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Introduction



Models and likelihood

• Model for the probability distribution of y given x
• Density f (y | x) with respect to, e.g., Lebesgue measure
• Parameters for the density f (y| x; θ), θ = (θ1, . . . , θd)

• Data y = (y1, . . . , yn) o�en independent

• Likelihood function L(θ; y) ∝ f (y; θ) (y1, . . . , yn)

• log-likelihood function `(θ; y) = log L(θ; y)

• intractable log-likelihood function, e.g.

`(θ; y) = log

∫
f (y | z; θ)f (z)dz

y ∈ Rk, z ∈ Rq

• z is a set of latent variables possibly f(z; τ)
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Intractable log-likelihood functions

• latent Gaussian model Rue et al. 2017

f (y | z; θ) =
∏
i∈I

f (yi | zi; θ),

z ∼ N{µ(τ),Σ(τ)},

L(θ; y) =

∫
f (y | z; θ)f (z; τ)π(τ)dzdτ, π(θ | y) ∝ L(θ; y)π(θ)

• latent variable model Verbeke & Molenberghs, 2017

f (yi | zi; θ) = gi(zi; θ), i = 1, . . . ,n,

`(θ; y) =
n∑
i=1

log

∫
gi(zi; θ)dQ(zi)dzi

` = log L

Q nonparametric
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... intractable log-likelihood functions

• generalized linear mixed models Ogden, 2017

• model de�ned by di�erential equations Papavasiliou & Taylor 2016

• exponential random graph models e.g. exp{Σθjkyjyk − log Z(θ)}

• multivariate extreme value processes
F(y; θ) = exp{−V(y1, . . . , yd; θ)}

Davison & Huser, 2015

• Gaussian processes on a lattice Stroud et al., 2017

− 1
2{log |Σ(θ)|+ yTΣ−1(θ)y}

y = {y(s1), . . . , y(sn)}
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Approximate likelihood functions

• Laplace approximation to integrals PQL, INLA

• misspeci�ed
• composite likelihood ignore some dependencies
• indirect likelihood o�en based on normal approximation

• variational approximation K-L lower bound

• simulation ABC, MCMCML

• change the inference
• indirect likelihood several moments
• quasi-likelihood �rst two moments
• estimating equations

Approximate Likelihood functions BayesComp 2018 6/27



Inference based on likelihood functions

• maximum likelihood estimator θ̂ = arg supθ log L(θ; y)

• score function s(θ) = ∂ log L(θ; y)/∂θ

• observed Fisher information j(θ̂) = − ∂2 log L(θ)

∂θ∂θT

∣∣∣∣
θ̂

• Wald statistic Q(θ) = (θ̂ − θ)Tj(θ̂)(θ̂ − θ)

• likelihood ratio statistic w(θ) = 2{log L(θ̂)− log L(θ)}
.∼ χ2

d

• in high dimensions might use instead log L(θ; y)− Pλ(||θ||)
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Composite likelihood



Inference based on mis-speci�ed likelihood functions

• maximum likelihood estimator θ̂ = arg supθ log L(θ; y)

• score function s(θ) = ∂ log L(θ; y)/∂θ

• score covariance J(θ) = E{s(θ)sT(θ)}

• sensitivity H(θ) = E{−∂
2 log L(θ)

∂θ∂θT
}

• Godambe information G(θ) = H(θ){J(θ)}−1H(θ)

• Wald statistic Q(θ) = (θ̂ − θ)TG(θ̂)(θ̂ − θ)

• likelihood ratio statistic w(θ)
.∼
∑
λjχ

2
1j
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Example Ranalli et al. 2018
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Composite likelihood Ranalli et al. 2018

• Potts model on neighbourhood structure

p(ξ; ρ) = exp

(ρ/2)
n∑
i=1

∑
j:cij=1

ξT

i ξj − logW(ρ)


C adjacency matrix

• Hidden Markov random �eld

f (z | ξ; θ) =
n∏
i=1

f (xi, yi | ξ; θ) =
n∏
i=1

K∏
k=1

f (xi, yi; θk)ξik

cyclindrical densities on angle x, intensity y
• likelihood function

L(θ, ρ) =
∑
ξ

f (z | ξ; θ)p(ξ; ρ)

• composite likelihood function cL(θ, ρ) =∏
A∈A

∑
A
f (zA, ξA; θ, ρ)
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... composite likelihood Ranalli et al. 2018

• composite likelihood function

cL(θ, ρ) =
∏
A∈A

∑
A
f (zA, ξA; θ, ρ)

• cover A of subsets of sites 1, . . . ,n; e.g. all possible pairs
• and then discard pairs that are not in the neighbourhood structure

speci�ed in the Potts model

• estimation using the E-M algorithm
• variance estimation using the bootstrap

• inference tested in simulations
• CL inference typically consistent, not e�cient
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Laplace approximation



Example: INLA Rue et al. 2017

• latent Gaussian model

L(θ; y) =

∫
f (y | x; θ1)f (x; θ2)π(θ2)dx

=

∫ ∏
i∈I

f (yi | xi; θ1)ϕ{xi;µi(θ2),Σi(θ2)}dxi

ϕ normal density

• Laplace approximation to posterior

π(θ | y) ∝ L(θ; y)π(θ) or π(θ, x | y)

• generalized linear mixed models
Gaussian prior on �xed and random e�ects

• sparse Markov random �eld for x
plus some additional computational advances, Martins et al. 2013
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... example: INLA Rue et al. 2017

• Laplace approximation to posterior

π(θ | y) ∝ L(θ; y)π(θ) or π(θ, x | y)

• captures asymmetry

• good support for spatial modelling n = 1
• “our main concern is how we think about and specify priors ”
• “o�en conceptually di�cult to encode prior knowledge”

Simpson et al. 2017
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Variational methods



Variational methods Ormerod & Wand, 2010

• in a Bayesian context, want f (β | y), use an approximation q(β)

• dependence of q on y suppressed

• choose q(β) to be
• simple to calculate
• close to posterior

• simple to calculate
• q(β) =

∏
qj(βj)

• simple parametric family

• close to posterior: miminize Kullback-Leibler divergence
between q(·) and f (· | y)
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... variational methods Titterington, 2006

• close to posterior: miminize Kullback-Leibler divergence

KL(q || fpost) =

∫
q(β) log{q(β)/f (β | y)}dβ

• equivalent to

max
q

∫
q(β) log{f (y, β)/q(β)}dβ

• because
log f (y; θ) ≥

∫
q(β) log{f (y, β; θ)/q(β)}dβ

• in a likelihood context

log f (y; θ) = log

∫
f (y | β; θ)f (β)dβ

here β represent random e�ects u, or b, or ...
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Example: GLMM Ormerod & Wand, 2012

log-likelihood:

`(β,Σ) =
m∑
i=1

(
yT

i Xiβ −
1
2 log |Σ|

+ log

∫
Rk

exp{yT

i Ziui − 1T

i b(Xiβ + Ziui)−
1
2u

T

i Σ−1ui}dui
)

variational approx:

`(β,Σ) ≥
m∑
i=1

(
yTi Xiβ −

1
2

log |Σ|
)

+
m∑
i=1

Eu∼N(µi,Λi)

(
yTi Ziu− 1Ti b(Xiβ + Ziu)−

1
2
uTΣ−1u− log{φΛi (u− µi)}

)
simpli�es to k one-dim. integrals
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... GLMM Ormerod & Wand, 2012

`(β,Σ) ≥ `(β,Σ, µ,Λ)

• variational estimate:

`(β̃, Σ̃, µ̃, Λ̃) = arg maxβ,Σ,µ,Λ`(β̃, Σ̃, µ̃, Λ̃)

• are β̃, Σ̃ consistent and/or asymptotically normal?

• Blei et al. (2017) §5.2 Theory
• Bayesian linear model You et al 2014ab
• Poisson mixed e�ects model Hall, Ormerod, Wand 2011; Hall et al. 2011
• stochastic block-models Celise et al. 2012, Bickel et al. 2013
• mixtures of Gaussians Wang & Titterington 2006
• asymptotic variational posterior variance is “too small” Mackay 2003

• McCormick & Westling (2017)
• consistency and asymptotic normality,

through pro�ling variational parameters
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Variational inference

• VL: approx L(θ; y) by a simpler function of θ, e.g.
∏
qj(θ)

• CL: approx f (y; θ) by a simpler function of y, e.g.
∏

A f (yj ∈ A; θ)
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Inference and likelihood

• simplify the likelihood
• composite likelihood
• Laplace approximation to integrals
• variational approximation

• simulate the likelihood
• approximate Bayesian computation
• Markov chain Monte Carlo ML

• change the mode of inference
• indirect inference
• quasi-likelihood
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High-dimensional inference



High-dimensional inference?

• complex models, but p < n �xed

• sometimes simpli�ed, or dimension-reduced, by imposed sparsity
e.g. INLA

• what about regularized approximate likelihoods

`(θ)− Pλ(||θ||)

• example: penalized composite likelihood for Ising model
Xue et al. 2012

• inference a�er selection ...

• high-dimensional logistic regression Sur & Candes 2018, Sur et al. 2017
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High-dimensional logistic regression Sur & Candes, 2018

log(pi/1− pi) = xT

i β, yi ∼ Bernoulli(pi)

• if the MLE exists, then

1
p

p∑
j=1

(β̂j − a∗β) −→ 0

1
p

p∑
j=1

(β̂j − a∗β)2 −→ σ2
∗

• LRT for H : βj = 0 has scaled χ2

w(βj)
d→ κσ2

∗
λ∗

χ2
1

• (α, σ, κ) characterized as the solution of three equations
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Many other approximate likelihood functions

• synthetic likelihoods e.g. Price et al. (2017)

• iterated �ltering Bretó 2018

• generalized pro�le likelihood Severini 1988

• approximation based on case-control studies Ra�ery et al.

• hybrid empirical likelihood and likelihood Hjort et al.

• extended saddlepoint Fasiolo et al.
• ... Ogden, 2017 & 2018

• leading to many approximate posteriors
Ruli, 2016 & 2018
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