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Tattoos and melanoma McCarty et al 󱸰󱸮󱸰󱸳

Scienti󰎓c question: Do skin tattoos increase the risk of melanoma observational data

Statistical model: “we computed odds ratios and 󱸷󱸳󱹻 con󰎓dence intervals
from logistic regression models”

“we created a DAG to identify potential confounders”

caution is warranted
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Heat wave Clark et al 󱸰󱸮󱸰󱸳

Scienti󰎓c question: Estimate the excess heat deaths attributable to climate change
simulated data

Statistical model: “We use established epidemiological models and the WWA
climate-attribution framework” extreme value distribution; regression
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Chocolate and diabetes Liu et al 󱸰󱸮󱸰󱸲

Scienti󰎓c question: Does dark chocolate consumption a󰎎ect the risk of Type 󱸰 diabetes?

Statistical model: “We used Cox proportional hazards models to estimate the hazard
ratios and corresponding 󱸷󱸳󱹻 con󰎓dence intervals (CIs)”

“a signi󰎓cant linear trend across four groups was observed”
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Why these models?

• motivated by theory: economic, physical, ...

• motivated by design: randomized controlled trial, survey, regression discontinuity
design, ...

• standard in the literature of that 󰎓eld heat wave

• standard in the publications of that lab

• follow some prescription:
• binary response — use logistic regression tattoos
• time to event — use PH model chocolate
• time series — use ARMA
• repeated measures — use random e󰎎ects
• ...
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Some guidance from the experts Davison; Cox & Donnelly

• the key feature of a statistical model is that variability
is represented using probability distributions

• the art of modelling lies in 󰎓nding a balance that enables
the questions at hand to be answered or new ones posed

• probability models as an aid to the interpretation of data

• perturbations of no intrinsic interest distort
an otherwise exact measurement

• substantial natural variability in the phenomenon under study
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The role of parameters

• probability models very likely be parameterized
• thus de󰎓ning a class of models {f (y; θ); θ ∈ Θ}
• parameters may be 󰎓nite- or in󰎓nite-dimensional parametric vs nonparametric

• ideally one or more parameters represent key aspects of the model
for the application at hand

• other parameters complete the speci󰎓cation
• the meaning of various parameters varies with the application

• this sounds simpler than it is

e.g. Box-Cox yλ = xTβ + 󰂃CANSSI Sep 󱸱󱸮 󱸰󱸮󱸰󱸳 󱸴



The likelihood function

• puts the emphasis on the model parameters: L(θ; y) ∝ f (y; θ) =
󰁔n

i=󱸯 f (yi; θ)
inverse problem

• provides a convenient way to compare parameter values e.g. L(θ)/L(θ̂)

• provides reliable summary measures ℓ(θ; y) = log L(θ; y)

• can be converted to a probability, given a prior probability for θ
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Inference and asymptotics

(i) ℓ(θ) =
n󰁛

i=󱸯

log f (yi; θ | xi), (ii) ℓ′(θ) =
n󰁛

i=󱸯

∇θ log f (yi; θ | xi), (iii) ℓ′(θ̂) = 󱸮

Central Limit Theorem 󱸯√
nℓ

′(θ)
d−→ N{󱸮, I󱸯(θ)} expected Fisher information per obs’n

=⇒ MLE is approximately normally distributed J(θ) = −ℓ′′(θ)

θ̂
.∼ Np{θ, J−󱸯(θ̂)}

=⇒ LRT is approximately χ󱸰 distributed I(θ) = Eθ{J(θ)}

󱸰{ℓ(θ̂)− ℓ(θ)} .∼ χ󱸰p

CANSSI Sep 󱸱󱸮 󱸰󱸮󱸰󱸳 󱸶



... Limit theory

Large-sample approximation:

θ̂
.∼ Np{θ, J−󱸯(θ̂)}, 󱸰{ℓ(θ̂)− ℓ(θ)} .∼ χ󱸰p
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A bit too simple

• model f (y; θ), θ ∈ Rp

• θ = (ψ,λ) parameters of interest nuisance parameters

• results above used modi󰎓ed pro󰎓le log-likelihood function

ℓmp(ψ) = ℓ(ψ, λ̂ψ)−
󱸯
󱸰 log |Jλλ(ψ, λ̂ψ)|
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ψ ⊥ λ; Iψλ(θ) = 󱸮
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What can go wrong?

• distribution approximations
might be poor

• too many parameters

• irregular parameter space

• computational intractability

• model is misspeci󰎓ed

likelihood skewed;
extremes more relevant

p ∼ nα, p/n→ C, p/n→ ∞

αf (y; θ󱸯) + (󱸯− α)f (y; θ󱸰), 󱸮 ≤ α ≤ 󱸯

L(θ, τ ; y) =
󰁕
Rk f (y | z; θ)f (z; τ)dz

true Y ∼ m(y), f (·; θ) ∕= m(·) ∀θ
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󱸯. Classical Cox 󱸯󱸷󱸴󱸯,󱸰; Huber 󱸯󱸷󱸴󱸵; White 󱸯󱸷󱸶󱸰

• true model m(y) 󰎓tted model f (y; θ) y = (y󱸯, . . . , yn)
ℓ(θ; y) ≡ log f (y; θ)

• maximum likelihood estimator 󰁥θ 󰁥θ ≡ arg supθ ℓ(θ; y)

• 󰁥θ converges to the “closest true value” KL-divergence

θ󱸮m = argmin
θ

󰁝
m(y) log{ m(y)

f (y; θ)}dy

• 󰁥θ has asymptotic normal distribution, but is not fully e󰎏cient “sandwich variance”

a.var. (󰁥θ) = G−󱸯(θ󱸮m), G(θ) = J(θ)I−󱸯(θ)J(θ)
I = varm(ℓ′), J = Em(−ℓ′′)

• change the inference goal, proceed more or less as usual
“we used robust standard errors ”
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󱸰. More 󰎐exible inference functions

Composite likelihood

• true model m(yi) = f (yi; θ), yi ∈ Rd 󰎓tted model
󰁜

A∈A
f (yiA; θ) subsets A

• Example: pairwise likelihood y = (y󱸯, . . . , yn)

Lpair(θ; y) =
n󰁜

i=󱸯

󰁜

s∕=t
f󱸰(yis, yit; θ)

• Example: AR(󱸯) likelihood y = (y󱸯, . . . , yn)

Lcond(θ; y) =
n󰁜

i=󱸯

f (yi | yi−󱸯; θ)

interpretation of θ

• Example: pseudo-likelihood in spatial models condition on near neighbours; Besag 󱸵󱸲
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... More 󰎐exible inference functions

Quasi-likelihood and generalized estimating equations

g{E(yi | xi)} = g(µi) = xT

i β, var(yi | xi) = σ󱸰V(µi)

• estimating equation for β full distribution unspeci󰎓ed
n󰁛

i=󱸯

∂µi(β)

∂β

(yi − µi)

V(µi)
= 󱸮

column vector

Quadratic inference functions Qu, Lindsay, Li 󱸰󱸮󱸮󱸮; Hector 󱸰󱸮󱸰󱸱

• replace V−󱸯(µi) above with an expansion in basis functions
• apply generalized method of moments
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󱸱. More 󰎐exible models

• identify one or more parameters of interest
• use a highly 󰎐exible speci󰎓cation for other aspects of the model

• Example: proportional hazards regression instantaneous failure rate

h(t; x,β) = h󱸮(t)exp(xTβ)

• Example: empirical likelihood T(F) to be speci󰎓ed; e.g. EF(Yi)

max
F
L(F; y), subject to T(F) = θ

L(F; y) =
󰁔n

i=󱸯 F(yi)

• Example: semi-parametric regression

E (y | T, x) = ψ T + ω(x)

• when does parameter of interest have a stable interpretation model assumption
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Example: exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• independent exponential pairs (y󱸯i, y󱸰i), i = 󱸯, . . . ,n n+ 󱸯 parameters

• rate parameters γi/ψ and γiψ, respectively
• ψ common parameter of interest γi pair-speci󰎓c nuisance parameters

• likelihood function

L(ψ,γ; y) ∝
n󰁜

i=󱸯

γ󱸰i exp{−γi(
y󱸯i
ψ

+ ψy󱸰i)}

• possibilities for eliminating nuisance parameters
• pro󰎓le (concentrated) likelihood maximize over γ
• marginal likelihood: f (t;ψ) =

󰁔n
i=󱸯 f (ti;ψ) ti = y󱸯i/y󱸰i

• random e󰎎ects γi ∼ g(·;λ) more e󰎏cient, if ...
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... Example: exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• independent exponential pairs (y󱸯i, y󱸰i), i = 󱸯, . . . ,n n+ 󱸯 parameters
• rate parameters γi/ψ and γiψ, respectively
• random e󰎎ects: γi ∼ Gamma(α,β) λ 󱹫 (shape, rate)
• likelihood function

L(ψ,α,β; y) ∝
n󰁜

i=󱸯

󰁝
γ󱸰i exp{−γi(

y󱸯i
ψ

+ ψy󱸰i)}g(γi;α,β)dγi

• orthogonality:

Egamma

󰀝
−∂󱸰 log L(ψ,α,β)

∂ψ∂α

󰀞
= 󱸮, Egamma

󰀝
−∂󱸰 log L(ψ,α,β)

∂ψ∂β

󰀞
= 󱸮

• even better

Em

󰀝
−∂󱸰 log L(ψ,α,β)

∂ψ∂α

󰀞
= 󱸮, Em

󰀝
−∂󱸰 log L(ψ,α,β)

∂ψ∂β

󰀞
= 󱸮

any random e󰎎ects distribution
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... Example: exponential matched pairs Battey & Cox 󱸰󱸮󱸰󱸮

• independent exponential pairs (y󱸯i, y󱸰i), i = 󱸯, . . . ,n n+ 󱸯 parameters

• rate parameters γi/ψ and γiψ, respectively
• random e󰎎ects: γi ∼ Gamma(α,β) λ 󱹫 (shape, rate)

• likelihood function

L(ψ,α,β; y) ∝
n󰁜

i=󱸯

󰁝
γ󱸰i exp{−γi(

y󱸯i
ψ

+ ψy󱸰i)}g(γi;α,β)dγi

• even better

Em

󰀝
−∂󱸰 log L(ψ,α,β)

∂ψ∂α

󰀞
= 󱸮, Em

󰀝
−∂󱸰 log L(ψ,α,β)

∂ψ∂β

󰀞
= 󱸮

• and
ψ̂

p−→ ψ

any random e󰎎ects distribution
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Towards a formalisation Battey & R 󱸰󱸮󱸰󱸲
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Overview

• parameter of interest ψ is well-de󰎓ned
• model with nuisance parameters may be misspeci󰎓ed random e󰎎ects

• when can we recover the true value of ψ
• does parameter orthogonality play a role?

• yes, it does, but may be di󰎏cult to verify directly requires moments under the true model

• models based on groups satisfy this orthogonality
• with particular symmetry in the parametrization

• most natural examples seem to involve misspeci󰎓ed random e󰎎ects

• has some links to Neyman orthogonality in doubly-debiased machine learning
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Another look at matched pairs

• independent exponential pairs (y󱸯i, y󱸰i), i = 󱸯, . . . ,n
• rate parameters γi/ψ and γiψ, respectively

• ti = y󱸯i/y󱸰i, i = 󱸯, . . . ,n

• marginal likelihood

L(ψ; t) =
n󰁜

i=󱸯

ψ󱸰

(󱸯+ ψ󱸰ti)󱸰

• inference can proceed as in classical setting

• is this also robust to model misspeci󰎓cation?
• for example, if y󱸯i ∼ Exp(αi + β), y󱸰i ∼ Exp(αi − β) wip
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What can go wrong?

• the distributional approximations
might be poor

• too many parameters

• irregular parameter space

• computational intractability

• model is misspeci󰎓ed

likelihood skewed;
extremes more relevant

p ∼ nα, p/n→ C, p/n→ ∞

pf (y; θ󱸯) + (󱸯− p)f (y; θ󱸰), 󱸮 ≤ p ≤ 󱸯

L(θ, τ ; y) =
󰁕
Rk f (y | z; θ)f (z; τ)dz

true Y ∼ m(y), f (·; θ) ∕= m(·) ∀θ
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Likelihood methods, p = O(n) Tang & R 󱸰󱸮󱸰󱸮

• data y = (y󱸯, . . . , yn)

• model f (y; θ), θ ∈ Rp; or f (y | x;β) e.g. semi-par reg

• parameter of interest and nuisance parameters θ = (ψ,λ)

• low-dimensional high-dimensional

• for example factorial and fractional factorial designs e.g. design matrix X is orthogonal

• for example adjustments to pro󰎓le log-likelihood e.g. σ̂󱸰 =
RSS
n

−→ σ̃󱸰 =
RSS
n− p
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... likelihood methods, p = O(n)

• log-likelihood function ℓ(θ; y) = log f (y; θ), θ ∈ Rp, y ∈ Rn

• pro󰎓le log-likelihood function ℓprof(ψ; y) = ℓ(θ̂ψ) = ℓ(ψ, λ̂ψ) θ = (ψ,λ)

• good enough if p 󰎓xed, n→ ∞

w = 󱸰{ℓprof(ψ̂)− ℓprof(ψ)}
d−→ χ󱸰󱸯 , r = ±w󱸯/󱸰 d−→ N(󱸮, 󱸯)

• fails if p = pn:

w d−→ σ󱸰∗
λ∗

χ󱸰󱸯

Sur, Chen, Candès 󱸰󱸮󱸯󱸷; logistic regression, ψ = βj

• (σ∗,λ∗) characterized as the solution of two equations the optimization path
also depends on limn→∞ pn/n
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... likelihood methods, p = O(n) Sur et al. 󱸰󱸮󱸯󱸷, PTRF
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Improvements to likelihood

󱸯. adjust the pro󰎓le log-likelihood function for estimation of nuisance parameters

• ℓprof(ψ) = ℓ(ψ, λ̂ψ) −→ ℓmp(ψ) = ℓ(ψ, λ̂ψ)− 󱸯
󱸰 log |jλλ(ψ, λ̂ψ)| jλλ: Fisher info

• can lead to improved inference in 󰎓nite samples
e.g. Kosmidis & Firth 󱸰󱸮󱸯󱸷 Bka for logistic regression

e.g. Sartori 󱸰󱸮󱸮󱸱 Bka for strati󰎓ed models

󱸰. adjust the log-likelihood ratio statistic

w = 󱸰{ℓprof(ψ̂)− ℓprof(ψ)}
.∼ χ󱸰󱸯

• or its signed square root r = sign(ψ̂−ψ)[󱸰{ℓprof(ψ̂)− ℓprof(ψ)}]󱸯/󱸰
.∼ N(󱸮, 󱸯)+Op(n−󱸯/󱸰)

r∗ = r + rnuisance + rinfo, r∗∼ N(󱸮, 󱸯) + Op(n−󱸱/󱸰)
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... improvements to r Tang & R 󱸰󱸮󱸰󱸮

•
r∗ = r + rnuisance + rinfo ∼ N(󱸮, 󱸯)

p = O(nα),α < 󱸮.󱸳

• Tang & R Theorem 󱸯:

rnuisance = Op(p󱸱/󱸰/n󱸯/󱸰), can be as small as Op(p/n󱸯/󱸰)

• Tang & R Theorem 󱸰:

rinfo = Op(p/n󱸯/󱸰), can be as small as Op(󱸯/n󱸯/󱸰)

•

rnuisance ≃
󱸯
r log

󰀫
|jλλ(ψ̂, λ̂)|󱸯/󱸰

|jλλ(ψ, λ̂ψ)|󱸯/󱸰

󰀬
, rinfo ≃

󱸯
r log

󰀕
t
r

󰀖
, t = (ψ̂ − ψ)/σ̂
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A di󰎎erent model and estimator Lei, El-Karoui, Bickel 󱸯󱸶

• β̂(ρ) = argmin 󱸯
n
󰁓n

i=󱸯 ρ(yi − xT

i β)

• coordinate-wise asymptotic normality

maxjdTV

󰀫
L
󰀣

β̂j − β∗
j√

var(β̂j)

󰀤
,N(󱸮, 󱸯)

󰀬
= o(󱸯)

• “For instance for least-squares, standard degrees of freedom adjustments
e󰎎ectively take care of many dimensionality-related problems”

• ?perhaps HOA adjustments for nuisance parameters (󱹫 ‘standard degrees of
freedom adjustments’) can be as e󰎎ective as using p/n→ κ asymptotics? when?
why not?
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Split likelihood ratio Wasserman et al 󱸰󱸮󱸰󱸮

• Assume y = (y󱸯, . . . , y󱸰n) i.i.d. f (y; θ)

• Create two subsamples (y(󱸯), y(󱸰) each of length n

• Use y(󱸰) to estimate θ with θ̂(󱸰)

• Use y(󱸯) to create a likelihood ratio

Tn(θ; y) =
L(θ̂(󱸰); y)
L(θ; y(󱸯)

• a universal con󰎓dence set for θ:

C(θ; y) = {θ ∈ Θ : Tn(θ; y) ≤
󱸯
α
}

Shi & Drton, 󱸰󱸮󱸰󱸳; Strieder & Drton, 󱸰󱸮󱸰󱸰
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Overview

• likelihood function serves as a basis for inference

• seems inevitable if probability models are to be used

• many variations seem to be needed when the models get more complicated

• marginal (or conditional) likelihood, higher-order corrections to likelihood

• regularization, new distribution theory, di󰎎erent asymptotic analysis,
computational simpli󰎓cations, simulations, model selection, ...

• what guides solutions for new problems, complex models, scienti󰎓c questions
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Foundations
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What are the foundations of statistics? R & Cox, 󱸰󱸮󱸯󱸳

• Statistics needs a healthy interplay between theory and applications

• theory meaning foundations, rather than theoretical analysis of speci󰎓c techniques

• must be continually tested against new applications

• “the practical application of general theorems is a di󰎎erent art
from their establishment by mathematical proof” Fisher 󱸯󱸷󱸳󱸶 SMRW
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... What are the foundations of statistics?

• probability, analysis, applied mathematics modelling

• Bayes, Neyman, Fisher approaches to inference

• nature of uncertainty epistemic, empirical

• nature of induction belief functions, inferential models

• interpretation of p-values, con󰎓dence regions, credibility intervals, likelihood ratios

• role of su󰎏ciency, ancillarity, conditioning, asymptotic theory

• sparsity, causality, assumption-free/lean inference, stability, prediction, decisions
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... What are the foundations of statistics? Cox 󱸰󱸮󱸮󱸴

I’m fairly cautious about the im-
pact of the book in that it really
is very cryptic indeed on key issues
but we will see. In particular quite
apart from the Bayesian stu󰎎 I have
essentially discarded (not rejected)
the Neyman-Pearson machinery in
favour of Fisher’s original approach
and I am sure this is the right route.

Thanks to AWF Edwards
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What use are foundations?

• provide a rigorous basis for the development of techniques

• provide a common language for particular classes of problems

• help to clarify the nature of uncertainty in scienti󰎓c conclusions

• highlight aspects of data analysis which are likely to raise di󰎏cult issues

• suggest strategies for tackling highly complex problems

• avoid ‘re-inventing the wheel’ for each new application
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Thank you


