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Theory and Foundations



Theory and foundations of statistics Savage 󱸯󱸷󱸳󱸲

It is unanimously agreed that
statistics depends somehow on
probability. But, as to what prob-
ability is and how it is connected
with statistics, there has seldom
been such complete disagreement
and breakdown of communication
since the Tower of Babel. Doubt-
less, much of the disagreement is
merely terminological and would
disappear under su󰎏ciently sharp
analysis.
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... theory and foundations of statistics R & Cox, 󱸰󱸮󱸯󱸳

• Statistics needs a healthy interplay between theory and applications

• theory meaning foundations, rather than theoretical analysis of speci󰎓c techniques

• must be continually tested against new applications

• “the practical application of general theorems is a di󰎎erent art
from their establishment by mathematical proof” Fisher 󱸯󱸷󱸳󱸶 SMRW
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What are the foundations?

• probability, analysis, applied mathematics modelling

• Bayes, Neyman, Fisher approaches to inference

• nature of uncertainty epistemic, empirical

• nature of induction belief functions, inferential models

• interpretation of p-values, con󰎓dence regions, credibility intervals

• role of su󰎏ciency, ancillarity, conditioning, asymptotic theory

• sparsity, causality, assumption-free/lean inference, stability, prediction, decisions
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What use are foundations?

• provide a rigorous basis for the development of techniques

• provide a common language for particular classes of problems

• help to clarify the nature of uncertainty in scienti󰎓c conclusions

• highlight aspects of data analysis which are likely to raise di󰎏cult issues

• suggest strategies for tackling highly complex problems

• avoid ‘re-inventing the wheel’ for each new application
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Applications



Applications Example 󱸯

NY Times, April 󱸰󱸵 󱸰󱸮󱸰󱸱

World Weather Attribution, April 󱸰󱸵
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https://www.worldweatherattribution.org/human-induced-climate-change-increased-drought-severity-in-southern-horn-of-africa/


Applications Example 󱸰

Globe & Mail, Feb 󱸳
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https://globe2go.pressreader.com/the-globe-and-mail-ontario-edition/20240205/page/12
https://www.sciencedirect.com/science/article/pii/S0002916523662823?via%3Dihub


Applications                                                          Example 3



Applications                                            Example 3



Applications Example 󱸲

Financial Times Jan 󱸰󱸴
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https://www.ft.com/john-burn-murdoch


Linking theory with practice

󱸯. Drought Climate change attribution
climate models, subgroup analyses, predictions

󱸰. Protein Public Health
observational study, missing data, confounding, multiple testing, causality

󱸱. Science Co-authorship and gender
linear regression, binary outcome, confounding

󱸲. Ideology Political leanings by gender
data sources, smoothing, visualization
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Applications

Drought



Drought World Weather Attribution 󱸰󱸮󱸰󱸱
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The source Kimutai et al. 󱸰󱸮󱸰󱸱

Link
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https://www.worldweatherattribution.org/human-induced-climate-change-increased-drought-severity-in-southern-horn-of-africa/


The data Kimutai et al. 󱸰󱸮󱸰󱸱

• observational data, 󱸱 sources
󱸯. global daily rainfall & temperature 󱸮.󱸳◦ × 󱸮.󱸳◦, 󱸯󱸷󱸵󱸷 –
󱸰. daily rainfall infra-red, “SoA”, 󱸯󱸷󱸶󱸯 –
󱸱. monthly rainfall 󱸯󱸷󱸶󱸯–󱸰󱸮󱸯󱸲

• 󱸲-year smoothed mean surface temperature proxy for anthropogenic climate change

• climate modelling data, 󱸲 sources
󱸯. combine 󱸯󱸰 global and 󱸶 regional climate models: resolution 󱸮.󱸲󱸲◦ 󱸰󱸷 sims
󱸰. combine 󱸳 global and 󱸲 regional climate models: resolution 󱸮.󱸰󱸰◦ 󱸯󱸮 sims
󱸱. atmosphere-ocean coupled GCMs (two) 󱸯󱸮/󱸱 simulations
󱸲. sea-surface temperature forced ensemble, high resolution 󱸯󱸯 simulations

• thanks to Whitney Huang, Clemson U, for many clari󰎓cations

• climate models projected to 󱸰󱸯󱸮󱸮, “RCP󱸶.󱸳”U Ottawa March 󱸶 󱸰󱸮󱸰󱸲 󱸯󱸲



The analysis Kimutai et al. 󱸰󱸮󱸰󱸱

• response is log󱸯󱸮(monthly rainfall) in 󱸰󱸮󱸰󱸯 and 󱸰󱸮󱸰󱸰
and log󱸯󱸮(PET) — potential evapotranspiration

• covariates are global temperature anomaly, and ENSO index
El Nino-Southern Oscillation

• “As a measure of anthropogenic climate change we use smoothed GMST”
Global Mean Surface Temperature

• “Methods for observational and model analysis ... and synthesis are used according
to the World Weather Attribution Protocol” Philip et al. 󱸰󱸮󱸰󱸮

󱸯. trend using observational data
󱸰. 󰎓nd climate models consistent with 󱸯.
󱸱. compare predictions from 󱸯. and 󱸰.
󱸲. synthesize results in 󱸱. to provide conclusions
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The results Kimutai et al. 󱸰󱸮󱸰󱸱

• rainfall decreasing with
increasing temperature

but not much

• 󱸰󱸮󱸰󱸰 rainfall is about a
󱸯 in 󱸰󱸮 year event

• 󱸰󱸮󱸰󱸰 drought about
󱸰 times more likely under
climate change

• uncertainty 󱸮.󱸯 — 󱸱󱸴󱸮
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󱸰 times more likely? Kimutai et al. 󱸰󱸮󱸰󱸱

• change the response to SPEI
rainfall adjusted for evaporation

• 󱸰󱸮󱸰󱸰 drought now 󱸳󱸳󱸮󱸮 times
more likely
uncertainty 󱸱󱸰 to 󱸲× 󱸯󱸮󱸶

• consider ‘long rains’ and ‘short
rains’ separately MAM, OND

• combine model simulation
results with observational
data
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Combining climate simulations and data Kimutai et al. 󱸰󱸮󱸰󱸱

precipitation
adjusted

for evaporation
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forest plots



The theory Whitney Huang

• extrapolation beyond observations Stein Statist. Sci. 󱸰󱸮󱸯󱸷
extreme value modelling

• assigning uncertainty to combined results
sources of uncertainty Senn 󱸰󱸮󱸰󱸮

• ratios of estimated probabilities
nearly unbounded con󰎓dence intervals Cox & Hinkley 󱸯󱸷󱸵󱸲

• selection of events for analysis

• joint modelling of precipitation and evapotranspiration
tail copula modelling
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https://errorstatistics.com/2020/01/20/s-senn-error-point-the-importance-of-knowing-how-much-you-dont-know-guest-post/


August 󱸰󱸮󱸰󱸱
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... August 󱸰󱸮󱸰󱸱

“peak 󰎓re weather ...
at least twice as likely”
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... August 󱸰󱸮󱸰󱸱
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... August 󱸰󱸮󱸰󱸱
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... August 󱸰󱸮󱸰󱸱

“data”: 󱸱󱸲 times as likely (󱸲.󱸵,∞) models: 󱸯.󱸷 times as likely (󱸯.󱸴󱸴, 󱸰.󱸰󱸲)
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Applications

Protein



Applications Example 󱸰

Globe & Mail, Feb 󱸳
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https://globe2go.pressreader.com/the-globe-and-mail-ontario-edition/20240205/page/12
https://www.sciencedirect.com/science/article/pii/S0002916523662823?via%3Dihub


The source Korat et al 󱸰󱸮󱸰󱸲
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The data Korat et al 󱸰󱸮󱸰󱸲

• Nurses Health Study
• launched in 󱸯󱸷󱸵󱸴
• 󱸯󱸰󱸯,󱸵󱸮󱸮 registered female nurses 󱸱󱸮-󱸳󱸳 y married
• follow-up every two years
• initially focussed on oral contraception, later expanded to include
diet and physical activity, biological samples, genetic information, ...

• NHS II launched in 󱸯󱸷󱸶󱸷; NHS 󱸱 in 󱸰󱸮󱸯󱸮 younger ages, Canada, male
• detailed food frequency questionnaire administered in 󱸯󱸷󱸶󱸲, 󱸯󱸷󱸶󱸴
• treatment: protein intake

• calculated from 󱸯󱸷󱸶󱸲 and 󱸯󱸷󱸶󱸴 questionnaires self-reported
• separated into animal, dairy, and plant protein percentage of total energy intake

• response: healthy aging
absence of chronic disease, no memory impairment,
no limitation in physical function, good mental health questionnaires 󱸰󱸮󱸯󱸲, 󱸰󱸮󱸯󱸴

• many potential confounding variables education, smoking, race, etc.
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... the data Korat et al 󱸰󱸮󱸰󱸲

• participants: 󱸶󱸯,󱸵󱸮󱸰 returned FFQ in 󱸯󱸷󱸶󱸲 (baseline)

• exclusions: ≥ 󱸴󱸮 y, history of chronic diseases at baseline, incomplete FFQs in 󱸯󱸷󱸶󱸲
or 󱸯󱸷󱸶󱸴, incomplete or missing information on memory, physical function,
depression questionnaires 󱸰󱸮󱸯󱸲 or 󱸰󱸮󱸯󱸴

• leaving 󱸲󱸶,󱸵󱸴󱸰 participants for main analyses

• 󱸵.󱸴󱹻 achieved “healthy aging”
• 󱸱󱸯󱹻 free of chronic disease
• 󱸲󱸵󱹻 no memory complaints
• 󱸯󱸳󱹻 no physical limitations
• 󱸱󱸵󱹻 good mental health self reports
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The analysis Korat et al 󱸰󱸮󱸰󱸲

• “we used multivariable logistic regression analysis to calculate the odds ratios and
󱸷󱸳󱹻 con󰎓dence intervals for the association of each dietary protein exposure with
the odds of healthy aging”

• “adjusted for age, race, education, marital status, postmenopausal hormone use,
smoking status, alcohol intake, physical activity, baseline history of hypertension or
hypercholesterolemia, aspirin and multivitamin use, sugar-sweetened beverage
intake, and total energy intake”

• “we also adjusted for BMI”
• “in our 󰎓nal regression we further adjusted for type of protein”

• “we used a missing indicator for missing categorical covariate data.
No values were missing for continuous covariates”

• additional analyses of substitution e󰎎ects, several sensitivity analyses
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... the math Korat et al 󱸰󱸮󱸰󱸲

• response yi = 󱸯/󱸮 healthy aging/not

• treatment zi = continuous ? 󱹻 of total calories from protein

• covariates xi confounding variables: age, etc.

• probability model

yi ∼ Bernoulli(pi), log{pi/(󱸯− pi)} = β󱸮 + γzi + xT

i β

• the estimate of exp(γ) is the estimated increase in odds of healthy aging
associated with a unit increment in z all other variables held 󰎓xed

• if the 󱸷󱸳󱹻 con󰎓dence interval for exp(γ) excludes 󱸯,
association is called “statistically signi󰎓cant” by many
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The results Korat et al 󱸰󱸮󱸰󱸲
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... the results Korat et al 󱸰󱸮󱸰󱸲

Plant Protein intake (quintiles)

󱸯 󱸰 󱸱 󱸲 󱸳 ORs (󱸷󱸳󱹻 CI)

Healthy/Total 󱸴󱸯󱸯/󱸷󱸵󱸳󱸰 󱸵󱸳󱸮/󱸷󱸵󱸳󱸱 󱸵󱸰󱸴/󱸷󱸵󱸳󱸰 󱸵󱸷󱸴/󱸷󱸵󱸳󱸱 󱸶󱸱󱸶/󱸷󱸵󱸳󱸰 (per 󱸱󱹻 ↑)

Median Intake (󱹻) 󱸱.󱸵 󱸲.󱸲 󱸲.󱸶 󱸳.󱸰 󱸴.󱸮

Model 󱸯 󱸯.󱸮󱸮 󱸯.󱸯󱸰 (󱸮.󱸷󱸷󱸴, 󱸯.󱸰󱸴) 󱸯.󱸯󱸮 (󱸮.󱸷󱸶, 󱸯.󱸰󱸲) 󱸯.󱸰󱸰 (󱸯.󱸮󱸶, 󱸯.󱸱󱸵) 󱸯.󱸲󱸰 (󱸯.󱸰󱸴, 󱸯.󱸴󱸮) 󱸯.󱸲󱸴 (󱸯.󱸱󱸮, 󱸯.󱸴󱸲)

Model 󱸰 󱸯.󱸮󱸮 󱸯.󱸯󱸰 (󱸮.󱸷󱸷, 󱸯.󱸰󱸴) 󱸯.󱸮󱸶 (󱸮.󱸷󱸴, 󱸯.󱸰󱸰) 󱸯.󱸯󱸵 (󱸯.󱸮󱸱, 󱸯.󱸱󱸰) 󱸯.󱸱󱸰 (󱸯.󱸯󱸴, 󱸯.󱸲󱸷) 󱸯.󱸱󱸯 (󱸯.󱸯󱸴, 󱸯.󱸲󱸶)

Model 󱸱 󱸯.󱸮󱸮 󱸯.󱸯󱸳 (󱸯.󱸮󱸰, 󱸯.󱸰󱸷) 󱸯.󱸯󱸰 (󱸮.󱸷󱸷, 󱸯.󱸰󱸵) 󱸯.󱸰󱸱 (󱸯.󱸮󱸶, 󱸯.󱸲󱸮) 󱸯.󱸲󱸯 (󱸯.󱸰󱸲, 󱸯.󱸴󱸰) 󱸯.󱸱󱸶 (󱸯.󱸰󱸲, 󱸯.󱸳󱸲)
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The results Korat et al 󱸰󱸮󱸰󱸲

U Ottawa March 󱸶 󱸰󱸮󱸰󱸲 󱸱󱸲



Some questions

• most variables were categorized, including protein intake
• does this lose information?

• several dozen con󰎓dence intervals and p-values
• should these be adjusted for multiple comparisons? how?

“which may lead to false positive 󰎓ndings”
• plant protein intake was small, and didn’t vary much — does this matter?
• observational study, although prospective “association is not causation”

• Discussion: “dietary protein intake, especially ... plant protein, in middle-aged
female nurses, may be related to higher odds of healthy aging”

• Abstract: “Dietary protein intake, especially plant protein, in midlife, is associated
with higher odds of healthy aging ... in a large cohort of female nurses.”
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... Results

Plant Protein intake (quintiles)

󱸯 󱸰 󱸱 󱸲 󱸳 ORs (󱸷󱸳󱹻 CI)

Healthy/Total 󱸴󱸯󱸯/󱸷󱸵󱸳󱸰 󱸵󱸳󱸮/󱸷󱸵󱸳󱸱 󱸵󱸰󱸴/󱸷󱸵󱸳󱸰 󱸵󱸷󱸴/󱸷󱸵󱸳󱸱 󱸶󱸱󱸶/󱸷󱸵󱸳󱸰 (per 󱸱󱹻 ↑)

Median Intake (󱹻) 󱸱.󱸵 󱸲.󱸲 󱸲.󱸶 󱸳.󱸰 󱸴.󱸮

Mean Intake (󱹻) 󱸲.󱸵 󱸲.󱸷 󱸲.󱸷 󱸲.󱸷 󱸲.󱸶

Model 󱸯 󱸯.󱸮󱸮 󱸯.󱸯󱸰 (󱸮.󱸷󱸷󱸴, 󱸯.󱸰󱸴) 󱸯.󱸯󱸮 (󱸮.󱸷󱸶, 󱸯.󱸰󱸲) 󱸯.󱸰󱸰 (󱸯.󱸮󱸶, 󱸯.󱸱󱸵) 󱸯.󱸲󱸰 (󱸯.󱸰󱸴, 󱸯.󱸴󱸮) 󱸯.󱸲󱸴 (󱸯.󱸱󱸮, 󱸯.󱸴󱸲)

Model 󱸰 󱸯.󱸮󱸮 󱸯.󱸯󱸰 (󱸮.󱸷󱸷, 󱸯.󱸰󱸴) 󱸯.󱸮󱸶 (󱸮.󱸷󱸴, 󱸯.󱸰󱸰) 󱸯.󱸯󱸵 (󱸯.󱸮󱸱, 󱸯.󱸱󱸰) 󱸯.󱸱󱸰 (󱸯.󱸯󱸴, 󱸯.󱸲󱸷) 󱸯.󱸱󱸯 (󱸯.󱸯󱸴, 󱸯.󱸲󱸶)

Model 󱸱 󱸯.󱸮󱸮 󱸯.󱸯󱸳 (󱸯.󱸮󱸰, 󱸯.󱸰󱸷) 󱸯.󱸯󱸰 (󱸮.󱸷󱸷, 󱸯.󱸰󱸵) 󱸯.󱸰󱸱 (󱸯.󱸮󱸶, 󱸯.󱸲󱸮) 󱸯.󱸲󱸯 (󱸯.󱸰󱸲, 󱸯.󱸴󱸰) 󱸯.󱸱󱸶 (󱸯.󱸰󱸲, 󱸯.󱸳󱸲)
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Some theory

• Bayesian approaches increasingly common in applied work

• how would this be implemented here?

• model

f (y;β, γ) =
n󰁜

i=󱸯

pi(β, γ)yi{󱸯− pi(β, γ)}󱸯−yi

• prior ??
π(β, γ)

• posterior
π(β, γ | y) ∝ f (y;β, γ)π(β, γ)

• marginal posterior
π(γ | y) =

󰁝

Rp
π(β, γ)dβU Ottawa March 󱸶 󱸰󱸮󱸰󱸲 󱸱󱸵



Applications

Authorship



Women Ross et al 󱸰󱸮󱸰󱸰 Nature
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The data Ross et al 󱸰󱸮󱸰󱸰 Nature

• “󰎓nding ‘what isn’t there’ from ‘what is there’ is a fundamental problem in statistics”

• analytic data
• 󱸯󱸯󱸶 campuses send deidenti󰎓ed data to U Michigan + survey + qualitative analysis
• tracks spending on personnel for each research project payroll, all funding sources
• 󱸳󱸵 campuses with complete data 󱸰󱸮󱸯󱸱–󱸰󱸮󱸯󱸴
• identify teams: PI, faculty, PDF, PhD, UGrad, Research Sta󰎎 weighting of 󱸯 for each person
• identify publications Web of Science
• identify gender, job titles, scienti󰎓c 󰎓elds, patents, ...

• 󱸷󱸶󱸮󱸮 teams with 󱸯󱸰󱸷,󱸮󱸮󱸮 team members
• 󱸱󱸷,󱸮󱸮󱸮 articles; 󱸯󱸶m ‘potential authorships’, 󱸱󱸴󱸵,󱸮󱸮󱸮 actual authorships

scienti󰎓c articles
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The analysis Ross et al 󱸰󱸮󱸰󱸰 Nature

• response attribution rate =
# actual authorships

# potential authorships = pr( attribution )

• covariates date of publication, number of days worked in the team, calendar time,
position in the team, team’s PI

• model
P( named ) = β󱸮 + β󱸯woman+ βT covariates + error
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The results Ross et al 󱸰󱸮󱸰󱸰 Nature

overall attribution rate 󱸱.󱸯󱹻;

attribution rate for men 󱸲.󱸰󱸱󱹻; attribution rate for women 󱸰.󱸯󱸰󱹻 includes patents

di󰎎erence smaller when covariates included but still statistically signi󰎓cant
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Figure 󱸯 Figure 󱸰



The theory Ross et al 󱸰󱸮󱸰󱸰 Nature

• linear regression but the response is a proportion

• logistic function is pretty linear for p ∈ (󱸮.󱸰,󱸮.󱸶)

• but these p’s ∈ (󱸮.󱸮󱸯,󱸮.󱸮󱸲) also many t-tests comparing ps

• there’s a paper for that!
On the linear in probability model for binary data Battey, Cox & Jackson 󱸰󱸮󱸯󱸷
least squares estimate is more robust, coe󰎏cient directly interpretable
less e󰎏cient, incorrect for observations out of range

• possibly more concerning: what is the unit of observation?
potential authorship? article? team?
are the standard errors correct?
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This just in
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Applications

Ideology



Financial Times Jan 󱸰󱸲 “󱹻 liberal minus 󱹻 conservative”

ttps://www.ft.com/john-burn-murdoch


Gallup Report “󱹻 Very liberal/Liberal”

https://news.gallup.com/poll/609914/women-become-liberal-men-mostly-stable.aspx




R. Burge: Cooperative Election Study

https://twitter.com/ryanburge/status/1751615375408521623?s=43&t=DCS2fmyH6nNCoSe5ekx7Iw


A. Downey, General Social Survey

https://twitter.com/AllenDowney/status/1751359323589034135


Financial Times Jan 󱸰󱸲 “󱹻 liberal minus 󱹻 conservative” ??

ttps://www.ft.com/john-burn-murdoch


Back to Theory



Linking theory with practice

󱸯. Drought Climate change attribution
climate models, subgroup analyses, predictions

󱸰. Protein Diet and Health
observational study, missing data, confounding, multiple testing, causality

󱸱. Science Co-authorship and gender
linear regression, binary outcome, confounding

󱸲. Ideology Gender imbalance in liberal/conservative leanings
data sources, smoothing, visualization
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Some observations

• statistical “work󰎐ows” seem to be emerging in di󰎎erent disciplines
• Drought — “A Protocol for probabilistic extreme event attribution analysis ”

Philip et al 󱸰󱸮󱸰󱸮, Adv. Stat. Clim. Met. Ocean
• “Writing statistical methods for ecologists” Davis & Kay 󱸰󱸮󱸰󱸱, Ecosphere

• tutorial-type articles in scienti󰎓c journals
• Annals of Thoracic Surgery — the statistician’s page
• J Am Medical Association — Guide to Statistics and Methods
• Nature Methods — Points of Signi󰎓cance
• British Med J — Statistics Notes

• “open data” continues to be elusive
• Drought — “Almost all the data are available via the KNMI Climate Explorer”
• Protein — “Data, code will not be made available due to patient con󰎓dentiality ”
• Women — “datasets ... are available at the Virtual Data Enclave Repository”

U Ottawa March 󱸶 󱸰󱸮󱸰󱸲 󱸳󱸱



Communication!

For example...

Discussion: “dietary protein intake, especially ... plant protein, in middle-aged female
nurses, may be related to higher odds of healthy aging”

Abstract: “Dietary protein intake, especially plant protein, in midlife, is associated with
higher odds of healthy aging ... in a large cohort of female nurses.”

Globe & Mail article: “Protein plays a key role in healthy aging ”
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Communication                                                      Lost in Translation



Communication                                                      Lost in Translation



In mice 

and in cells 

Communication                                                      Lost in Translation



NY Times
March 󱸴

https://www.nytimes.com/2024/03/06/opinion/biden-aging-america-population.html?smid=url-share






Jane Gentleman Lynne Billard Mary Thompson

Thank You!!

https://magazine.amstat.org/blog/2023/04/01/obituaries-for-april-2023/
https://www.stat.uga.edu/directory/people/lynne-billard
https://uwaterloo.ca/statistics-and-actuarial-science/profiles/mary-thompson
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