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“by the end of the twentieth century, almost all of science had shi󰎗ed to using statistical models”
Salsburg, 󱸰󱸮󱸮󱸯
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Models and science: a haphazard selection



Climate change P󰎓ster et al 󱸰󱸮󱸰󱸲
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Climate change P󰎓ster et al 󱸰󱸮󱸰󱸲

Scienti󰎓c question: Can historical records of wine quality be used
as temperature proxies? observational data
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Climate change P󰎓ster et al 󱸰󱸮󱸰󱸲

Scienti󰎓c question: Can historical records of wine quality be used
as temperature proxies? observational data

Statistical model: “we used a statistical [linear regression] model for wine quality
based on local temperature and precipitation”

yes, if used carefully
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Income supplements Vivalt et al 󱸰󱸮󱸰󱸲
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Income supplements Vivalt et al 󱸰󱸮󱸰󱸲

Scienti󰎓c questions: Does guaranteed income supplement a󰎎ect
labor market measures? randomized controlled trial

P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸴



Income supplements Vivalt et al 󱸰󱸮󱸰󱸲

Scienti󰎓c questions: Does guaranteed income supplement a󰎎ect
labor market measures? randomized controlled trial

Statistical model: Yi = α+ βTreatedi + γTXi + 󰂃i

“support for both sides of this debate”
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Breast cancer mortality Giannakeas et al 󱸰󱸮󱸰󱸲
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Breast cancer mortality Giannakeas et al 󱸰󱸮󱸰󱸲

Scienti󰎓c question: Does bilateral mastectomy for unilateral breast cancer
improve 󱸰󱸮-year survival? matched case-cohort study
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Breast cancer mortality Giannakeas et al 󱸰󱸮󱸰󱸲

Scienti󰎓c question: Does bilateral mastectomy for unilateral breast cancer
improve 󱸰󱸮-year survival? matched case-cohort study

Statistical model: “We used the Kaplan-Meier method to estimate survival”

“preemptive surgery did not appear to reduce the risk of death”
P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸵



Astronomy Meyer et al 󱸰󱸮󱸰󱸱

Yanbo Tang
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Astronomy Meyer et al 󱸰󱸮󱸰󱸱

Yanbo Tang

Scienti󰎓c question: Are observations of X-ray jets consistent with current theory?
observational data
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Astronomy Meyer et al 󱸰󱸮󱸰󱸱

Yanbo Tang

Scienti󰎓c question: Are observations of X-ray jets consistent with current theory?
observational data

Statistical model: compare background and source counts using Poisson distribution:

xi ∼ Po(aiβi), yi ∼ Po(biβi + bifiµi), H󱸮 : µi ≡ 󱸮

P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸶



Astronomy Meyer et al 󱸰󱸮󱸰󱸱

Yanbo Tang

Scienti󰎓c question: Are observations of X-ray jets consistent with current theory?
observational data

Statistical model: compare background and source counts using Poisson distribution:

xi ∼ Po(aiβi), yi ∼ Po(biβi + bifiµi), H󱸮 : µi ≡ 󱸮

“variability in the X-ray emission is not compatible with current theory”P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸶



Models and parameters



Why these models?

• standard in the literature of that 󰎓eld income

• standard in the publications of that lab breast cancer

• follow some prescription:
• binary response — use logistic regression
• time to event — use PH model
• time series — use ARMA wine
• repeated measures — use random e󰎎ects
• ...

• motivated by theory: economic, physical, ... X-ray jets
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Some guidance from the experts Davison; Cox & Donnelly

• the key feature of a statistical model is that variability
is represented using probability distributions

• the art of modelling lies in 󰎓nding a balance that enables
the questions at hand to be answered or new ones posed
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Some guidance from the experts Davison; Cox & Donnelly

• the key feature of a statistical model is that variability
is represented using probability distributions

• the art of modelling lies in 󰎓nding a balance that enables
the questions at hand to be answered or new ones posed

• probability models as an aid to the interpretation of data

• perturbations of no intrinsic interest distort
an otherwise exact measurement

• substantial natural variability in the phenomenon under study

P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸯󱸮



... Some guidance from the experts Statistical Science 󱸯󱸷󱸷󱸮

empirical, or predictive models, contrasted with explanatory models indirect models
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... Some guidance from the experts Statistical Science 󱸯󱸷󱸷󱸮

empirical, or predictive models, contrasted with explanatory models indirect models

The emphasis throughout is on the connection
– or lack of connection –

between the models and the real phenomena.
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The role of parameters

• probability models very likely be parameterized
• thus de󰎓ning a class of models {f (y; θ); θ ∈ Θ}
• parameters may be 󰎓nite- or in󰎓nite-dimensional parametric vs nonparametric
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The role of parameters

• probability models very likely be parameterized
• thus de󰎓ning a class of models {f (y; θ); θ ∈ Θ}
• parameters may be 󰎓nite- or in󰎓nite-dimensional parametric vs nonparametric

• ideally one or more parameters represent key aspects of the model
for the application at hand

• other parameters complete the speci󰎓cation
• the meaning of various parameters varies with the application
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The role of parameters

• probability models very likely be parameterized
• thus de󰎓ning a class of models {f (y; θ); θ ∈ Θ}
• parameters may be 󰎓nite- or in󰎓nite-dimensional parametric vs nonparametric

• ideally one or more parameters represent key aspects of the model
for the application at hand

• other parameters complete the speci󰎓cation
• the meaning of various parameters varies with the application

• this sounds simpler than it is
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The role of parameters

• probability models very likely be parameterized
• thus de󰎓ning a class of models {f (y; θ); θ ∈ Θ}
• parameters may be 󰎓nite- or in󰎓nite-dimensional parametric vs nonparametric

• ideally one or more parameters represent key aspects of the model
for the application at hand

• other parameters complete the speci󰎓cation
• the meaning of various parameters varies with the application

• this sounds simpler than it is
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The role of parameters

• probability models very likely be parameterized
• thus de󰎓ning a class of models {f (y; θ); θ ∈ Θ}
• parameters may be 󰎓nite- or in󰎓nite-dimensional parametric vs nonparametric

• ideally one or more parameters represent key aspects of the model
for the application at hand

• other parameters complete the speci󰎓cation
• the meaning of various parameters varies with the application

• this sounds simpler than it is

“Probability theory alone is insu󰎏cient to describe statistical methods” – SalsburgP󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸯󱸰



What’s special about likelihood?



The likelihood function

• it puts the emphasis on the model: L(θ; y) ∝ f (y; θ) inverse problem
• provides a convenient way to compare parameter values e.g. L(θ)/L(θ̂)
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The likelihood function

• it puts the emphasis on the model: L(θ; y) ∝ f (y; θ) inverse problem
• provides a convenient way to compare parameter values e.g. L(θ)/L(θ̂)

P󰎓zer vaccine
Bin(󱸯󱸴󱸰+ 󱸶, θ) via 󱸰 Poissons
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The likelihood function

• it puts the emphasis on the model: L(θ; y) ∝ f (y; θ) inverse problem
• provides a convenient way to compare parameter values e.g. L(θ)/L(θ̂)

• provides reliable summary measures
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The likelihood function

• it puts the emphasis on the model: L(θ; y) ∝ f (y; θ) inverse problem
• provides a convenient way to compare parameter values e.g. L(θ)/L(θ̂)

• provides reliable summary measures

• can be converted to a probability, given a prior probability for θ
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Inference

• Data and model: y = y󱸯, . . . , yn independent; Y ∼ f (y; θ), θ ∈ Rp y ∈ Rn

• Likelihood function: L(θ; y) ∝ f (y; θ) =
󰁔n

i=󱸯 f (yi; θ)

• Log-likelihood function: ℓ(θ; y) = log L(θ; y) =
󰁓n

i=󱸯 log f (yi; θ)
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Inference

• Data and model: y = y󱸯, . . . , yn independent; Y ∼ f (y; θ), θ ∈ Rp y ∈ Rn

• Likelihood function: L(θ; y) ∝ f (y; θ) =
󰁔n

i=󱸯 f (yi; θ)

• Log-likelihood function: ℓ(θ; y) = log L(θ; y) =
󰁓n

i=󱸯 log f (yi; θ)

• Maximum likelihood estimator: θ̂ = θ̂(y) = arg supθ ℓ(θ; y) ℓ′(θ̂) = 󱸮

• Score function ℓ′(θ; y) = Σn
i=󱸯∂ℓ(θ; yi)/∂θ

T i(θ) = var{∂ℓ(θ; Y)/∂θT} CLT

• observed Fisher information j(θ) = −∂󱸰ℓ(θ; y)/∂θ∂θT E{j(θ)} = i(θ)
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Inference

• Data and model: y = y󱸯, . . . , yn independent; Y ∼ f (y; θ), θ ∈ Rp y ∈ Rn

• Likelihood function: L(θ; y) ∝ f (y; θ) =
󰁔n

i=󱸯 f (yi; θ)

• Log-likelihood function: ℓ(θ; y) = log L(θ; y) =
󰁓n

i=󱸯 log f (yi; θ)

• Maximum likelihood estimator: θ̂ = θ̂(y) = arg supθ ℓ(θ; y) ℓ′(θ̂) = 󱸮

• Score function ℓ′(θ; y) = Σn
i=󱸯∂ℓ(θ; yi)/∂θ

T i(θ) = var{∂ℓ(θ; Y)/∂θT} CLT

• observed Fisher information j(θ) = −∂󱸰ℓ(θ; y)/∂θ∂θT E{j(θ)} = i(θ)

• in “large samples”

ℓ′(θ)
.∼ Np{󱸮, i(θ)}, θ̂

.∼ Np{θ, j−󱸯(θ̂)}, 󱸰{ℓ(θ̂)− ℓ(θ)} .∼ χ󱸰p
P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸯󱸲



Too much notation!

CLT:
󱸯√
nℓ

′(θ)
d→ N{󱸮, i󱸯(θ)}

large-sample approx:

ℓ′(θ)
.∼ Np{󱸮, i(θ)}, θ̂

.∼ Np{θ, j−󱸯(θ̂)}, 󱸰{ℓ(θ̂)− ℓ(θ)} .∼ χ󱸰p
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Too much notation!

CLT:
󱸯√
nℓ

′(θ)
d→ N{󱸮, i󱸯(θ)}

large-sample approx:

ℓ′(θ)
.∼ Np{󱸮, i(θ)}, θ̂

.∼ Np{θ, j−󱸯(θ̂)}, 󱸰{ℓ(θ̂)− ℓ(θ)} .∼ χ󱸰p

1101 118

Ñ
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Aside: A bit too simple

• model f (y; θ), θ ∈ Rp
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Aside: A bit too simple

• model f (y; θ), θ ∈ Rp

• θ = (ψ,λ) parameters of interest nuisance parameters
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Aside: A bit too simple

• model f (y; θ), θ ∈ Rp

• θ = (ψ,λ) parameters of interest nuisance parameters

• results above used pro󰎓le log-likelihood function ℓpro󰎓le(ψ) = ℓ(ψ, λ̂ψ)

1141102 lprofile 4 lprof.ie 4 114 x

Int
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What can go wrong?

• too many parameters
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What can go wrong?

• too many parameters p ∼ n, p/n→ C, p/n→ ∞
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What can go wrong?

• too many parameters

• weird parameter space

p ∼ n, p/n→ C, p/n→ ∞
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What can go wrong?

• too many parameters

• weird parameter space

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯
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What can go wrong?

• too many parameters

• weird parameter space

• computational intractability

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯
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What can go wrong?

• too many parameters

• weird parameter space

• computational intractability

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯

L(θ, τ ; y) =
󰁕
Rk f (y | z; θ)f (z; τ)dz
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What can go wrong?

• too many parameters

• weird parameter space

• computational intractability

• model is misspeci󰎓ed

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯

L(θ, τ ; y) =
󰁕
Rk f (y | z; θ)f (z; τ)dz
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What can go wrong?

• too many parameters

• weird parameter space

• computational intractability

• model is misspeci󰎓ed

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯

L(θ, τ ; y) =
󰁕
Rk f (y | z; θ)f (z; τ)dz

true Y ∼ m(y), ∄θ∗ w. f (·; θ∗) = m(·)
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What can go wrong?

• too many parameters

• weird parameter space

• computational intractability

• model is misspeci󰎓ed

• likelihood is not a probability

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯

L(θ, τ ; y) =
󰁕
Rk f (y | z; θ)f (z; τ)dz

true Y ∼ m(y), ∄θ∗ w. f (·; θ∗) = m(·)
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What can go wrong?

• too many parameters

• weird parameter space

• computational intractability

• model is misspeci󰎓ed

• likelihood is not a probability

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯
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P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸯󱸵



Some approaches to misspeci󰎓cation



󱸯. Classical Cox 󱸯󱸷󱸴󱸯,󱸰; Huber 󱸯󱸷󱸴󱸵; White 󱸯󱸷󱸶󱸰

• true model m(y) 󰎓tted model f (y; θ) y = (y󱸯, . . . , yn)
ℓ(θ; y) ≡ log f (y; θ)

• maximum likelihood estimator 󰁥θ 󰁥θ ≡ arg supθ ℓ(θ; y)
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󱸯. Classical Cox 󱸯󱸷󱸴󱸯,󱸰; Huber 󱸯󱸷󱸴󱸵; White 󱸯󱸷󱸶󱸰

• true model m(y) 󰎓tted model f (y; θ) y = (y󱸯, . . . , yn)
ℓ(θ; y) ≡ log f (y; θ)

• maximum likelihood estimator 󰁥θ 󰁥θ ≡ arg supθ ℓ(θ; y)

• 󰁥θ converges to the “closest true value” KL-divergence

θ󱸮m = argmin
θ

󰁝
m(y) log{ m(y)

f (y; θ)}dy
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󱸯. Classical Cox 󱸯󱸷󱸴󱸯,󱸰; Huber 󱸯󱸷󱸴󱸵; White 󱸯󱸷󱸶󱸰

• true model m(y) 󰎓tted model f (y; θ) y = (y󱸯, . . . , yn)
ℓ(θ; y) ≡ log f (y; θ)

• maximum likelihood estimator 󰁥θ 󰁥θ ≡ arg supθ ℓ(θ; y)

• 󰁥θ converges to the “closest true value” KL-divergence

θ󱸮m = argmin
θ

󰁝
m(y) log{ m(y)

f (y; θ)}dy

• 󰁥θ has asymptotic normal distribution, but is not fully e󰎏cient “sandwich variance”

a.var. (󰁥θ) = G−󱸯(θ󱸮m), G(θ) = J(θ)I−󱸯(θ)J(θ)
I = varm(ℓ′), J = Em(−ℓ′′)
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󱸯. Classical Cox 󱸯󱸷󱸴󱸯,󱸰; Huber 󱸯󱸷󱸴󱸵; White 󱸯󱸷󱸶󱸰

• true model m(y) 󰎓tted model f (y; θ) y = (y󱸯, . . . , yn)
ℓ(θ; y) ≡ log f (y; θ)

• maximum likelihood estimator 󰁥θ 󰁥θ ≡ arg supθ ℓ(θ; y)

• 󰁥θ converges to the “closest true value” KL-divergence

θ󱸮m = argmin
θ

󰁝
m(y) log{ m(y)

f (y; θ)}dy

• 󰁥θ has asymptotic normal distribution, but is not fully e󰎏cient “sandwich variance”

a.var. (󰁥θ) = G−󱸯(θ󱸮m), G(θ) = J(θ)I−󱸯(θ)J(θ)
I = varm(ℓ′), J = Em(−ℓ′′)

• change the inference goal, proceed more or less as usual
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󱸯. Classical Cox 󱸯󱸷󱸴󱸯,󱸰; Huber 󱸯󱸷󱸴󱸵; White 󱸯󱸷󱸶󱸰

• true model m(y) 󰎓tted model f (y; θ) y = (y󱸯, . . . , yn)
ℓ(θ; y) ≡ log f (y; θ)

• maximum likelihood estimator 󰁥θ 󰁥θ ≡ arg supθ ℓ(θ; y)

• 󰁥θ converges to the “closest true value” KL-divergence

θ󱸮m = argmin
θ

󰁝
m(y) log{ m(y)

f (y; θ)}dy

• 󰁥θ has asymptotic normal distribution, but is not fully e󰎏cient “sandwich variance”

a.var. (󰁥θ) = G−󱸯(θ󱸮m), G(θ) = J(θ)I−󱸯(θ)J(θ)
I = varm(ℓ′), J = Em(−ℓ′′)

• change the inference goal, proceed more or less as usual
“we used robust standard errors ”
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󱸰. More 󰎐exible inference functions

Composite likelihood

• true model m(yi) = f (yi; θ), yi ∈ Rd 󰎓tted model
󰁜

A∈A
f (yiA; θ) subsets A
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󱸰. More 󰎐exible inference functions

Composite likelihood

• true model m(yi) = f (yi; θ), yi ∈ Rd 󰎓tted model
󰁜

A∈A
f (yiA; θ) subsets A

• Example: pairwise likelihood y = (y󱸯, . . . , yn)

Lpair(θ; y) =
n󰁜

i=󱸯

󰁜

s∕=t
f󱸰(yis, yit; θ)
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󱸰. More 󰎐exible inference functions

Composite likelihood

• true model m(yi) = f (yi; θ), yi ∈ Rd 󰎓tted model
󰁜

A∈A
f (yiA; θ) subsets A

• Example: pairwise likelihood y = (y󱸯, . . . , yn)

Lpair(θ; y) =
n󰁜

i=󱸯

󰁜

s∕=t
f󱸰(yis, yit; θ)

• Example AR(󱸯) likelihood y = (y󱸯, . . . , yn)

Lcond(θ; y) =
n󰁜

i=󱸯

f (yi | yi−󱸯; θ)

interpretation of θ
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󱸰. More 󰎐exible inference functions

Composite likelihood

• true model m(yi) = f (yi; θ), yi ∈ Rd 󰎓tted model
󰁜

A∈A
f (yiA; θ) subsets A

• Example: pairwise likelihood y = (y󱸯, . . . , yn)

Lpair(θ; y) =
n󰁜

i=󱸯

󰁜

s∕=t
f󱸰(yis, yit; θ)

• Example AR(󱸯) likelihood y = (y󱸯, . . . , yn)

Lcond(θ; y) =
n󰁜

i=󱸯

f (yi | yi−󱸯; θ)

interpretation of θ

• Example pseudo-likelihood in spatial models condition on near neighbours; Besag 󱸵󱸲

P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸯󱸷



... More 󰎐exible inference functions

Quasi-likelihood and generalized estimating equations

g{E(yi | xi)} = g(µi) = xT

i β, var(yi | xi) = σ󱸰V(µi)

• estimating equation for β full distribution unspeci󰎓ed
n󰁛

i=󱸯

∂µi(β)

∂β

(yi − µi)

V(µi)
= 󱸮

column vector
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... More 󰎐exible inference functions

Quasi-likelihood and generalized estimating equations

g{E(yi | xi)} = g(µi) = xT

i β, var(yi | xi) = σ󱸰V(µi)

• estimating equation for β full distribution unspeci󰎓ed
n󰁛

i=󱸯

∂µi(β)

∂β

(yi − µi)

V(µi)
= 󱸮

column vector

Quadratic inference functions Qu, Lindsay, Li 󱸰󱸮󱸮󱸮; Hector 󱸰󱸮󱸰󱸱

• replace V−󱸯(µi) above with an expansion in basis functions
• apply generalized method of moments
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󱸱. More 󰎐exible models

• identify one or more parameters of interest here β

• use a highly 󰎐exible speci󰎓cation form for other aspects of the model
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󱸱. More 󰎐exible models

• identify one or more parameters of interest here β

• use a highly 󰎐exible speci󰎓cation form for other aspects of the model

• Example: proportional hazards regression instantaneous failure rate

h(t; x,β) = h󱸮(t)exp(xTβ)
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󱸱. More 󰎐exible models

• identify one or more parameters of interest here β

• use a highly 󰎐exible speci󰎓cation form for other aspects of the model

• Example: proportional hazards regression instantaneous failure rate

h(t; x,β) = h󱸮(t)exp(xTβ)

• Example: empirical likelihood T(F) to be speci󰎓ed; e.g. EF(Yi)

max
F
L(F; y), subject to T(F) = θ

L(F; y) =
󰁔n

i=󱸯 F(yi)
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󱸱. More 󰎐exible models

• identify one or more parameters of interest here β

• use a highly 󰎐exible speci󰎓cation form for other aspects of the model

• Example: proportional hazards regression instantaneous failure rate

h(t; x,β) = h󱸮(t)exp(xTβ)

• Example: empirical likelihood T(F) to be speci󰎓ed; e.g. EF(Yi)

max
F
L(F; y), subject to T(F) = θ

L(F; y) =
󰁔n

i=󱸯 F(yi)

• Example: semi-parametric regression

E (y | T, x) = ψ T + ω(x)
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󱸱. More 󰎐exible models

• identify one or more parameters of interest here β

• use a highly 󰎐exible speci󰎓cation form for other aspects of the model

• Example: proportional hazards regression instantaneous failure rate

h(t; x,β) = h󱸮(t)exp(xTβ)

• Example: empirical likelihood T(F) to be speci󰎓ed; e.g. EF(Yi)

max
F
L(F; y), subject to T(F) = θ

L(F; y) =
󰁔n

i=󱸯 F(yi)

• Example: semi-parametric regression

E (y | T, x) = ψ T + ω(x)

• does parameter of interest have a stable interpretation model assumption
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... More 󰎐exible models VanSteelandt & Dukes 󱸰󱸮󱸰󱸰; Battey 󱸰󱸮󱸰󱸰

• Possible model E (y | T, x) = ψ T + ω(x) binary treatment T

• De󰎓ne an estimand of interest limit of E-estimator, Robins et al 󱸷󱸰
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... More 󰎐exible models VanSteelandt & Dukes 󱸰󱸮󱸰󱸰; Battey 󱸰󱸮󱸰󱸰

• Possible model E (y | T, x) = ψ T + ω(x) binary treatment T

• De󰎓ne an estimand of interest limit of E-estimator, Robins et al 󱸷󱸰

E[π(x){󱸯− π(x)}{E(y | T = 󱸯, x)− E(y | T = 󱸮, x)}]
E[π(x){󱸯− π(x)}]

propensity score π(x) = pr(T = 󱸯 | x)
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... More 󰎐exible models VanSteelandt & Dukes 󱸰󱸮󱸰󱸰; Battey 󱸰󱸮󱸰󱸰

• Possible model E (y | T, x) = ψ T + ω(x) binary treatment T

• De󰎓ne an estimand of interest limit of E-estimator, Robins et al 󱸷󱸰

E[π(x){󱸯− π(x)}{E(y | T = 󱸯, x)− E(y | T = 󱸮, x)}]
E[π(x){󱸯− π(x)}]

propensity score π(x) = pr(T = 󱸯 | x)

• reduces to ψ under this model
• is a meaningful quantity when the model is incorrect e.g. interaction between T and x
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... More 󰎐exible models VanSteelandt & Dukes 󱸰󱸮󱸰󱸰; Battey 󱸰󱸮󱸰󱸰

• Possible model E (y | T, x) = ψ T + ω(x) binary treatment T

• De󰎓ne an estimand of interest limit of E-estimator, Robins et al 󱸷󱸰

E[π(x){󱸯− π(x)}{E(y | T = 󱸯, x)− E(y | T = 󱸮, x)}]
E[π(x){󱸯− π(x)}]

propensity score π(x) = pr(T = 󱸯 | x)

• reduces to ψ under this model
• is a meaningful quantity when the model is incorrect e.g. interaction between T and x

• linear model −→ generalized linear model g{E(y | T, x)} = ψT + ω(x)

E (π(x){󱸯− π(x)}[g{E(y | T = 󱸯, x)}− g{E(y | T = 󱸮, x)}])
E[π(x){󱸯− π(x)}]
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... More 󰎐exible models VanSteelandt & Dukes 󱸰󱸮󱸰󱸰; Battey 󱸰󱸮󱸰󱸰

• Possible model E (y | T, x) = ψ T + ω(x) binary treatment T

• De󰎓ne an estimand of interest limit of E-estimator, Robins et al 󱸷󱸰

E[π(x){󱸯− π(x)}{E(y | T = 󱸯, x)− E(y | T = 󱸮, x)}]
E[π(x){󱸯− π(x)}]

propensity score π(x) = pr(T = 󱸯 | x)

• reduces to ψ under this model
• is a meaningful quantity when the model is incorrect e.g. interaction between T and x

• linear model −→ generalized linear model g{E(y | T, x)} = ψT + ω(x)

E (π(x){󱸯− π(x)}[g{E(y | T = 󱸯, x)}− g{E(y | T = 󱸮, x)}])
E[π(x){󱸯− π(x)}]
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Example



Exponential Matched Pairs Battey & Cox 󱸰󱸮󱸰󱸮

• survival times for n matched pairs (y󱸯i, y󱸰i)

• random assignment of pair members to treatment/control
• nuisance parameters describing the pairs λ󱸯, . . . ,λn

• parameter of interest is the treatment e󰎎ect
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Exponential Matched Pairs Battey & Cox 󱸰󱸮󱸰󱸮

• survival times for n matched pairs (y󱸯i, y󱸰i)

• random assignment of pair members to treatment/control
• nuisance parameters describing the pairs λ󱸯, . . . ,λn

• parameter of interest is the treatment e󰎎ect

• model y󱸯i exponential with rate λi/ψ

y󱸰i exponential with rate λi ψ

• ψ common parameter of interest; λi pair-speci󰎓c nuisance parameters
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Exponential Matched Pairs Battey & Cox 󱸰󱸮󱸰󱸮

• survival times for n matched pairs (y󱸯i, y󱸰i)

• random assignment of pair members to treatment/control
• nuisance parameters describing the pairs λ󱸯, . . . ,λn

• parameter of interest is the treatment e󰎎ect

• model y󱸯i exponential with rate λi/ψ

y󱸰i exponential with rate λi ψ

• ψ common parameter of interest; λi pair-speci󰎓c nuisance parameters

• consider modelling nuisance parameters λi as random e󰎎ects
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... Exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• model y󱸯i exponential with rate λi/ψ

y󱸰i exponential with rate λi ψ

• random e󰎎ects model: λi ∼ Gamma(α,β) shape, rate

• integrated likelihood

L(ψ,α,β; y) =
󰁝
f (y;ψ,λ)g(λ;α,β)dλ
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... Exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• model y󱸯i exponential with rate λi/ψ

y󱸰i exponential with rate λi ψ

• random e󰎎ects model: λi ∼ Gamma(α,β) shape, rate

• integrated likelihood

L(ψ,α,β; y) =
󰁝
f (y;ψ,λ)g(λ;α,β)dλ

• in the integrated model, ψ is orthogonal to (α,β) ψ̂ asy. ind’t of (α̂, β̂)
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... Exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• model y󱸯i exponential with rate λi/ψ

y󱸰i exponential with rate λi ψ

• random e󰎎ects model: λi ∼ Gamma(α,β) shape, rate

• integrated likelihood

L(ψ,α,β; y) =
󰁝
f (y;ψ,λ)g(λ;α,β)dλ

• in the integrated model, ψ is orthogonal to (α,β) ψ̂ asy. ind’t of (α̂, β̂)
• even better: this is the case for any random e󰎎ects distribution not just Gamma
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... Exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• model y󱸯i exponential with rate λi/ψ

y󱸰i exponential with rate λi ψ

• random e󰎎ects model: λi ∼ Gamma(α,β) shape, rate

• integrated likelihood

L(ψ,α,β; y) =
󰁝
f (y;ψ,λ)g(λ;α,β)dλ

• in the integrated model, ψ is orthogonal to (α,β) ψ̂ asy. ind’t of (α̂, β̂)
• even better: this is the case for any random e󰎎ects distribution not just Gamma

• conclude MLE 󰁥ψ p→ ψ even if random e󰎎ects model is misspeci󰎓ed
could be ine󰎏cient
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... Exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• model y󱸯i exponential with rate λi/ψ

y󱸰i exponential with rate λi ψ

• random e󰎎ects model: λi ∼ Gamma(α,β) shape, rate

• integrated likelihood

L(ψ,α,β; y) =
󰁝
f (y;ψ,λ)g(λ;α,β)dλ

• in the integrated model, ψ is orthogonal to (α,β) ψ̂ asy. ind’t of (α̂, β̂)
• even better: this is the case for any random e󰎎ects distribution not just Gamma

• conclude MLE 󰁥ψ p→ ψ even if random e󰎎ects model is misspeci󰎓ed
could be ine󰎏cient

can this be generalized?P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸰󱸲



Aside: details B & C 󱸰󱸮󱸰󱸮

󱸯. for pair (y󱸯i, y󱸰i)

L(ψ,α,β; y󱸯i, y󱸰i) =
Γ(α+ 󱸰)
Γ(α)

βα

(y󱸯i/ψ + ψy󱸰i + β)α+󱸰

󱸰. orthog

∂󱸰

∂ψ∂α
log L(ψ,α,β; y󱸯i, y󱸰i) =

y󱸰i − y󱸯i/ψ󱸰
y󱸰iψ + y󱸯i/ψ + β

󱸱.
Em

󰀝
y󱸰i − y󱸯i/ψ󱸰

y󱸰iψ + y󱸯i/ψ + β

󰀞
= 󱸮

󱸲. for Gamma random e󰎎ects, but also for any random e󰎎ects distribution

interpretation of α,β when not Gamma
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Towards a formalisation Battey & R 󱸰󱸮󱸰󱸲

• true model m(y) with parameter ψ and true value ψ∗

• 󰎓tted model f (y;ψ,λ) same parameter of interest, (many) nuisance parameters
interpretation of ψ is stable
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Towards a formalisation Battey & R 󱸰󱸮󱸰󱸲

• true model m(y) with parameter ψ and true value ψ∗

• 󰎓tted model f (y;ψ,λ) same parameter of interest, (many) nuisance parameters
interpretation of ψ is stable

• maximum likelihood estimates (ψ̂, λ̂) p→ (ψ󱸮m,λ
󱸮
m) KL divergence

• assume no value of λ ∈ Λ gives back m(·) misspeci󰎓ed
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Towards a formalisation Battey & R 󱸰󱸮󱸰󱸲

• true model m(y) with parameter ψ and true value ψ∗

• 󰎓tted model f (y;ψ,λ) same parameter of interest, (many) nuisance parameters
interpretation of ψ is stable

• maximum likelihood estimates (ψ̂, λ̂) p→ (ψ󱸮m,λ
󱸮
m) KL divergence

• assume no value of λ ∈ Λ gives back m(·) misspeci󰎓ed

• Does 󰁥ψ p→ ψ∗?
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Towards a formalisation Battey & R 󱸰󱸮󱸰󱸲

• true model m(y) with parameter ψ and true value ψ∗

• 󰎓tted model f (y;ψ,λ) same parameter of interest, (many) nuisance parameters
interpretation of ψ is stable

• maximum likelihood estimates (ψ̂, λ̂) p→ (ψ󱸮m,λ
󱸮
m) KL divergence

• assume no value of λ ∈ Λ gives back m(·) misspeci󰎓ed

• Does 󰁥ψ p→ ψ∗? need Em{∂ℓ(ψ∗,λ
󱸮
m)/∂ψ} = 󱸮 (󱸯) λ󱸮m unknown
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Towards a formalisation Battey & R 󱸰󱸮󱸰󱸲

• true model m(y) with parameter ψ and true value ψ∗

• 󰎓tted model f (y;ψ,λ) same parameter of interest, (many) nuisance parameters
interpretation of ψ is stable

• maximum likelihood estimates (ψ̂, λ̂) p→ (ψ󱸮m,λ
󱸮
m) KL divergence

• assume no value of λ ∈ Λ gives back m(·) misspeci󰎓ed

• Does 󰁥ψ p→ ψ∗? need Em{∂ℓ(ψ∗,λ
󱸮
m)/∂ψ} = 󱸮 (󱸯) λ󱸮m unknown

• can be easier to show Em{∂ℓ(ψ∗,λ)/∂ψ} = 󱸮 ∀λ (󱸰)
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Towards a formalisation Battey & R 󱸰󱸮󱸰󱸲

• true model m(y) with parameter ψ and true value ψ∗

• 󰎓tted model f (y;ψ,λ) same parameter of interest, (many) nuisance parameters
interpretation of ψ is stable

• maximum likelihood estimates (ψ̂, λ̂) p→ (ψ󱸮m,λ
󱸮
m) KL divergence

• assume no value of λ ∈ Λ gives back m(·) misspeci󰎓ed

• Does 󰁥ψ p→ ψ∗? need Em{∂ℓ(ψ∗,λ
󱸮
m)/∂ψ} = 󱸮 (󱸯) λ󱸮m unknown

• can be easier to show Em{∂ℓ(ψ∗,λ)/∂ψ} = 󱸮 ∀λ (󱸰)

• Result : (󱸯) ≡ (󱸰) ⇐⇒ ψ∗ is m-orthogonal to Λ: ∀λ Em

󰁱
∂󱸰ℓ(ψ,λ)
∂ψ∂λ

󰁲
= 󱸮
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... towards a formalisation Battey & R 󱸰󱸮󱸰󱸲

• true model m(y) with parameter ψ and true value ψ∗

• 󰎓tted model f (y;ψ,λ)

• Result : orthogonal parameters lead to consistent estimate m-orthogonal

• Some weaker conditions will su󰎏ce for m-orthogonality, hence consistency

• Result : if the parametrization of f has a particular symmetry, then ψ∗ is
m-orthogonal to nuisance, hence consistency

• Example: generalized scale model f (y;σ) = (󱸯/σ)f󱸮(y/σ)

f (y;ψλ) = 󱸯
ψ
f󱸮(

y
ψ
;λ), f (y;λ/ψ) = ψf󱸮(ψy;λ)

exponential matched pairsP󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸰󱸵



Tentative conclusions, further work

• Results above only establish consistency
• asymptotic variance is much more di󰎏cult although estimating it might be okay
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Tentative conclusions, further work

• Results above only establish consistency
• asymptotic variance is much more di󰎏cult although estimating it might be okay

• in the matched pairs examples, nuisance parameters treated as arbitrary constants
can be eliminated by transformation to conditional or marginal distributions

• e󰎎ectively assuming an arbitrary (nonparametric) mixing distribution
• less e󰎏cient when the random e󰎎ects model is correct

P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸰󱸶



Tentative conclusions, further work

• Results above only establish consistency
• asymptotic variance is much more di󰎏cult although estimating it might be okay

• in the matched pairs examples, nuisance parameters treated as arbitrary constants
can be eliminated by transformation to conditional or marginal distributions

• e󰎎ectively assuming an arbitrary (nonparametric) mixing distribution
• less e󰎏cient when the random e󰎎ects model is correct

• orthogonality under assumed model Eθ{−∂󱸰ℓ(θ)/∂θ∂θT} = 󱸮 θ = (ψ,λ)

• m-orthogonality under true model Em{−∂󱸰ℓ(θ)/∂θ∂θT} = 󱸮
• connection to Neyman orthogonality? decorrelated score

∂ℓ(ψ,λ)/∂ψ − wT∂ℓ(ψ,λ)/∂λ, w = IψλI−󱸯λλ

• extension to general estimating equations important in 󱸰-debiased ML
Chernozhukov et al 󱸰󱸮󱸯󱸶, Ning et al 󱸰󱸮󱸯󱸵, Jorgensen & Knudsen 󱸰󱸮󱸮󱸲P󰎓zer Colloquium Oct 󱸰󱸮󱸰󱸲 󱸰󱸶



Conclusion



What can go wrong?

• too many parameters

• weird parameter space

• computational intractability

• model is misspeci󰎓ed

• likelihood is not a probability

p ∼ n, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯

L(θ, τ ; y) =
󰁕
Rk f (y | z; θ)f (z; τ)dz

true Y ∼ m(y), ∄θ∗ w. f (·; θ∗) = m(·)
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... what can go wrong? Brazzale & Mameli 󱸰󱸮󱸰󱸲

• too many parameters

• weird parameter
space

• computational
intractability

• likelihood is not a
probability

new asymptotic theory (p ∼ n) Sur & Candès 󱸯󱸷; Zhao et al 󱸰󱸰
regularization (p > n) Lasso, SCAD, MCP

di󰎎erent asymptotic theory,
e.g. χ󱸰D → Σλjχ

󱸰
󱸯j Battey & McCullagh 󱸰󱸲

composite likelihood Genton et al 󱸯󱸳

priors can be very in󰎐uential

... and so much more!
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Thank you!
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