Methods of Applied Statistics |
STA2101H F LEC9101

October 29 2020

Three Rs

— Reliability, Replicability, Reproducibility:
the interplay between statistical science and data science

Oct. 30 at 11 a.m.




Today Start Recording

1. HW2 due November 5

2. Measures of risk

3. Modelling with binomial data (FELM §2.4-2.11)
4. Generalized linear models (FELM Ch. 6)

5. HW2 Questions

« November 2 3.00 - 4.00 Mine Cetinkaya-Rundel
* https://canssiontario.utoronto.ca/?mec-events=ares_cetinkaya-rundel_mine

« “The art and science of teaching data science”
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Today Start Recording

1. HW2 due November 5

2. Measures of risk
3. Modelling with binomial data (FELM §2.4-2.11)
4. Generalized linear models (FELM Ch. 6)

5. HW2 Questions rNABEA 4
T MINE
CETINKA
- November 2 3.00 - 4.00 Mine Cetinkaya-Rundel SRR SR
The Art and Science of Teaching Data Science

* https://canssiontario.utoronto.ca/?mec-evg DATA SCIENCE APPLIED RESEARCH AND
EDUCATION SEMINAR (ARES)

« “The art and science of teaching data science” - NOV 2, 2020 | 3-4 pm ET
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HALLOWEEN | »~-= =
GGPLOT WORKSHOP! )
®

Want to learn how to make compelling
data visualizations with the powerful
and flexible ggplot2 package in R?

..lightning cracked over an ancient castle...

Want an excuse to dress up for : A
Halloween even if you're not leaving the
house?

If your answer to one or both of those
questions is "YES!" come join us for a
very spooooooky workshop.

Friday, Oct 30, 12:00-2:00 p-m. ET ..inwhich a <rim and ‘hastly plot was being hatched.

§ you might say...
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 Regression for explanation FLM-2 Ch. 5
 observational data vs designed experiment; causality

-+ likelihood inference Wel A s 1™ w/\/X’;

- standardized maximum likelihood estimate (Wald te log-likelihood function
+ likelihood ratio test - 3.84

« modelling and inference for binary/binomial data
- saturated model and residual deviance

* interpretation of coefficients

« variable selection, residuals, diagnostics

log-likelihood

' i fa) [
T T T T T T T T

(\/[O‘\) 16 17 18 19 20 21 22 23

A 0
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Measures of risk

- see posted handout on case-control studies
« consider for simplicity binomial responses with a single binary covariate:

g logit(pi) ~Bo+Bzj, i=1,...,n é”/l_* A @4:-\(\/1;) F\')

( é - oo erdf”
= (;o}c é\ z:= 1 =t

N P ) ) | .
T b p e i)l
- LTG%' / ﬂ%"> c ‘ \(::?)) Ls s et

: AU = ) B
+ no difference between groups <= odds-ratio =
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... Measures of risk
P .

« we might be interested in risk ratio — instead of odds ratio P+(1=Po)
Po Po(1— pa)

+ also called relative risk
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... Measures of risk

« we might be interested in risk ratio Pt instead of odds ratio P+(1 = Po)

Po Po(1—p1)
+ also called relative risk

- if p, and po are both small, (y = 1 is rare), then

P ~ p+(1— Ppo)
Po  Po(1—p1)

« sometimes p,/p, can be large but if p, and p, are both small the difference p; — po
might also be very small
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... Measures of risk

« we might be interested in risk ratio 12 instead of odds ratio P+(1=Po)

Po po(1—pn)
+ also called relative risk

- if p, and po are both small, (y = 1 is rare), then
P ~ p+(1— Ppo)
Po  Po(1—p1)
« sometimes p,/p, can be large but if p, and p, are both small the difference p; — po
might also be very small
« in order to estimate the risk difference we need to know the baseline risk po

« bacon sandwiches www.youtube.com/watch?v=4szyEbU9s4ig

risk calculator realrisk.wintoncentre.uk/p8
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] 1/ 1000

i 3 / 1000 (2 extra cases)

#1#0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Odds ratio 2.91; baseline risk 1/1000
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Biostats secret sauce

Whether we sample prospectively or retrospectively, the odds ratio is the same

Lung cancer .,
1 o) ’j)\/(\"'?]) (.Qf“’*lc /M£;
cases controls
smoke =1 (yes) | 688 650

smoke =0 (no) | 21 59 =——
DI
) B (6@1709)/(21/709) 688 x 59
et OF = e aaTiog) 0% n €29 /P e gtndy
{688/(688 + 650} /{650/(688 + 650)} 688 x 59 ~ .
21/(21+59)/{59/(21 + 59)} 650 x21

prosp: OR =

see “case-control”, FELM §2.5,6, SM §10.4.2
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Link function FELM §2.7

glm(cbind(r, m-r) ~ age + weight, data = mydata,
family = binomial, link = logit )

7family
link

a specification for the model link function. This can be a name/expression,
a literal character string, a length-one character vector, T
or an object of class ‘‘link-glm’’ Gm(ﬁ)
ded
The gaussian family accepts the links (as names)(identit
the binomial family the links (logit,) probit, cauchit, (corresponding to logistic,
norm5i_gﬁa_agﬁzﬁy_CDFE_fggﬁgztively) 15g_;n clgéibg complementary log-log)

—

, 1log and inverse;
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Tolerance distributions FELM §2.4; SM §10.4.1; 3

[eddse = z=xv+e, yi=1z3>0) gL~ M (o) 62)
8] P g £ owzo  [mem)
< i o= Prl2ze]) = (ﬂ—j) £y -y
,LOQ(-&?HQ t%f"’ el

. CE .
felys Ao TI(3) s@pfa-300 °
& LB) = T { < ?
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Linear separability FELM §2.8

ESTIMATION PROBLEMS 39

n
estrogen

I | I I
1.5 2.0 2.5 3.0 3.5 4.0 4.5

androgen *L\

Applied Statistics | October 29 2020 10

Fioure 2 4 | evels of androcen and estrooen for 15 homosexual (o) and 11 heterosexiual (<)






Prediction and prediction intervals FELM §2.10, 3, 4
. ’

px)= e \m\r(x*fr@) = ﬁ*EW(@)%l* ilogit
. T 2T A .. %k
DC"@ ~ +§D :(, @v(ﬁ)ac) s

65% T fu %* L - (M. L)
695)0 T ’FD( 3/;(’1,*) = [ tIQgUL(M) LGJ ﬁ(u)) 6(})

C Co }) wm. L. e

B Box = ghlptipf  ylz~ B fu piryd

ED50 and delta method :
’ p=t ok R
g>o p _E_
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Overdispersion ELM §2.11, SM 10.6

* Yi ~ Bin(n;, pj) = E(Y;) = nip;,  Var(Y;) = nipi(1 — p;)

L My
bl s 200 - L4

= .. ‘2 "?
= P <G o)

()ZJ%\/Z)Z 525 m:]DJO—?:) b \\M {;Jmf o
o\/goﬁcs)mem P VR

2/ = O dox atin-tad P:\
i - b lnsd (/ ]8&)

ua 3t A Q
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overdisp.Rmd; overdisp.html
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Generalized linear models: theory

j‘[m binona —
: ~ nolm

pond fo £y s 1) —exp{y'%f"ehc(y;;@)} Pocr —
PD'un B ?O I _ 1 B (}am/\m(x
'S o

uos't =
2;0«8‘( = P
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Generalized linear models: theory

fyi Mnﬁbl)_eXP{y’%ib(ei)—i—C(yi qb,)} )U‘ ZE(J— )
E(vi) %7 =(b'(6;) = pi)defines y; as a function of 6; g‘} @ (41 )‘%
g
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Generalized linear models: theory

fiys \fx;; /\«:)16:)
b(6:)

fis pi, ¢i) = exp{ + c(yi: 9i)}

¢,
E(y; \x,-) = b/(6;) = p; defines 1; as a function of 6;

» g(pi) = x! 8 = m; links the n observations together via covariates ;u;rg (yq[«x)

~—

Pe=E(y:) l»ﬁ%j

—— =
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Generalized linear models: theory

: 0,
0. — b(0: N e S
Fyii wis 6i) = eXp{M'TU + c(viz #i)} e
1
« E(y; | ;) = b'(6;) = pj defines p; as a function of 6; (7;
« g(pi) =x'3 links the n observations together via covariates 31
Ay P =

. e ﬁj VY \)"I""/P

g(-) is the link function; ; is the linear predictor %\ - t
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Generalized linear models: theory

fjﬂ(: Lm
L\f(yl i, §;) = eXp{y’%ib(ei) + c(yi; ¢IJ 5

E(y; | x;j) = b’(6;) = u; defines y; as a function of ; g(‘j:): (}f[j) 0(}:

» g(pi) = x! 8 = m; links the n observations together via covariates

* g(-) is the link function; »; is the linear predictor

-+ Var(y; | x;) = ¢ib”(6)) = oY1) N W  Jpud fllet

@s%%g GG T8 Torlyile) = AY(e) | 922

Applied Statistics Octo()er 29 (2020\)
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Generalized linear models: theory

fi; pi, di) = exp _

E(y; | x;) = b’(6;) = p; defines p; as a function of 6;

g(wi) = x] B = n; links the n observations together via covariates

* g(-) is the link function; »; is the linear predictor b()} ) t F>Lz
= 4
« Var(y; | x;) = ¢ib”(6;) = oiV (i) 46\: b///Ju“) /A

2L
= 0 -

V(-) is the variance function \(
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Normal

* Binomial family {stats} R Documentation
° POiSSOﬂ Family Objects for Models

Description
« Gammal/E

Family objects provide a convenient way to specify the details of the models used by functions such as glm. See the
Inverse Gi documentation for glm for the details on how such model fitting takes place.

Usage
family(object, ...)

binomial(link = "logit")

gaussian(link = "identity")

Gamma(link = "inverse")

inverse.gaussian(link = "1/mu"2")

poisson(link = "log")

quasi(link = "identity", variance = "constant")
quasibinomial(link = "logit")
quasipoisson(link = "log")
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+ Normal: f(yii s 0%) =| e ool v~ ¥} ¢ g <GP
B Viri — (1/2) 3 C— —— L
—Zexp{ 2 —(1/z>|oga2—y,-2/zoz—(1/z)|og¢(z®
¢i=0%, Oi=up;, by)=pi/20° note b” () = 1
2
k) bt g i ectiter
—_— e = e © b
%
s ¢ (%efti = pil2) E }io,,,,‘ét — e ~';sz}
E(g)=fo: = T =€ B’cy /]\
= . C
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- Normal: f(yi s, 0%) =
yll’[’l ( / )N’l

Ty O a0~ i)
— (1/2) log 0* — y? /20> — (1/2) log \/(27) }

\’é 0i = pis  b(pj) = 17 /20
. mi\ . . ~
Binomial: f(r;; p;) = (H)P,r'(‘l — pi)™ {@
(E :

m;
pr-GET N Ep 1)+ i) :g_(’mi_yi);/c(g 4)

’Oy/V !dbl = 12mf,7 bi = log{pi/(1—pi)}, b(pi) = —log(1 — pi) ?5 b7(©:) =var 3 ) 3

Note p; = p; = E(Y;)
o < WA W R
A2 ‘F[jo):(\my) Pe 9 CC-p) |
Applied Statistics|  October 29 2020 - f/)(? E‘VI‘U{ \{;%F‘t )H\ + LW (Pf L("P‘) AN ] 17




+ Normal: f(yi; His 02) = \/(217_‘_)0_ exp{_;?(yi o /“le)}

Vit _0(,3/2)“’? —(1/2)log 0* — yi /20 — (1/2) log \/(27)}

= exp{

¢i =02, 0;=pj bu)=pi/20° Ll ) =1

. mi\ . .
« Binomial: f(r;; p;) = (H)pf’(‘l —p)™= Y =ri/m;
I

m.
— explmy;og{pi/(1 )+ milog(1 i)+ log (7 ]
171
¢i =1/m;, 0 =log{pi/(1—pi)}, b(pi) = —log(1—p;)
Note p; = p1; = E(y;)
*  ELM (pa15) uses aj(¢) in place of ¢;, later (p.117) a;(¢) = ¢/w;; later (p.118) w; used for weights in IRWLS
algorithm; SM uses ¢;, later (p. 483) ¢; = ¢q;
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Inference

C U(Bry) = SO 4 c(y;, 60))
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Inference

C U(Bry) = SO 4 c(y;, 60))

« b'(0;) = pis g(pi) = g(b'(6)) = mi = X' 6
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Inference

C U(Bry) = SO 4 c(y;, 60))

« b'(0;) = pis  9(ui) = g(b'(6)) = mi = X' B

ouBy) al: 96; yi —b ) 96;
B =2 % 06; 0B; =2 ap;
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Inference

C U(Bry) = SO 4 c(y;, 60))

« b'(0;) = pis  9(ui) = g(b'(6)) = mi = X' B

L OUBry) < Ol 06, y,—b ) 96;
B, =% 30 9B =2 ap;

g'(b(6;))b" (6; ) = Xjj = g'(1i)V (i) See Slide 2

85,
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Inference

- UBry) = SO 4 o(y;, )}

« b'(0;) = pis  9(ui) = g(b'(6)) = mi = X' B

CoBy) Zazae Zy,—b ) 96;

B 30 B oJe]
g'(b(6;))b" (6; ) = Xjj = g'(1i)V (i) See Slide 2
85,
. oUBy) )

_ Yi — Wi
% -2 ¢ig’ (“')V(ﬂ' =2 ag ()V (i) !

when ¢; = a;¢
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Inference

- UBry) = SO 4 o(y;, )}

« b'(0;) = pis  9(ui) = g(b'(6)) = mi = X' B

CoBy) Zazae Zy,—b ) 96;

B 30 B oJe]
g'(b(6;))b" (6; ) = Xjj = g'(1i)V (i) See Slide 2
85,
. 0UBY)

_ Yi — Wi
% -2 ¢ig’ (“')V(ﬂ' =2 ag ()V (i) !

when ¢; = a;¢

« matrix notation:

OUB) _ yo _
W—X u(B), X= =%
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Scale parameter ¢;

« in most cases, either ¢; is known, or ¢; = ¢a;,
where a; is known
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Scale parameter ¢;

« in most cases, either ¢; is known, or ¢; = ¢a;,
where a; is known

« Normal distribution, ¢ = 02
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Scale parameter ¢;

« in most cases, either ¢; is known, or ¢; = ¢a;,
where a; is known

« Normal distribution, ¢ = 02

* Binomial distribution ¢; = m™"
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Scale parameter ¢;

in most cases, either ¢; is known, or ¢; = ¢aq;,
where a; is known

Normal distribution, ¢ = o2

Binomial distribution ¢; = m;™"

Gamma distribution, ¢ = 1/v
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Scale parameter ¢;

in most cases, either ¢; is known, or ¢; = ¢aq;,
where a; is known

Normal distribution, ¢ = o2

Binomial distribution ¢; = m;™"

Gamma distribution, ¢ = 1/v

. 9UBiy) _ Vi~ li
0B -2 ¢ig’ (“')V(ﬂ' =2 aig (ui)V (i)

when ¢; = a;¢
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Scale parameter ¢;

« in most cases, either ¢; is known, or ¢; = ¢a;,
where a; is known

Normal distribution, ¢ = o2

Binomial distribution ¢; = m;™"

Gamma distribution, ¢ = 1/v

. LB y) _ Vi— Wi )
0B -2 ¢ig’ (“')V(ﬂ' =2 aig (ui)V (i)

when ¢; = a;¢

if 8; = g(u;) canonical link, then g’(u;) = 1/V(y;), and

Applied Statistics | October 29 2020 E M = Z M 19
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Solving maximum likelihood equation

« Newton-Raphson: ¢/(3) = o ~ ¢'(8) + (8 — 8)¢" ()

defines iterative scheme
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Solving maximum likelihood equation

+ Newton-Raphson: K’(B)

||
zz
=
=S
|
)
X
=

defines iterative scheme

- B = B0 —{"(B9)} e (BY)
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Solving maximum likelihood equation

« Newton-Raphson: ¢/(3) = o ~ ¢'(8) + (8 — 8)¢" ()

defines iterative scheme
B = 3O — (1B (B)

« Fisher scoring: —¢"(B) < E{—£"(5)} = i(B)

many books use I(3)
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Solving maximum likelihood equation

« Newton-Raphson: ¢/(3) = o ~ ¢'(8) + (8 — 8)¢" ()

defines iterative scheme
B0 = SO — (£1(A0)) ()
« Fisher scoring: —¢"(B) «+ E{—¢"(B)} = i(B)

many books use I(3)

- B = 5O+ (i(B0)} e (30)
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Solving maximum likelihood equation

+ Newton-Raphson: E’(B)

||
zz
=
=S
|
)
X
=

defines iterative scheme
+ B = BO — {7 (B0)} e (BY)

« Fisher scoring: —¢"(B) < E{—£"(5)} = i(B)

many books use I(3)

B = O+ {i(50)} e (5O)

ou(p)

- applied to matrix version: X"u(3) = 0 = X"u(8) + (5 — B)X" 35"

slide 5
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Solving maximum likelihood equation

+ Newton-Raphson: E’(B)

o~ U'(B)+ (B —B)"(B)

defines iterative scheme
B = 3O — (1B (B)

« Fisher scoring: —¢"(38) < E{—¢"(B)} = i(B)
many books use I(3)

B = O+ {i(50)} e (5O)

ou(p)

- applied to matrix version: X"u(3) = 0 = X"u(8) + (5 — B)X" 35"

slide 5

- change to Fisher scoring: 5 = 8+ i(8)'X"u(B)
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... maximum likelihood equation

* B =B+i(B)"X"u(B)

PUBY)  ~— —b"(0)) (59,') ( ) yi — b'(8;) 90
OBoBr Z oF 9B; ) \ 0Bk Z ¢i  O0B0Bk
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... maximum likelihood equation

« B=B+i(B)"X"u(B)
*U(Bry) _ N~ —b"(6) (39,') ( ) yi — b'(8;) 90
0308k Z oF 9B; ) \ 0Bk Z oF 35,3@?

_a%(g )\ V(i) Xij Xik _
( 9Bj0Bk ) -2 ¢ g i)V (ki) 9" (1i)V(1i) -2 ¢i{g’ (u,)}zV(m)
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... maximum likelihood equation

=B +i(B)""X"u(p)

PUBY)  ~— —b"(0)) (39,') ( ) yi — b'(8;) 90
OBoBr Z oF 9B; ) \ 0Bk Z oF 35;35k

0B\ o V() X Xig
E( 9Bj0Bk ) -2 ¢ g i)V (ki) 9" (1i)V(1i) -2 ¢i{g’ (u, }2V(u,)

B= B+ (XTWX)T'XTu(B) = (X"WX) T {X"WXB + X"u(B)}
= (X"WX)"YX"W(XB + W u(B)}
= (X"WX)'XTWz
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... maximum likelihood equation

= B+i(8)"'X"u(B)
o*UBry) —b"(6;) (80,-) ( ) yi — b'(8;) 0%0;
OBoBr Z oF 9B; ) \ 0Bk Z oF 35;35k
0B\ o V() X Xig
; ( 9Bj0Bk ) -2 ¢ g i)V (ki) 9" (1i)V(1i) -2 ¢i{g’ (u, }2V(u,)

B= B+ (XTWX)T'XTu(B) = (X"WX) T {X"WXB + X"u(B)}
= (X"WX)"YX"W(XB + W u(B)}
= (X"WX)'XTWz

« does not involve ¢;
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.. maximum likelihood equation

* B =B+i(B)"X"u(B)

D*UBY)
0308k

E<_

02L(B:y)

0508k ) =2

B =

« does not involve ¢;

_ —b"(9i)<39i)< ) yi — b'(0;) 0%0;
Z oF 9B; ) \ 0Bk Z ol 35;35k

V(w) Xij Xif

¢ g (i)V() g (i)V (i) =2 #i{g’ (u,)}sz,)

B+ (X"WX)"X™u(B) = (X"WX) " {X"WXB + X"u(B)}

(X"WX) " {XTW(XB + W 'u(B)}
(X"WX) "X Wz

« iteratively re-weighted least squares

Applied Statistics |

October 29 2020

W, z both depend on 3
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... maximum likelihood equation

B=B+i(8)""X"u(B)
*U(Bry) _ N~ —b"(6) (39,') ( ) yi — b'(8;) 90
0308k Z oF 9B; ) \ 0Bk Z oF 35;35k

_825(5 )\ V(i) Xij Xik _
( 9Bj0Bk ) -2 ¢ g i)V (ki) 9" (1i)V(1i) -2 ¢i{g’ (u,)}zV(u,)

B= B+ (XTWX)T'XTu(B) = (X"WX) T {X"WXB + X"u(B)}
= (X"WX)"YX"W(XB + W u(B)}
= (X"WX)'XTWz

does not involve ¢;

iteratively re-weighted least squares W, z both depend on 3

« derived response z = X3 + W~ u linearized version of y
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