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A p-value function Fraser 1991

ANDROMEDA trial ANDROMEDA trial
Died Lived ‘ ;
New 74 138 212 g S
Oold 92 120 | 212 -
Total 166 258 | 424 °
2_sided p_value = 0'07 -1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2
Log odds ratio

pr(|T| > t°; 0 =0)
probability of a result as or more extreme than

observed, under the model p(0) = pr{T < t°; 0}
percentile point of the observed value t°

T: likelihood ratio stat as a function of ¢
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... a p-value function Fraser 1991

~

« in “large samples” 6 ~ N(6,54)

200(0) - €(6)} < 2

+ p-value function p(¢) = ®(qg) = ®(ry)
+ Wald test qo = (0 — 6)/69

« likelihood ratio test

ro = =/[2{¢(6) — £(6)}]

» use profile likelihood if
0= (¥,A); 0«
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... a p-value function Fraser 1991

ANDROMEDA trial

90% confidence interval: [-0.688, —0.030 ]
95% confidence interval: [ —0.751, 0.0341]
99% confidence interval: [ —0.825, 0.107 ]

p-value

Log odds ratio

Confidence distribution function; Cox 1958
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Higher-order asymptotics

-+ in “large samples” r;, = £/[2{,() — (1) }] ~ N(0,1) 2{6p($) — Lp(¥)} ~ 33
« p-value function p(v) = d(ry) 0= (b, A), £p(y) =€, X,) profile

* a better approximation p(+)) = &(r;)

©
—~
>

Q - —
! 100(9) /067 | i (By

= (X — Xu)/0x
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Structural Inference Fraser 1966

- location modely =0 +e, e~ fo(e) Y ~fo(y —0)

- y is observed to be y°
c0=y°—e
- probability statements about e can be converted to probability statements about 6

- ify - y-+a,and 0 — 0 — a, any given quantile in the distribution of Y is unchanged

d_

« perturbations in y are linked to perturbations in § 5=

1

« in structural inference, parameters are linked to observations using groups
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Location models Fraser 1964

« location modely =0 +e, e~ fo(e) y~foly —0)

- y is observed to be y°
ch=y’—e
- probability statements about e can be converted to probability statements about 6

- sampley,,...,yn independently y;=0+e;,i=1,...,n Vi ~fo(y — 6)
Y2 =V e — e

. = these functions of e = (es, ..., en) are known
Yn—Va en — €

- for inference, use density of y; conditional on (Y, — y1,...,¥n — Y1)
« equivalently, density of MLE # conditional ona = (y; — 0, ...,y, — 0)

a for “ancillary”
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Local location models Fraser 1964

Local Conditional Sufficiency

By D. A. S. FRASER

University of Toronto
[Received February 1963. Revised November 1963]

SUMMARY

The concept of sufficiency can be examined locally for a neighbourhood of
a parameter point 6, and it leads to an estimate that has minimum variance
among locally-unbiased estimates (Fraser, 1964). This local estimate
generates the natural global estimate for the case of the simple exponential
model, but it does not do so for the important case of the general translation
model. The global estimate, the Pitman estimate, for this translation model
is rooted in ancillarity and conditional sufficiency. In this paper the concept
of local conditional sufficiency is developed; the asymptotic distribution of
the conditionally-sufficient statistic is investigated for large samples; and
for the maximume-likelihood estimate a conditional large-sample variance is
JSM August 2022 obtained which differs from that usually used. 8



... local location models Fraser 1964

- start with a general modely ~ f(y;0), 0 €R

0
+ define a transformation x = / ﬁ%;}aedy 6o an ‘arbitrary’ point
« model g(x; ) is a location model ‘near’ 6, % =1
0o
s sampley,,....,¥n —> Xi,...,Xn
« inference g(x: | a;;0) or g(d | a) x; or d is conditionally sufficient for 6

« local ancillary statistic is determined by a vector

V=(Va,...,Vn) = (dy,/d0, ..., dyn/dO)], if 0 € RP,V = (dy./d0", ..., dyn/dO)" |,
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data-parameter link Heather Battey

« fixg € (0,1), find yq(0) s.t. F{yq(0);6} = g. Then Fis cdf
o= OF(yq(0); 0) 9yq(0) i OF(yq: 0)
Vg a0 a0

- g is arbitrary so
dy  OF(y;0)/00
90 f(y:0)

- local ancillary statistic for a sample of size n is

V=(Vs,...,Vn) = (dy,/d0,...,dyn/d0)|,
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Asymptotics Andrews et al 2005

- classical statistics: v/n(6 — 65) LN N{o,i™"(6o)} Wald, Rao (score), LRG
- Taylor series: £(0) = £(A) + (0 — 0)¢'(0) + 2(0 — )™ ¢"(0)(0 — ) + ... 4(6) = logf(y°: 6)
O ax much anguish

» “Fraser series”:

00:y) = UB:y°) + (6 — B)es(D) + %(a — ) to0(0:y°) (0 — B) + ...

+

N 1 A~
W =y)ey(0:y°) + Sy =¥ ey (O Y)Y = y°) + ..
A A 1 A~ A
+ (Y= Y°) Loy (0:y°)(0 — 0) + 30— Y°) ooy (0:y°)(0 — 0)* + ...
 expand in both sample space and parameter space 722
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... Asymptotics Andrews et al 2005

log f(y; ) =£0; )= Y a;0— ) (y—y)/iljL, @.1)

i,j20

a+3o¢4—5«x§—12y —o3 _{l+oc4—2a§—5y} o3 oz4—3oc§—6y

24n 2n1/2 2n nl/2 n

0 1 0 0 -

A = -1 0 y/n - -
al/2 0 B B B

n

(2.6)

where a = —% log(2m),and a3 /n'/2, 04 /n,/n are the standardized third and fourth cumu-
lants and a measure of nonexponentiality, respectively; the asymptotic assumptions imply
Jsm Augthapvarious terms drop off as powers of » and this is indicated explicitly. The o parameters 2



... Asymptotics Andrews et al 2005

log f(y; ) =£0; )= Y a;0— ) (y—y)/iljL, @.1)

i,j20

a+3o¢4—5«x§—12y —o3 _{l+oc4—2a§—5y} o3 oz4—3oz§—6y

24n 2nl/2 2n nl/2 n
0 1 0 0 -
A = -1 0 b / n - —
—o3
a2 0 - B -
% _ _ — -
n
(2.6)
where a = —A40g(2m), and a3 /n'/2 04 /0, y/n e standardized third and fourth cumu-
lants and a sure of nonexponentiality, respectiv€ly; the asymptotic assumptions imply

JsM Augthiapvarious terms and this is indicated explicitly. The o parameters 13



Exponential family models

* fii#) = exples(vi) — w()1h(yi), Yas---o¥n, i, » €R
« Sufficient statistic s = Xs(y;) closed under sampling
+ inference:

f(si¢) = exp{s — nu(p)}h(s),  C(p)=0 <= K($)=s

- saddlepoint approximation:

2 . C  erani= 2 2
Falsi o) = o SU@)T2 exp {Ue) — UP) + (0~ §)}
() = —Lop(¥)
- canonical parameter ¢ = 9¢(y;s)/0s up to linear transformations

JSM August 2022
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So many models

« location models reduce (yi, ...,y,) to (9 | a) by conditioning R" — R
« approximate location models do the same locally
« exponential models reduce (ys, ..., yn) to s by marginalizing R" — R
« the tangent exponential model does the same locally
- in an arbitrary modely,,...,y, ~f(y;0), 6 €RP 0= (v,\)

1. R" | RP by conditioning on an approximate a
2. R? | R by marginalizing to an approximate s

+ use the saddlepoint approximation and the “Fraser series”
JSM August 2022 15



Tangent exponential model

frem(s | a;0)

JSM August 2022

exp[s” o (0) + £{0(p); y°}1h(s)

cli(@)I 72 exp[sT{ip(8) — w(8°)} + £(6:y°) — £(6°; y°)],

oU(0;y)
ov(y) 7’

canonical parameter

dy () = _02(8:)
et (v0.6°) ’ ApdpT

ancillary directions

V:

16



Significance function

p(¥) = &(ry), ry="ry+ % log (?—;”) frem(s; @) = exp[s™o(0) + £{0(¢); y°}]h(s)

ro = =VR{GW) — G}, Q, =

[0@) = ¢(8u) 9p(04)/037] { i(0) }”2
|00(0)/007| i (0)|

ANDROMEDA trial

p-value
o
©

I3
Q
0.03% 02 04 06 08 1.0

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2
JSM August 2022 17
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Qy
o(r ri=ry+—I 0= (¥, A
p(y) = &(ry,), w =Ty wog(w) (1, XN)

i (&, )"

1. exp fam ry, = £y/[2{6,(9) — Lp(¥)}], Qp = (P — V(D) 22
— 2 i, A2
Wald N——

nuisance par

lixa (9, Ag)["/2
liax (b, A)|"/2
—————

nuisance par

2. loc-scale ry, = £/[2{£p()) — £p(1)}], )i ")

score

profile log-likelihood: £,(1)) = £(1), \y)
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Thinking in pictures
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Thinking in pictures
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THANK YOU
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