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Directional testing

• data y ∈ Rn, parameter θ ∈ Rp,p < n, model f (y; θ)

• parameter of interest ψ ∈ Rd,d < p

• reduce dimension n ↓ p: s = s(y) ∈ Rp measures θ
• reduce dimension p ↓ d: constrain s to Lψ , where the nuisance
parameter is �xed

• if d = 1, distribution on Lψ gives p-value function or con�dence
distribution on R

• if d > 1, �nd a line in Lψ on which to measure from H0 : ψ = ψ0
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... directional testing

• p ↓ d : θ = (ψ, λ), λ̂ψ constrained mle Lψ = {s | λ̂ψ = λ̂0ψ}

• d ↓ 1: line on Lψ between expected, sψ and observed s0
• compute directional p-value on this line p = 5, d = 2
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... directional testing
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• need density on this line s(t) = sψ + t(s0 − sψ)

p(ψ0) =

∫ tmax
1 g(t;ψ0)dt∫ tmax
0 g(t;ψ0)dt

• use saddlepoint approximation to get density for s ∈ Lψ
• g(t;ψ0) = td−1fSP{s(t)}

implicitly creating a one-dimensional model
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F-tests

• normal theory linear model y = Xβ + ε

• linear constraint Aβ = 0, Ad×p ψ0 = 0

p =

∫ tmax
1 g(t;ψ0)dt∫ tmax
0 g(t;ψ0)dt

g(t;ψ0) ∝ td−1{σ̂2(t)}(n−p−2)/2

nσ̂2(t) = (Y − Xβ̂)T{I− t2X(XTX)−1XT}(Y − Xβ̂)

p = ... = Pr{Fd,n−p ≥ MSR/MSE}

McCormack et al., 2018
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... F-tests

• ratio of exponential rates y1j ∼ θ1e−θ1y1j , y2j ∼ θ2e−θ2y2j , j = 1, . . . ,n
• H : θ1/θ2 = ψ

• directional p-value
pr(F2n1,2n2 > ψȳ2/ȳ1)
pr(F2n1,2n2 > 1)

• ratio of normal variances H : σ21/σ
2
2 = 1

• directional p-value
pr(Fn2−1,n1−1 > ψs22/s21)
pr(Fn2−1,n1−1 >

n2(n1−1)
n1(n2−1) )

• multivariate normal mean yi ∼ Nq(µ,Σ), H : µ = 0
• directional p-value

pr{Fp,n−p > (n− p)T2/p(n− 1)}

Allen 2018; Hotelling’s T2 test
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Some technical details

• exponential model, linear hypothesis

exp{ψTs1 + λTs2 − κ(ψ, λ)}h(s)

• based on conditional distribution of s1, given s2

• exponential model, nonlinear hypothesis

exp{ϕ(θ)Ts− κ(ϕ)}h(s)

• uses a marginalization step to eliminate nuisance parameter λ(ψ)

• in a general model, use an approximating exponential family
model as �rst step (n ↓ p)

•

p =

∫ tmax
1 g(t;ψ0)dt∫ tmax
0 g(t;ψ0)dt
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... some technical details

p =

∫ tmax
1 g(t;ψ0)dt∫ tmax
0 g(t;ψ0)dt

g(t;ψ0) = td−1fSP{s(t);ψ0}

fSP{s(t);ψ0} = c exp[`{ϕ̂ψ0 ; s(t)} − `{ϕ̂; s(t)}]|jϕϕ(ϕ̂)|−1/2|j(λλ)(ϕ̂ψ0)|1/2

`(ϕ; s) = ϕT(θ)s+ log f (y0; θ)

s ∈ plane Lψ0 = {s | λ̂ψ0 �xed }
s on line in plane joining sψ0 and s0
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The line s(t)

independence (null hypothesis)

a table on the line

observed data

largest value of t
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Moderate dimension

• need n > p ( n ↓ p ↓ d)
• seems to accommodate large number of parameters of interest
and large number of nuisance parameters

• nuisance parameters eliminated using adjustment to
log-likelihood

• this seems the most important aspect of HOA

Exponential rates
n = 250,p = 50,d = 49
1 nuisance par
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Moderate dimension

• need n > p ( n ↓ p ↓ d)
• seems to accommodate large number of parameters of interest
and large number of nuisance parameters

• nuisance parameters eliminated using adjustment to
log-likelihood

• this seems the most important aspect of HOA

Normal variances
n = 250,p = 100,d = 49
51 nuisance pars.
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... moderate dimension

Example data n parameter p par. of int. d

contingency tables 1000 36 10
normal variances 5000 2000 999
exponential rates 5000 1000 999
covariance selection 60 (Nq) 1275 1176
normal means 1000 400 199
marginal independence 60 (Nq) 1275 1000
Box-Cox 48 14 6

Davison et al. 2014
Sartori et al. 2016

McCormack et al. 2018

WHOA-PSI 3, September 10 2018 12/17



Moderate dimensional inference – asymptotics

• f (y; θ), y ∈ Rn, θ ∈ Rp

• classical: p �xed, n→∞ STA3000

• semi-classical: pn/n→ 0, or p3/2n /n→ 0
Huber, Portnoy; Sartori, Lunardon, ...

• moderate dimension pn/n→ β Candes, Lei/Bickel/El Karoui, ...

• “high dimension” pn/n→∞
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Semi-classical, HOA Sartori 03, Lunardon 18

• yij ∼ f (·;ψ, λi), i = 1, . . . ,q; j = 1, . . . ,m; n = mq
Neyman-Scott problems

• q→∞, m �xed: classical likelihood inference fails

• q→∞, m→∞: can recover if q = o(n1/2)

• using modi�ed likelihood from HOA, can recover if q = o(n3/4)
Sartori

• using bias-adjusted score equation , can recover if q = o(n3/4)
Lunardon

• HOA elimination of nuisance parameters gives large improvements
in asymptotic theory and �nite-sample approximations

WHOA-PSI 3, September 10 2018 14/17



Moderate dimension Lei, El-Karoui, Bickel 18

• β̂(ρ) = arg min 1
n
∑n

i=1 ρ(yi − xT

i β)

• coordinate-wise asymptotic normality

maxjdTV

{
L

(
β̂j − β∗j√var(β̂j)

)
,N(0, 1)

}
= o(1)

• “For instance for least-squares, standard degrees of freedom
adjustments e�ectively take care of many dimensionality-related
problems”

• ?perhaps HOA adjustments for nuisance parameters (= ‘standard
degrees of freedom adjustments’) can be e�ective as using
p/n→ κ asymptotics? when? why not? Kosmidis
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Reproducibility Sage Pub August 23

“61 analysts used the same data set to address the same research
question”
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Reproducibility Sage Pub August 23

• “Analytic approaches varied widely across the teams, and the
estimated e�ect sizes ranged from 0.89 to 2.93

• Twenty teams (69%) found a statistically signi�cant positive e�ect,
and 9 teams (31%) did not observe a signi�cant relationship

• Overall, the 29 di�erent analyses used 21 unique combinations of
covariates

• Peer ratings of the quality of the analyses also did not account for
the variability

• The analytic techniques chosen ranged from simple linear
regression to complex multilevel regression and Bayesian
approaches

• Teams that employed logistic or Poisson models tended to report
estimates that were larger than those of teams that used linear
models”

Silberzahn et al., 2018, Association for Psychological Science
http://journals.sagepub.com/doi/pdf/10.1177/2515245917747646WHOA-PSI 3, September 10 2018
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