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A p-value function Fraser 1991

ANDROMEDA trial

Died Lived

New 74 138 212
Old 92 120 212

Total 166 258 424

2-sided p-value = 0.07
pr(|T| ≥ to; θ = 0)

probability of a result as or more extreme than
observed, under the model

T: likelihood ratio stat
no adjustment for covariates

p(θ) = pr{T ≤ to; θ}
percentile point of the observed value to

as a function of θ
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... a p-value function Fraser 1991

• in “large samples” θ̂
.∼ N(θ, σ̂θ)

2{ℓ(θ̂)− ℓ(θ)} .∼ χ21

• p-value function p(ψ) .
= Φ(qθ)

.
= Φ(rθ)

• Wald test qθ = (θ̂ − θ)/σ̂θ

• likelihood ratio test
rθ = ±

√
[2{ℓ(θ̂)− ℓ(θ)}]

• use profile likelihood if
θ = (ψ,λ); θ ←− ψ
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... a p-value function Fraser 1991

90% confidence interval: [−0.688,−0.030 ]
95% confidence interval: [ −0.751, 0.034 ]
99% confidence interval: [ −0.825, 0.107 ]

Confidence distribution function; Cox 1958
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Higher-order asymptotics

• in “large samples” rψ = ±
√
[2{ℓp(ψ̂)− ℓp(ψ)}]

.∼ N(0, 1) 2{ℓp(ψ̂)− ℓp(ψ)}
.∼ χ21

• p-value function p(ψ) .
= Φ(rψ) θ = (ψ,λ), ℓp(ψ) = ℓ(ψ, λ̂ψ) profile

• a better approximation p(ψ) .
= Φ(r∗ψ)

r∗ψ = rψ +
1
rψ

log
!Qψ

rψ

"

Qψ =
|ϕ(θ̂)− ϕ(θ̂ψ) ∂ϕ(θ̂ψ)/∂λ

T|
|∂ϕ(θ̂)/∂θT|

#
|j(θ̂)|

|jλλ(θ̂ψ)|

$1/2

= (χ̂− χ̂ψ)/σ̂χ
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Structural Inference Fraser 1966

• location model y = θ + e, e ∼ f0(e) y ∼ f0(y − θ)

• y is observed to be yo

• θ = yo − e
• probability statements about e can be converted to probability statements about θ

• if y → y + a, and θ → θ − a, any given quantile in the distribution of Y is unchanged
• perturbations in y are linked to perturbations in θ

dy
dθ

= 1

• in structural inference, parameters are linked to observations using groups
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Location models Fraser 1964

• location model y = θ + e, e ∼ f0(e) y ∼ f0(y − θ)

• y is observed to be yo

• θ = yo − e
• probability statements about e can be converted to probability statements about θ

• sample y1, . . . , yn independently yi = θ + ei, i = 1, . . . ,n yi ∼ fo(y − θ)

•

%

&&'

y2 − y1
...

yn − y1

(

))* =

%

&&'

e2 − e1
...

en − e1

(

))* these functions of e = (e1, . . . , en) are known

• for inference, use density of y1 conditional on (y2 − y1, . . . , yn − y1)
• equivalently, density of MLE θ̂ conditional on a = (y1 − θ̂, . . . , yn − θ̂)

a for “ancillary”JSM August 2022 7



Local location models Fraser 1964
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... local location models Fraser 1964

• start with a general model y ∼ f (y; θ), θ ∈ R

• define a transformation x =
+ y

− f (y; θ0)
∂F(y; θ0)/∂θ

dy θ0 an ‘arbitrary’ point

• model g(x; θ) is a location model ‘near’ θ0
dx
dθ

!!!!
θ0

= 1

• sample y1, . . . , yn −→ x1, . . . , xn

• inference g(x1 | a1; θ) or g(θ̂ | a) x1 or θ̂ is conditionally sufficient for θ

• local ancillary statistic is determined by a vector

v = (v1, . . . , vn) = (dy1/dθ, . . . ,dyn/dθ)|θ0 if θ ∈ Rp, V = (dy1/dθT, . . . ,dyn/dθ)T|θ0
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data-parameter link Heather Battey

• fix q ∈ (0, 1), find yq(θ) s.t. F{yq(θ); θ} = q. Then F is cdf

0 =
∂F(yq(θ); θ)

∂yq
∂yq(θ)
∂θ

+
∂F(yq; θ)

∂θ

• q is arbitrary so
∂y
∂θ

= −∂F(y; θ)/∂θ
f (y; θ)

• local ancillary statistic for a sample of size n is

v = (v1, . . . , vn) = (dy1/dθ, . . . ,dyn/dθ)|θ0
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Asymptotics Andrews et al 2005

• classical statistics:
√
n(θ̂ − θ0)

d→ N{0, i−1(θ0)} Wald, Rao (score), LRG

• Taylor series: ℓ(θ) = ℓ(θ̂) + (θ − θ̂)ℓ′(θ̂) + 1
2 (θ − θ̂)Tℓ′′(θ̂)(θ − θ̂) + ... ℓ(θ) = log f (yo; θ)

• ... much anguish

• “Fraser series”:

ℓ(θ; y) = ℓ(θ̂; yo) + (θ − θ̂)ℓθ(θ̂) +
1
2 (θ − θ̂)Tℓθθ(θ̂; yo)(θ − θ̂) + . . .

+ (y − yo)ℓ;y(θ̂; yo) +
1
2 (y − yo)Tℓ;yy(θ̂; yo)(y − yo) + . . .

+ (y − yo)Tℓθ;y(θ̂; yo)(θ − θ̂) +
1
3 (y − yo)Tℓθθ;y(θ̂; yo)(θ − θ̂)2 + . . .

• expand in both sample space and parameter space ???
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... Asymptotics Andrews et al 2005

JSM August 2022 12



... Asymptotics Andrews et al 2005
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Exponential family models

• f (yi;ϕ) = exp{ϕs(yi)− κ(ϕ)}h(yi), y1, . . . , yn, i.i.d. ϕ ∈ R

• Sufficient statistic s = Σs(yi) closed under sampling

• inference:

f (s;ϕ) = exp{ϕs− nκ(ϕ)}h̃(s), ℓ′(ϕ̂) = 0 ⇐⇒ κ′(ϕ̂) = s

ϕ̂ ↔ s

• saddlepoint approximation:

f̂n(s;ϕ)
.
=

c√
(2π) |j(ϕ̂)|

−1/2 exp
,
ℓ(ϕ)− ℓ(ϕ̂) + s(ϕ− ϕ̂)

-

j(ϕ) = −ℓϕϕ(ϕ)

• canonical parameter ϕ = ∂ℓ(ϕ; s)/∂s up to linear transformations
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So many models

• location models reduce (y1, . . . , yn) to (θ̂ | a) by conditioning Rn → R

• approximate location models do the same locally

• exponential models reduce (y1, . . . , yn) to s by marginalizing Rn → R

• the tangent exponential model does the same locally

• in an arbitrary model y1, . . . , yn ∼ f (y; θ), θ ∈ Rp θ = (ψ,λ)

1. Rn ↓ Rp by conditioning on an approximate a
2. Rp ↓ R by marginalizing to an approximate s

• use the saddlepoint approximation and the “Fraser series”
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Tangent exponential model

fTEM(s | a; θ) = exp[sTϕ(θ) + ℓ{θ(ϕ); yo}]h(s)

.
= c|j(ϕ̂)|−1/2 exp

.
sT{ϕ(θ)− ϕ(θ̂o)}+ ℓ(θ; yo)− ℓ(θ̂o; yo)

/
,

ϕ(θ) =
∂ℓ(θ; y)
∂V(y)0 12 3

canonical parameter

, V =
dy
dθT

4444
(yo,θ̂o)0 12 3

ancillary directions

, j(ϕ̂) = −∂2ℓ(θ; y)
∂ϕ∂ϕT
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Significance function

p(ψ) .
= Φ(r∗ψ), r∗ψ = rψ +

1
rψ

log
!Qψ

rψ

"
, fTEM(s;ϕ) = exp[sTϕ(θ) + ℓ{θ(ϕ); yo}]h(s)

rψ = ±
√
[2{ℓp(ψ̂)− ℓp(ψ)}], Qψ =

|ϕ(θ̂)− ϕ(θ̂ψ) ∂ϕ(θ̂ψ)/∂λ
T|

|∂ϕ(θ̂)/∂θT|

#
|j(θ̂)|

|jλλ(θ̂ψ)|

$1/2
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Special cases

p(ψ) .
= Φ(r∗ψ), r∗ψ = rψ +

1
rψ

log
!Qψ

rψ

"
θ = (ψ,λ)

1. exp fam rψ = ±
√
[2{ℓp(ψ̂)− ℓp(ψ)}], Qψ = (ψ̂ − ψ)j1/2p (ψ̂)

0 12 3
Wald

|jλλ(ψ̂, λ̂)|1/2

|jλλ(ψ, λ̂ψ)|1/20 12 3
nuisance par

2. loc-scale rψ = ±
√
[2{ℓp(ψ̂)− ℓp(ψ)}], Qψ = ℓ′p(ψ)j

−1/2
p (ψ̂)

0 12 3
score

|jλλ(ψ, λ̂ψ)|1/2

|jλλ(ψ̂, λ̂)|1/20 12 3
nuisance par

profile log-likelihood: ℓp(ψ) = ℓ(ψ, λ̂ψ)
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Thinking in pictures
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Thinking in pictures

JSM August 2022 20



Relaxing
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THANK YOU
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