – Intro, source of data, problem of interest,
conclusions, a few tables, a few plots

2. statistical appendix: main statistical methods used, summary of results, code and
analysis excerpts only

3. further plots and tables as needed
4. R script or .Rmd file
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Homework 4

HW Question Week 4

STA2101F 2021

Due October 14 2021 11.59 pm
Homework to be submitted through Quercus

Part 1: Data set for project Okay to submit October 21

Please submit details about the data you will use for your project. Ideally the data will have
a single response or outcome variable of interest, and several potential explanatory variables.
You should submit with this homework:

(1) the data source: both bibliographic and a web link
(2) the number of observations and the number of potential explanatory variables
(3) a description of the response variable
(4) a description of the potential explanatory variables
(5) the scientific question(s) of interest

When you submit the final project, it will consist of the parts listed in Slide 3 on October 6.

Part 2: Question(s) for marking

There has been a lot of talk this week about rapid testing in the schools. On one hand there
seems no harm in using rapid antigen tests on a regular basis, but on the other hand if a lot
of the tests give incorrect results, especially flagging as covid-related too often, then children
will unnecessarily miss school. This seems to be the main concern from the public health
o�cials who are cautioning a slower approach.

Tests for Covid19 (or any screening for that matter), are assessed by their false positive and
false negative rates, or equivalently by their sensitivity and specificity. Sensitivity of the test
is the true positive rate, i.e. Pr(T+ | C+), and 1 minus sensitivity is the false negative rate
Pr(T≠ | C+). Specificity of the test is the true negative rate, i.e. pr(T≠ | C≠), and 1 minus
specificity is the false positive rate. (My source is Wikipedia.)

(a) If a given student tests positive, compute the probability that s/he has Covid19 using
Bayes theorem. A gift:

Pr(C+ | T+) = Pr(T+ | C+)P (C+)
Pr(T+ | C+)P (C+)Pr(T+ | C≠)P (C≠) .

One point was deducted for not expanding the denominator.

1
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Homework 6

HW Question Week 6

STA2101F 2021

Due October 28 2021 11.59 pm
Homework to be submitted through Quercus

This question is based on the article “The impact of a lack of mathematical education on brain
development and future attainment” by Zacharopoulos, et al.. The article and supplementary
appendix are posted on the course web page. The authors ran two experiments (see Materials
and Methods on p.6, 1st paragraph), but we will focus on the first experiment only, which the
authors also call “the A-level cohort”.

(a) The Materials and Methods section describes the authors’ dependent variable, let’s
call it y: what is this and how was it coded? How many students were included in
Experiment 1? How many had y = 1 and how many had y = 0?

(b) On p.2 we read “Based on the existing literature, we hypothesized that the lack of
mathematical education would be associated with reduced GABA and/or increased
glutamate.” I think both GABA and glutamate were measured in two di�erent brain
regions, MFG and IPS, so there were four potential explanatory variables of interest.
Figure 2D shows the fitted values for a model that used MFG-GABA as the explanatory
variable. Write out an equation and R pseudo-code for the model that was used to
obtain these fitted values. (It’s described in the second paragraph of the Results
section.)

(c) Figures 2A and 2B compare the scores on “a numerical operation attainment test”, and
a “mathematical reasoning attainment test” in the “math” and “non-math” groups. In
the text we read (Results par.1), for Figure 2A, t(84) = ≠5.27, p < 0.001. How was
t(84) computed? What do the error bars on the boxplots indicate? How are these error
bars related to the comparison between the two groups?

(d) In the “Statistical Analyses” subsection of the “Materials and Methods” section, (p.7),
the authors mention Levene’s test. What hypotheses were they testing, and why?

(e) In the “Results” section on p.3 (left), they discuss potential confounding. What
confounding variables did they consider? Write out an equation and R pseudo-code for
one of the models described in this paragraph.

(f) There are other subsections in the Results section – “Dissociating . . . ” refers to
Experiment 2, and “MFG GABA Predicts. . . ” refers to a follow-up analysis that they

1
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Homework 6

The impact of a lack of mathematical education on brain
development and future attainment
George Zacharopoulosa,1, Francesco Sellaa,b, and Roi Cohen Kadosha,1

aWellcome Centre for Integrative Neuroimaging, Department of Experimental Psychology, University of Oxford, Oxford OX2 6GG, United Kingdom;
and bCentre for Mathematical Cognition, Loughborough University, Loughborough LE11 3TU, United Kingdom

Edited by Tim Shallice, Institute of Cognitive Neuroscience, London, United Kingdom, and accepted by Editorial Board Member Michael S. Gazzaniga
November 6, 2020 (received for review June 25, 2020)

Formal education has a long-term impact on an individual’s life.
However, our knowledge of the effect of a specific lack of educa-
tion, such as in mathematics, is currently poor but is highly rele-
vant given the extant differences between countries in their
educational curricula and the differences in opportunities to access
education. Here we examined whether neurotransmitter concen-
trations in the adolescent brain could classify whether a student is
lacking mathematical education. Decreased γ-aminobutyric acid
(GABA) concentration within the middle frontal gyrus (MFG) suc-
cessfully classified whether an adolescent studies math and was
negatively associated with frontoparietal connectivity. In a second
experiment, we uncovered that our findings were not due to pre-
existing differences before a mathematical education ceased. Fur-
thermore, we showed that MFG GABA not only classifies whether
an adolescent is studying math or not, but it also predicts the
changes in mathematical reasoning ∼19 mo later. The present re-
sults extend previous work in animals that has emphasized the
role of GABA neurotransmission in synaptic and network plasticity
and highlight the effect of a specific lack of education on MFG
GABA concentration and learning-dependent plasticity. Our find-
ings reveal the reciprocal effect between brain development and
education and demonstrate the negative consequences of a spe-
cific lack of education during adolescence on brain plasticity and
cognitive functions.

mathematical education | GABA | plasticity | middle frontal gyrus

Educational decisions have a long-lasting impact on both the
individual and wider society (1). Mathematical education and

attainment has been associated with several quality-of-life indices,
including educational progress, socioeconomic status, employ-
ment, mental and physical health, and financial stability (2–5). In
several countries, such as the United Kingdom and India, 16-y-old
adolescents as part of their advanced (i.e., A-level) subjects can
choose to stop studying math. The consequences of not choosing
math as an A-level subject can be significant. When controlling for
potential confounding factors such as socioeconomic status it
emerged that the decision to not study math as an A-level subject
can lead to an 11% decrease in financial income compared to
those who choose to study math as part of their A-level curricu-
lum. No other A-level subject category is associated with such a
wage premium (6). In addition, previous studies highlighted the
cognitive, emotional, and societal factors that are associated with
mathematical education (7, 8).
In recent years, there has been significant interest in the in-

vestigation of the neural substrates of mathematical cognition and
education, and frontal and parietal regions have been repeatedly
highlighted as key regions (9–13). Despite the advancement of our
knowledge on the neurobiological underpinnings of math abilities,
little is known about whether and how they are involved in a lack
of mathematical education. At the neurobiological level, the lack
of math education could impact neural changes in regions that are
involved in skill acquisition of math, primarily in frontoparietal
regions (“plasticity account”). This process can be subserved by
neurotransmitter concentrations that preceded anatomic changes

(14). However, such differences may exist before the continuation
of math education and represent baseline differences at the time
of the educational decision not to study vs. to study further math
(“biomarker account”).
Using single H-magnetic resonance spectroscopy (MRS), we

scanned two previously defined key regions involved in numeracy:
the intraparietal sulcus (IPS) and the middle frontal gyrus (MFG)
(Fig. 1). We also examined their functional connectivity using
resting-state functional MRI (for reviews see refs. 15–19). Such an
approach allowed us to examine the role of γ-aminobutyric acid
(GABA) and glutamate, the brain major inhibitory and excitatory
neurotransmitters, respectively. Brain inhibition and excitation
levels are thought to be critical in triggering the onset and defining
the duration of sensitive periods of a given function, during which
the neural system is particularly plastic in its response to envi-
ronmental stimulation (20). It is thought that this is achieved by a
shift in the ratio of intrinsic and spontaneous activity and activity
in response to the environmental stimulation, whereby the in-
trinsic and spontaneous activity is reduced and the activity in re-
sponse to the environmental stimulation is increased (21).
Although very early in development, GABA functions as an ex-
citatory neurotransmitter (22), during adolescence GABA and
glutamate function as the main inhibitory and excitatory neuro-
transmitters, respectively, and previous studies have shed some
light on the actions of these two neurotransmitters during ado-
lescence. For example, compared to early childhood where there
is a peak synaptic density, but the synaptic density is significantly

Significance

Our knowledge of the effect of a specific lack of education on
the brain and cognitive development is currently poor but is
highly relevant given differences between countries in their
educational curricula and the differences in opportunities to
access education. We show that within the same society, ado-
lescent students who specifically lack mathematical education
exhibited reduced brain inhibition levels in a key brain area in-
volved in reasoning and cognitive learning. Importantly, these
brain inhibition levels predicted mathematical attainment ∼19 mo
later, suggesting they play a role in neuroplasticity. Our study
provides biological understanding of the impact of the lack of
mathematical education on the developing brain and the mu-
tual play between biology and education.

Author contributions: F.S. and R.C.K. designed research; G.Z. and F.S. performed research;
G.Z. and R.C.K. analyzed data; and G.Z. and R.C.K. wrote the paper.

The authors declare no competing interest.

This article is a PNAS Direct Submission. T.S. is a guest editor invited by the
Editorial Board.

This open access article is distributed under Creative Commons Attribution License 4.0
(CC BY).
1To whom correspondence may be addressed. Email: george.zacharopoulos@psy.ox.ac.uk
or roi.cohenkadosh@psy.ox.ac.uk.

This article contains supporting information online at https://www.pnas.org/lookup/suppl/
doi:10.1073/pnas.2013155118/-/DCSupplemental.

Published June 7, 2021.

PNAS 2021 Vol. 118 No. 24 e2013155118 https://doi.org/10.1073/pnas.2013155118 | 1 of 8
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Recap: Design of studies

• types of observational studies: ‘found data’, survey, study, census, meta-analysis
• classical designs: completely randomized, randomized block

incomplete block, Latin square

• describes how units are assigned to treatments
• treatments may have a factorial structure
• regardless of the design
• analysis of variance partitions total sum of squares according to
the treatment structure and the blocking structure, if any

• yij = µ+ αi + εij, j = 1, . . . T; i = 1, . . . ,R αi fixed or random

• comparison of group means ȳi., or
• analysis of σ2α
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Analysis of two-factor designs LM-2 Ch16; LM-1 Ch15; SM Ch9.2
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Factorial treatment structure LM-2 Ch16; LM-1 Ch15; SM Ch9.2

• model yijk = µ+ αi + βj + (αβ)ij + εijk, i = 1, . . . , I; j = 1, . . . J; k = 1, . . . ,R

• analysis of variance
!

ijk

(yijk−ȳ...)2 =
!

ijk

(ȳi..−ȳ...)2+
!

ijk

(ȳ.j.−ȳ...)2+
!

ijk

(ȳij.−ȳi..−ȳ.j.+ȳ...)2+
!

ijk

(yijk−ȳij.)2

• comparison of means

• interaction plots
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... factorial treatment structure LM-2 Ch16; LM-1 Ch15; SM Ch9.2

> library(SMPracticals}

> data(poisons)

> pmod <- lm(time ~ poison + treat, data = poisons)

> anova(pmod)

Analysis of Variance Table

Response: time

Df Sum Sq Mean Sq F value Pr(>F)

poison 2 1.033 0.517 23.22 3.3e-07 ***

treat 3 0.921 0.307 13.81 3.8e-06 ***

poison:treat 6 0.250 0.042 1.87 0.11

Residuals 36 0.801 0.022

> with(poisons, interaction.plot(treat,poison,time))

> with(poisons, interaction.plot(poison,treat,time))
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... factorial treatment structure LM-2 Ch16; LM-1 Ch15; SM Ch9.2
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One observation per cell LM-2 16.1; LM-1 15.1

> data(oatvar, package = "faraway")

> xtabs(yield ~ variety + block, data = oatvar)

## block

## variety I II III IV V mean

## 1 296 357 340 331 348 334.4

## 2 402 390 431 340 320 376.6

## 3 437 334 426 320 296 362.6

## 4 303 319 310 260 242 286.8

## 5 469 405 442 487 394 439.4

## 6 345 342 358 300 308 330.6

## 7 324 339 357 352 220 318.4

## 8 488 374 401 338 320 384.2

−→ Oct27.Rmd
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Randomized block design

!

ij

(yij − ȳ..)2 =
!

ij

(yij − ȳi. + ȳi. − ȳ.j + ȳ.j − ȳ..)2

=
!

ij

(yij − ȳi. − ȳ.j + ȳ..)2 +
!

ij

(ȳi. − ȳ..)2 +
!

ij

(ȳ.j − ȳ..)2
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Estimation of σ2

Analysis of Variance Table

Response: yield

Df Sum Sq Mean Sq F value Pr(>F)

variety 7 77524 11074.8 8.2839 1.804e-05 ***

block 4 33396 8348.9 6.2449 0.001008 **

Residuals 28 37433 1336.9

---

Residual standard error: 36.56 on 28 degrees of freedom

The interaction between blocks and treatments is used to estimate error. This is
sometimes justified by assuming the block effects βj are random.
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Binomial Data ELM-1, Ch. 2, SM, Ch.1; §4.4,5;
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... Binomial Data ELM-1, Ch. 2, SM, Ch.1; §4.4,5;
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Link

Dalal et al (1989) Journal of the American Statistical Association

http://amstat.tandfonline.com/doi/pdf/10.1080/01621459.1989.10478858




Modelling numbers/proportions of events

• yi ∼ Bin(6,pi), i = 1, . . . , 23

• in general: ni trials, yi successes, probability of success pi

• for regression: associated covariate vector xi, e.g. temperature

• SM uses mi and ri instead of ni and yi

• each yi could in principle be the sum of ni independent Bernoulli trials

• each of the ni trials having the same probability pi

• with the same covariate vector xi ELM-1 ‘covariate classes’, p.26
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Challenger data: Faraway

> library(faraway); data(orings)

> logitmod <- glm(cbind(damage,6-damage) ~ temp, family = binomial, data = orings)

> summary(logitmod)

Call:

glm(formula = cbind(damage, 6 - damage) ~ temp, family = binomial,

data = orings)

...

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 11.66299 3.29626 3.538 0.000403 ***

temp -0.21623 0.05318 -4.066 4.78e-05 ***

---

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 38.898 on 22 degrees of freedom

Residual deviance: 16.912 on 21 degrees of freedom
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Challenger data: Davison

> library(SMPracticals) # this is for datasets in

#Statistical Models by Davison

> data(shuttle) # same example, different name

> shuttle2 <- data.frame(as.matrix(shuttle)) # this is a kludge to avoid

#an error with head(shuttle)

> head(shuttle2)

m r temperature pressure

1 6 0 66 50

2 6 1 70 50

3 6 0 69 50

4 6 0 68 50

5 6 0 67 50

6 6 0 72 50

> par(mfrow=c(2,2)) # puts 4 plots on a page

> with(orings,plot(temp,damage,main="Faraway",xlim=c(31,80)))

> with(shuttle,plot(temperature,r,main="Davison",xlim=c(31,80),

+ ylim=c(0,5)))
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Challenger data fits
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Regression modelling with binomial

• model:
yi ∼ Bin(ni,pi)

ni = 6, i = 1, . . . , n

• regression: link the pi’s through xi
• for example,

pi =
exp(β0 + xi1β1 + · · ·+ xiqβq)

1+ exp(β0 + xi1β1 + · · ·+ xiqβq))

• more concisely

pi =
exp(xT

i β)

1+ exp(xT

i β)

• xT

i = (1, xi1, . . . , xiq); β = (β0,β1, . . . ,βq)
T

all vectors are column vectors
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... regression modelling with binomial

• Probability of event:

pi =
exp(xT

i β)

1+ exp(xT

i β)

• Linear on the logit scale:
log

pi
1− pi

= xT

i β

• linear predictor:
xT

i β = ηi

• pi is always between 0 and 1
• see ELM-1 §2.1 for a linear fit
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... regression modelling with binomial

> summary(logitmodcorrect)

Call:

glm(formula = cbind(r, m - r) ~ temperature, family = binomial, data = shuttle2)

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 5.08498 3.05247 1.666 0.0957 .

temperature -0.11560 0.04702 -2.458 0.0140 *

linear predictor:
logit(pi) = log(

pi
1− pi

) = β0 + β1tempi

pi =
exp{β0 + β1tempi}

1+ exp{β0 + β1tempi}
Applied Statistics I October 27 2021 27



Estimation

• ℓ(β; y) =
"n

i=1 [yi(β0 + β1xi)− ni log{1+ exp(β0 + β1xi)}]

• maximum likelihood estimate β̂0, β̂1 ∂ℓ(β; y)/∂β = 0

•
β̂0 = 5.08498, β̂1 = −0.11560 j(β) ≡ − ∂2ℓ(β)

∂β∂βT

• var(β̂) .
= j−1(β̂)

> vcov(logitmodcorrect)

(Intercept) temperature

(Intercept) 9.3175983 -0.142564339

temperature -0.1425643 0.002211221
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Interpretation of estimated coefficients

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 5.08498 3.05247 1.666 0.0957 .

temperature -0.11560 0.04702 -2.458 0.0140 *

“a unit increase in temperature is associated with an increase in log-odds of O-ring
damage of −0.116”

“an increase in the odds of exp(−0.116) = 0.89” so actually a decrease

“ an increase in the probability of ?? depends on the baseline probability

Applied Statistics I October 27 2021 29



Nested models

• Comparing two models:
• likelihood ratio test

2{ℓA(β̂A)− ℓB(β̂B)}

compares the maximized log-likelihood function under model A and model B
• example
model A: logit(pi) = β0 + β1x1i + β2x2i, βA = (β0,β1,β2)

model B: logit(pi) = β0 + β1x1i, βB = (β0,β1)

• when model B is nested in model A, LRT is approximately χ2ν distributed, under
model B

• ν = dim(A)− dim(B)

Applied Statistics I October 27 2021 30



... nested models

> logitmodcorrect2 <- glm(cbind(r,m-r) ~ temperature + pressure, family = binomial, data = shuttle2)

> summary(logitmodcorrect2)

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 2.520195 3.486784 0.723 0.4698

temperature -0.098297 0.044890 -2.190 0.0285 *

pressure 0.008484 0.007677 1.105 0.2691

---

Null deviance: 24.230 on 22 degrees of freedom

Residual deviance: 16.546 on 20 degrees of freedom

AIC: 36.106

Number of Fisher Scoring iterations: 5
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... nested models

> logitmodcorrect2 <- glm(cbind(r,m-r) ~ temperature + pressure, family = binomial, data = shuttle2)

> anova(logitmodcorrect,logitmodcorrect2)

Analysis of Deviance Table

Model 1: cbind(r, m - r) ~ temperature

Model 2: cbind(r, m - r) ~ temperature + pressure

Resid. Df Resid. Dev Df Deviance

1 21 18.086

2 20 16.546 1 1.5407
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...nested models

• Model A: logit(pi) = β0 + β1tempi + β2pressurei

• Model B: logit(pi) = β0 + β1tempi

• nested: Model B is obtained by setting β2 = 0

• Under Model B, the change in deviance is (approximately) an observation from a χ21
• Pr(χ21 ≥ 1.5407) = 0.22
this is a p-value for testing H0 : β2 = 0

• so is 1− Φ{ β̂2

#s.e.(β̂2)
} = 1− Φ(1.105) = 0.27

ELM-1 p.30
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Inference

• confidence intervals for β1

• based on normal approximation: β̂1 ±#s.e.(β̂1) ∗ 1.96
• (-0.208, -0.023)

• based on profile log-likelihood ℓp(β1), details to follow

• confint(logitmodcorrect):

( -0.2122262, -0.0244701 )

ELM-1 p. 31
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Bernoulli data ELM-2, Ch.2

• each response is yi = 0, 1 instead of 0, 1, . . . ,mi

• explanatory variables xTi as usual
• same model

pr(yi = 1 | xi) = pi(β) =
exp(xTi β)

1+ exp(xTi β)

• example wcgs data, ELM-2, Ch.2
• example HW6: “The math group, the single dependent variable of this work, was
coded as a dichotomous variable (1: math group vs. 0: nonmath group).”

• “To classify the math vs. nonmath groups, we also executed a binary logistic
regression.”

−→ Oct27-2.Rmd
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In the News

• The Real Scandal About Ivermectin Atlantic, Oct 23

• Nonreplicable publications are cited more than replicable ones
Science Advances, May 21

• Post COVID-19 in children, adolescents and adults: results of a matched cohort
study including more than 150,000 individuals with COVID-19

MedRXiv, Oct 21 not yet peer-reviewed
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https://www.theatlantic.com/science/archive/2021/10/ivermectin-research-problems/620473/
https://www.science.org/doi/epdf/10.1126/sciadv.abd1705
https://www.medrxiv.org/content/10.1101/2021.10.21.21265133v1#disqus_thread

