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“It’s no longer reasonable to assume that we can get better. For all the e!ort that a lot
of smart people have put into it, polling is just hard. There’s too much problematic,
biased and missing data. People who don’t trust the polls don’t talk to pollsters.
Sometimes they "at out lie.”
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The double y-axis chart
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Recommended Holiday Reading
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Today Start Recording

1. correction re log link in gaussian glm
2. HW2 due November 5
3. HW 3 and Final HW
4. Generalized linear models theory
5. Generalized linear models examples

• November 6 12.00 – 13.00 Genevera Allen
• https://canssiontario.utoronto.ca/?mec-events=stage_isss_genevera_allen

• “Data Integration: Data-Driven Discovery
from Diverse Data Sources”
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Correction
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Recap

• odds ratio, risk ratio, risk di!erence
• case-control studies; prospective and retrospective sampling

• binomial/binary response
• link function
• tolerance distribution
• prediction intervals
• ED50
• overdispersion

• Generalized linear models theory
• form of density
• link function and linear predictor
• variance function
• normal and binomial examples
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Generalized linear models: theory SM 10.3; FELM 6.1,2

• f (yi;µi,φi) = exp{yiθi − b(θi)
φi

+ c(yi;φi)}

• E(yi | xi) = b′(θi) = µi de(nes µi as a function of θi

• g(µi) = xTi β = ηi links the n observations together via covariates

• g(·) is the link function; ηi is the linear predictor

• Var(yi | xi) = φib′′(θi) = φiV(µi)

• V(·) is the variance function
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Examples

centering
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Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2σ2

• Binomial: f (ri;pi) =
!
mi
ri

"
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

!
mi
miyi

"
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi)

• ELM (p.115) uses ai(φ) in place of φi, later (p.117) ai(φ) = φ/wi;
SM uses φi, later (p. 483) φi = φai

Applied Statistics I November 5 2020 14



Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2σ2

• Binomial: f (ri;pi) =
!
mi
ri

"
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

!
mi
miyi

"
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi)

• ELM (p.115) uses ai(φ) in place of φi, later (p.117) ai(φ) = φ/wi;
SM uses φi, later (p. 483) φi = φai

Applied Statistics I November 5 2020 14



Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2σ2

• Binomial: f (ri;pi) =
!
mi
ri

"
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

!
mi
miyi

"
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi)

• ELM (p.115) uses ai(φ) in place of φi, later (p.117) ai(φ) = φ/wi;
SM uses φi, later (p. 483) φi = φai

Applied Statistics I November 5 2020 14



Examples

• Normal: f (yi;µi,σ2) =
1√

(2π)σ exp{− 1
2σ2 (yi − µ2i )}

= exp{
yiµi − (1/2)µ2i

σ2
− (1/2) log σ2 − y2i /2σ2 − (1/2) log√(2π)}

φi = σ2, θi = µi, b(µi) = µ2i /2σ2

• Binomial: f (ri;pi) =
!
mi
ri

"
prii (1− pi)mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+mi log(1− pi) + log

!
mi
miyi

"
]

φi = 1/mi, θi = log{pi/(1− pi)}, b(pi) = − log(1− pi)

• ELM (p.115) uses ai(φ) in place of φi, later (p.117) ai(φ) = φ/wi;
SM uses φi, later (p. 483) φi = φai

Applied Statistics I November 5 2020 14



... Examples SM 10.3.1; FELM 6.1

Family Canonical link Variance function φi

Normal η = µ 1 σ2

Binomial η = log{µ/(1− µ)} µ(1− µ) 1/mi
Poisson η = log(µ) µ 1
Gamma η = 1/µ µ2 1/ν
Inverse Gaussian η = 1/µ2 µ3 ξ

Gamma: 1
Γ(ν)

!
ν

µ

"ν

yν−1 exp(−ν

µ
)y

= exp[−ν

µ
y − ν log(

1
µ
) + (ν − 1) log(y) + ν log(ν)− log{Γ(ν)}]

= exp{ν( y−µ
− log(

1
µ
) + (ν − 1) log(y)− log Γ(ν) + ν log(ν)}
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Inference SM 10.3.2; FELM 6.2

• ℓ(β; y) =
#

{yiθi − b(θi)
φi

+ c(yi,φi)} b′(θi) = µi; b′′(θi) = V(µi)

• g(µi) =

g(b′(θi)) = ηi = xT

i β

• ∂ℓ(β; y)
∂βj

=

# ∂ℓi
∂θi

∂θi
∂βj

=
# yi − b′(θi)

φi

∂θi
∂βj

• g′{b(θi)}b′′(θi)
∂θi
∂βj

=

xij = g′(µi)V(µi)

• ∂ℓ(β; y)
∂βj

=

# yi − µi
φig′(µi)V(µi)

xij =
# yi − µi

aig′(µi)V(µi)
xij

when φi = aiφ

• matrix notation:

∂ℓ(β)

∂β
= XTu(β), X =

∂η

∂βT
, u = (u1, . . . ,un)
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Inference

• ℓ(β; y) =
#

{yiθi − b(θi)
φi

+ c(yi,φi)} b′(θi) = µi; b′′(θi) = V(µi)

• g(µi) = g{b′(θi)} = ηi = xT

i β
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=
# ∂ℓi

∂θi

∂θi
∂βj

=
# yi − b′(θi)

φi

∂θi
∂βj

• g′(b(θi))b′′(θi)
∂θi
∂βj

= xij = g′(µi)V(µi) See Slide 2

• ∂ℓ(β; y)
∂βj

=
# yi − µi

φig′(µi)V(µi)
xij =

# yi − µi
aiφg′(µi)V(µi)

xij
when φi = aiφ

• matrix notation:
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Scale parameter φi

• in most cases, either φi is known, or φi = φai, where ai is known

• Normal distribution, φ = σ2

• Binomial distribution φi = m−1
i

• Gamma distribution, φ = 1/ν

• ∂ℓ(β; y)
∂βj

=
# yi − µi

φig′(µi)V(µi)
xij =

# yi − µi
aiφg′(µi)V(µi)

xij
when φi = aiφ

• if θi = g(µi) canonical link, then g′(µi) = 1/V(µi), and
# yixij

ai
=

# yiµ̂ixij
ai
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Solving maximum likelihood equation

• Newton-Raphson: ℓ′(β̂) = 0 ≈ ℓ′(β) + (β̂ − β)ℓ′′(β)

de"nes iterative scheme

• β̂(t+1) =

β̂(t) − {ℓ′′(β̂(t))}−1ℓ′(β̂(t))

• Fisher scoring: −ℓ′′(β) ← E{−ℓ′′(β)} = i(β)
many books use I(β)

• β̂(t+1) =

β̂(t) + {i(β̂(t))}−1ℓ′(β̂(t))

• applied to matrix version: XTu(β̂) =

0 .
= XTu(β) + (β̂ − β)XT

∂u(β)
∂βT

• change to Fisher scoring: β̂ =

β + i(β)−1XTu(β)
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... maximum likelihood equation

• β̂ = β + i(β)−1XTu(β)

∂2ℓ(β; y)
∂βj∂βk

=

# −b′′(θi)
φi

!
∂θi
∂βj

"!
∂θi
∂βk

"
+

# yi − b′(θi)
φi

∂2θi
∂βj∂βk

• E
!
−
∂2ℓ(β; y)
∂βj∂βk

"
=

# V(µi)
φi

xij
g′(µi)V(µi)

xik
g′(µi)V(µi)

=
# xijxik

φi{g′(µi)}2V(µi)

•

β̂ =

β + (XTWX)−1XTu(β) = (XTWX)−1{XTWXβ + XTu(β)}

=

(XTWX)−1{XTW(Xβ +W−1u(β)}

= (XTWX)−1XTWz

• does not involve φi

• iteratively re-weighted least squares W, z both depend on β

• derived response z = Xβ +W−1u linearized version of y
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And still to come...

• estimation of φ
• analysis of deviance likelihood ratio tests

• diagnostics
• overdispersion and quasi-likelihood

=⇒ GLM Examples
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