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... Ed the geometer and coder
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Ed the frequentist
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Ed the empirical Bayesian
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Ed the Bayesian
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Ed the objective Bayesian

“freqentist justification is needed for Bayesian procedures”
JASA 2000 vignette series
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Ed the (almost) nonparametric Bayesian
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Ed the calibrated Bayesian SSL review 21
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Objective priors Kass Wasserman 96; Consonni et al. 18

• don’t influence the posterior very much

• that we can all agree on

• lead to calibrated posterior credible sets

• anything that modifies the likelihood
function

• flat, uniform, vague, highly dispersed, ...

• reference, other minimum information
versions

• matching priors

• fiducial, generalized fiducial, default

These are all necessarily model-dependent

Some are data-dependent
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Model dependence

• parametric model f (y; θ), y ∈ Rn; θ ∈ Rp, p < n
• Jeffreys’ invariant prior

πJ(θ) ∝ |i(θ)|1/2, i(θ) = E{−∂2ℓ(θ; y)/∂θ∂θT}; ℓ(θ; y) = log f (y; θ)

• invariant to reparametrization

• if p = 1 πJ(θ) is a matching prior, and a reference prior, and ...

• a Jeffreys’-like prior for p > 1 is

π(θ) ∝ g(λ)iψψ(θ)
1/2, θ = (ψ,λ), i(θ) partitioned , ψ ⊥ λ

• objective priors need to be targetted on the function of interest

Ed George Celebration Dec 11 2021 13/25



Approximate matching priors

• matching priors ensure calibration of confidence bounds

• posterior credible bound

pr{θ ≤ θ1−α(y) | y} = 1− α

pr{θ1−α(Y) ≥ θ | θ} = 1− α+ O(n−1)

• when p = 1 matching to O(n−1) achieved by Jeffreys’ prior

πJ(θ) ∝ i(θ)1/2

• matching to O(n−3/2) only if
d
dθ

!
E{ℓ′(θ)3}

"
i3/2(θ)

#
= 0

model criterion
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Data-dependent priors

• Example: transformed regression

yλ = Xβ + σε, π(λ) =
π0(λ)

{J(λ; y)}(n−p)/n
J(y;λ) =

n$

i=1

%%%%
dyλi
dyi

%%%%

Box & Cox 1964

• Example: mixture model

yi ∼
k&

j=1

pjφ{(yj − µj)/σj}, i = 1, . . . ,n; πn(θ) = π(θ)

'
1− Ln(θ)

∆n(θ)

(

“the only priors that produce intervals with second-order correct coverage are
data-dependent” Wasserman 2000
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... data-dependent priors: BFF

• anything that modifies the likelihood function

• Example: the fiducial density (as defined by Fisher) is of the form

df = − ∂

∂θ
F(y; θ)dθ = − ∂

∂θ
F(y; θ) f (y; θ)f (y; θ) = L(θ; y)) *+ ,

likelihood

%%%%
dy
dθ

%%%%
)*+,
“prior′′

y fixed at observed value; total derivative for fixed quantile of y

• Example: generalized fiducial density

r(θ; y) ∝ f (y; θ)) *+ ,
Likelihood

J(θ; y)) *+ ,
“prior′′

J(θ; y) = D
'
d
dθ G(u; θ)|u=G−1(y;θ)

(

Hannig 2009ff
• distribution for θ: posterior, confidence, fiducial all of the same form
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Empirical Bayes Efron 2010; 2019; 2021

π(θ | y) = f (y; θ)π(θ)
m(y)

• version 1: use special model properties to estimate m(y) or its moments
• e.g. Robbins E(θ | y) = (y + 1)m(y+1)

m(y) ; m̂(·) via multinomial sometimes density estimate

• version 2: π(θ | α) hyperparameter −→ m(y;α), estimate α by maximum likelihood
marginal ML

• e.g. species

E(t) = S
-
e−θ(1− e−θt)π(θ)dθ −→ .E(t) = S

-
e−θ(1− e−θt).π(θ)dθ

π(θ | α̂) = π̂(θ)

• e.g. multiple shrinkage δ∗ =
/

ρk(y)mk(y) = Eπ∗(θ | y), ρk(y) = pr(πk | y) George 1986
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... empirical Bayes Efron 2021

• “there are good reasons one might want an estimator of g(θ), involving questions that
can’t be answered directly in terms of the marginal density” g = π

• “Taking ĝ literally allows for Bayes estimates, e.g. .pr(θ ≥ 1 | z = 3)”

• can we “take ĝ(θ) literally”? Efron has a particular construction of ĝ

• the examples above have θi ∼ π(θ| α) −→ f (yi | θi), i = 1, . . . ,n θi ∈ R

• difficult to see if marginalization paradoxes might arise

• a “good” prior for θ has unsatisfactory performance
for a specific parameter of interest ψ(θ)” Consonni et al.
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... empirical Bayes

• how to assess empirical Bayes posteriors such as Efron’s g-estimate?
• “Bayes and empirical Bayes: do they merge?” Petrone, Rousseau, Scricciolo (2014)
•
0
π(θ | α, y)π(α)dα −→ π(θ | α̂n, y) α hyperparameter

• shows that the two methods will agree (“merge”) in the limit if EB is consistent
and much more

• empirical Bayes methods in George & Foster (2000), Cui & George (2008)
asymptotic discrepancy in Scott & Berger (2010)
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Spike and slab

• high-dimensional regression y = Xβ + ε

•

π(βj | γ) =

p$

j=1

{(1− γj)ψ(βj | λ0) + γjψ(βj | λ1)}

π(γ | α) =

p$

j=1

{αγj(1− α)1−γj}

α ∼ Beta(a,b)
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... Spike and slab Bai, Rǒcková, G

• adaptive: large amount of shrinkage if |βj| is small or a very small amount of shrinkage
if |βj| is large

• borrows strength: marginal prior for β is not a product

• posterior mode can be de-biased Θ̂ estimated

β̂d = β̂ + Θ̂XT(y − Xβ̂)/n

• √
n(β̂d − β)

.∼ N(0,σ2Θ̂Σ̂Θ̂)

• leading to confidence intervals for components of β
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A somewhat random walk

• Donnet et al. (2018) Posterior concentration rates for empirical Bayes procedures
nonparametric data-dependent priors

• Rousseau & Szabo (2020) Asymptotic frequentist coverage properties of Bayesian
credible sets for sieve priors

• Martin & Walker (2019) Data-driven priors and their posterior concentration rates

• Zhang & Gao (2020) Convergence rates of empirical Bayes posterior distributions: a
variational perspective

• Klebanov et al. (2020) Objective priors in the empirical Bayes framework scalar parameter
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A work in progress

• data-dependent priors are necessary in non-parametric problems

• data-dependent priors are necessary to obtain strong matching
in parametric problems

• many interesting parametric models have either p = pn or p > n

• prototype the sequence model Yi = θi + εi, εi ∼ N(0, 1/n) or 1, or σ2/n

• lots of difficult analysis, but what about interpretation?
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Model selection and inference

• inference about models is quite difficult

• has much in common with nonparametric methods

• inference after model selection is also very difficult

• Battey & Cox (2017, 2018, 2019) consider finding sets of models that are equally useful
using ideas from incomplete block designs

• Battey & R (2021) consider inference for individual components βj without correction
for selection

can be used to narrow down selected sets from Battey/Cox strategy
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What can I say?

THANK YOU ED
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