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Abstract

Partial likelihood, introduced in Cox (1975), formalizes the construction of the inference function
developed in Cox (1972) and referred there to as a conditional likelihood. Partial likelihood can also be
viewed as a version of composite likelihood, a different example of which was studied in Cox and Reid
(2004). In this note I describe the links between partial and composite likelihood, and the connections
to profile, marginal, and conditional likelihood. Somewhat tangentially, two recent applications of the
Cox proportional hazards model from the medical literature are briefly discussed, as they highlight the

model’s ongoing relevance while also raising some more general questions about inference.
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1. INTRODUCTION

Although I wasn’t fortunate enough to be in the audience for the presentation of Cox (1972), even as a
student I was aware of an unusual level of excitement among my professors over a new breakthrough “by D.R.
Cox”. As an MSc student in 1974, I was tasked with analysing some survival data, and my supervisor, Jim
Zidek, managed to procure a stack of computer cards that encoded a Fortran program written by Norman
Breslow to fit the proportional hazards model. T was to apply this to a set of censored time-to-failure data
that had been collected by a surgeon pioneering new methods for coronary artery bypass grafts: I think this
speaks to the speed with which this new model and the ideas behind it were taken up.

The development of partial likelihood (Cox, 1975) clarified some theoretical results of the 1972 paper. The
abstract states “A definition is given of partial likelihood, generalizing the ideas of conditional and marginal
likelihood.” In Cox (1972) the function proposed for inference about the regression parameters was described
as a conditional likelihood. Questions were raised in the discussion, particularly by Kalbfleisch and Prentice
(1972), and by Breslow (1972), about the correctness of this description. When I later asked David about
this, he grumbled a little bit, saying, “it really was a conditional likelihood; it was a form of conditional

likelihood.” (Reid, 1994).
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In the following I describe the role of conditional and marginal likelihood functions in models with many
nuisance parameters, before describing partial likelihood and its connection to these functions. Briefly, I
describe a more general construction, pseudo- or composite likelihood, versions of which have been proposed
for inference in models with complex dependence, and then close with brief discussion of the use of the Cox

model in two recent medical applications.

2. NUISANCE PARAMETERS

In general, in regression-style parametric inference, we have a model for a sample of observations, usually
expressed in the form of a conditional density f(y | X;0), where y is an n x 1 vector and X is an n x p matrix
of potentially explanatory variables. The parameter 6 can often be usefully separated into parameters of
immediate interest, v, and nuisance parameters, A, included to make the model more appropriate for the
application at hand. Assuming the n responses are independent, the joint density is

n

fly | X:0) =[] fwi | z:;0), (1)

i=1
where z; is the ith row of X. The log-likelihood function for 8 = (¢, A) is
n
(b, Nsy) =D log f i | ws; 40, N). (2)
i=1
The appearance of a sum of independent components in (2) enables application of a central limit theorem in
regular models, which gives approximate inference based on derived quantities. In the expressions below we
will often omit in the notation the dependence on X, as the usual regression analysis is conditional on X.
The profile log-likelihood function is obtained by maximization of (2) with respect to the nuisance pa-

rameter A, for v fixed:
Co(¥) = £, Ap); (3)
here the dependence of the profile log-likelihood function on the data is implicit. Two approximations useful

for inference are the normal approximation to the distribution of the maximum likelihood estimator 1[1 and

the x? approximation to the distribution of the log-likelihood ratio statistic:

d A N{w G W)Y, 2{6(0) — ()} <~ x5, (4)

where jj,(1)) = —€;(¢) is the negative Hessian of the profile log-likelihood function, and v, the degrees of
freedom for the x? approximation, is the dimension of the parameter of interest ). These approximations

apply when sampling from the model f(y; %, A), and under regularity conditions on this model.



log-likelihood function for g, y =74

FIGURE 1. The profile log-likelihood function for the odds ratio in the 2 x 2 table discussed
in §5. Deviations of ¥ from the maximum likelihood estimate 1 can be measured on the
normal scale (red; long dashed) or the x? scale (blue; dashed).

In Figure 1 the profile log-likelihood function is plotted for a particular set of data from a 2 x 2 table, and
illustrates how the approximations in (4) reflect deviations of the parameter of interest from the maximum
likelihood value on two different scales. In this figure v is the log of the odds ratio; see §5. In Figure
2 we show some output from fitting a logistic regression model in R (R Core Team, 2021). The table of
coefficient estimates and their approximate standard errors is based on the first approximation in (4). The
construction of confidence intervals via profiling obtained using the confint function relies on the second
approximation in (4). In both approximations each regression coefficient is treated in turn as the scalar
parameter of interest.

Profile likelihood inference based on (4) can be unsatisfactory when the number of nuisance parameters is
large; essentially the profile log-likelihood function is too concentrated around the maximum point, because
errors in estimation of A are not accounted for. A familiar example of this arises in inference about the
variance parameter in a normal-theory linear regression. The maximum likelihood estimate of 0% is RSS/n,
where RSS is the residual sum of squares, but the much-preferred, and widely-used, estimate is RS.S/(n—p),
where p is the number of parameters in the linear regression.

This problem with profile likelihood inference was recognized by Fisher (1935), Neyman and Scott (1948),
and many others. Improvements on the theory have been suggested using conditional or marginal arguments.

In a general formulation, we search for a factorization of the joint density of y that isolates the parameter
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> summary (myglm)

Coefficients:

Estimate Std. Error z value Pr(>|z]|)
(Intercept) -3.079 0.987 -3.12 0.0018 xx
agedl -0.292 0.754 -0.39 0.6988
stagel 1.373 0.784 1.75 0.0799 .
gradel 0.872 0.816 1.07 0.2850
xrayl 1.801 0.810 2.22 0.0263 *
acidl 1.684 0.791 2,13  0.0334 x

Signif. codes: @ “*k*x' 0.001 ‘*xx’ 0.01 ‘x’ 0.05 ‘.’
0.1 "1

(Dispersion parameter for binomial family taken to be
1)

Null deviance: 40.710 on 22 degrees of freedom
Residual deviance: 18.069 on 17 degrees of freedom

> confint(myglm)

Waiting for profiling to be done...
2.5 % 97.5 %

(Intercept) -5.3002 -1.362

agedl -1.7957 1.215
stagel -0.1313 3.000
gradel -0.7347 2.539
xrayl 0.2669 3.523
acidl 0.2090 3.379

FIGURE 2. Some standard output illustrating a logistic regression model, with several ex-
planatory variables. The z-value associated with each coefficient is based on the first ap-
proximation in (4); the confidence interval relies on the second approximation in (4), and
in this instance the residual deviance provides a global test of the binomial model using the
extension of (4) to testing several parameters of interest. Data taken from Davison (2003,
Table 10.8).

of interest: i.e. we try to find statistics ¢; and o so that either

s, A) o frn(t1390,N) fe(ta | t15 ), (5)

or
f(y;l/h)\) X fm(t1§'(/})fc(t2 | tl;"/}7>\)' (6)

The conditional likelihood function L.(1) o fe(t2 | t1;%) in (5) or the marginal likelihood function L,, ()
fm(t1;¢) in (6) can be used for inference about the parameter of interest using the same form of approxi-
mation as in (4), now based on the conditional (marginal) maximum likelihood estimate, or the conditional
(marginal) log-likelihood ratio statistic. In special classes of models these factorizations arise from study
of their structure. For example, factorization (5) can be established directly in linear exponential family
models. Battey et al. (2023) considers techniques for deriving marginal versions (6) directly from the original

model density f(y; 1, A).



Conditional inference for the log-odds ratio in a 2 x 2 table conditions on the row and/or column totals.
Fisher’s exact test uses the hypergeometric distribution for one entry of the table, instead of the approxima-
tions in (4). Battey (2024) describes the conditional analysis for the more general case of logistic regression
developed in Cox (1958b). An example of marginal likelihood is the REML version of generalized linear models
with variance components. In the linear regression model mentioned above this leads to the usual unbiased
estimate of o2.

Implicit in the use of conditional or marginal likelihood functions for inference is the assumption that the
omitted density does not carry any (or very much) information about the parameter of interest, when the
nuisance parameter is unknown. Making this precise has turned out to be difficult. Fisher (1935) wrote “if
it be admitted that these marginal frequencies supply no information ... as to the proportionality of the
frequencies in the body of the table” and referred to the marginal frequencies as ‘ancillary’, although it is in
fact more correct to say that the cell entry is ‘conditionally sufficient’ for the nuisance parameter, as in this
model factorization (5) applies.

In a model for survival time responses y;, possibly censored, the parameters of interest are the regression
parameters 5. The failure and censoring processes, operating in continuous time, are the nuisance parameters.
Cox’s (1972) construction of the inference function for S was based on a conditional argument, but not on
a conditional likelihood function, i.e. a conditional density for an identifiable function of the data. At each
successive failure time the conditional probability that the observed individual failed, given the risk set of
individuals available to fail, can be shown to be free of the unknown baseline hazard rate. The product of
these conditional probabilities forms the function to be used for inference; as the risk sets at each failure
time overlap, this does not correspond to a single conditional distribution, the point raised in the discussion.

In Cox (1975) the function was called instead a partial likelihood.

3. PARTIAL LIKELIHOOD

Following Cox (1975), we might very generally think of two sequences of observations evolving in time,

and observed at j = 1,...,n time points:
(X1,81,X92,8,...,X;,S;,...,Xn, Sn). (7)
The joint density of the sequence can be expressed as

flz,s59,A) = H flxjlzgony,sG-1);¥:A) H F(s5 [ 2@y sG-1)19: A); (8)

Jj=1 Jj=1
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for j = 1 the relevant factors are the initial marginal density of x1 and the conditional density of s; given

x1. The partial likelihood of Cox (1975) is the second factor in (8)
n
Lpart(wa/\) = Hf(sj | 'r(j)vs(jfl);wa/\)a (9)
j=1

and the point of the construction is to find such a sequence so that this part of the full likelihood function
depends only on the parameter of interest, with an additional expectation, or hope, that the omitted part
does not carry very much information about the parameter of interest. Cox (1975, §2) lists “desiderata” for
the construction that is reminiscent of Fisher’s (1935) comment:

: (i) no omitted factor ... should contain important information about the parameters of interest

: (ii) incidental parameters, and so far as possible nuisance parameters, should not occur in the partial

likelihood

The proportional hazards model, as formulated in Cox (1972), has

Myis @i, B, Mo (1)} = Ao(yi) exp(z; 8), (10)

where \(y) = f(y)/{1— F(y)} is the hazard at time y, i.e. the instantaneous failure rate, given survival up to
time y. Given a sample of survival times y; < --- < y,, along with indicator variables 61, ..., d, that record
whether or not each y; was a failure time (§; = 1) or a censoring time (§; = 0), the joint density under the
model (10) is

n

L8200} = TI(Mwssw 8000 — Flasra 8 2000)) 11— Fyis e 8,20}~
i=1
= H{/\o(yi)exp(%‘Tﬁ)}éi exp{— exp(a] B)Ao(yi)}- (11)

In (11) Ao(y) = fy Mo(u)du is the cumulative baseline hazard function, and ; is the set of explanatory
variables associated with the unit with response time y;. For simplicity we have assumed the failure times
are all distinct, and that the distribution governing the censoring provides no information about either Aq(+)
or 3.

The partial likelihood for 8 is much simpler:

exp(z!3)
Y oker, exp(xlB)’

Lpart (ﬁ) =

failures

(12)

where R; is the so-called risk set at time y;, i.e. the set of individuals at risk for failure just before the
time of the ith failure. The ith term in (12) is the conditional probability that the ith unit fails, given

that there was a failure at that time, and given the set of individuals available to fail. The product in (12)



of all the conditional probabilities is not in itself a conditional density, because the conditioning events are
overlapping (as they are in (9)); this was the point raised in the discussion by Kalbfleisch and Prentice (1972)
and Breslow (1972). The step from (11) to (12) is perhaps not very obvious, and David did allow that it
took him some time to arrive at this relatively simple form (Reid, 1994).

However, treating (12) as a regular likelihood function, the analogous approximations of §2 can be de-
scribed: writing lpars(8) = log Lpars(8), define the maximum partial likelihood estimate as the solution of

v (Bpart) = 0, and the partial observed Fisher information jpart (Bpart) a4 (B) The usual approximations

part

become
Bpart ~ N{ﬂ,j;alrt (Bpart)}a 2{€part(3part) part( )}~ Xp? (13)

the latter under the assumption that g € RP.

4. PSEUDO-LIKELIHOOD AND COMPOSITE LIKELIHOOD

A related “construction of convenience” was proposed in Besag (1974) for spatial processes; he called this

a pseudo-likelihood function, defined as
Lpsendo(0;y) = H f(yr | ys; 0, site s is a neighbour of site r); (14)
r=1

reminiscent of an autoregression model in time series. A similar construction of a pseudo-likelihood function
was used in Geys et al. (1999), Molenberghs & Verbeke (2006, Ch. 9), and several related papers. For
example, Renard et al. (2004) modelled longitudinal binary data with random effects as pr(y;; =1 | b;) =
@(x;jﬁ + zi:gbi),j =1,...,n5i=1,...,m; b; ~N(0,%;), with likelihood function

v =11 T[ (%6 + b, (15)
i=17 =1

where ®(-) is the normal distribution function, and the unobserved random effects, by, ..., b,,, have been
integrated out. They proposed a pseudo-likelihood function composed of the joint density of pairs of re-
sponses:

m

irYis, Yir(L—=Yis) (1=¥ir)yis  (1—=yir) (1—yis
Lpsendo(B, ) = Hpr Vis pbir (1701 )Pé1 Yir)y p(()o yir)(1-y ); (16)

1=1r<s

each factor representing the probability of one of the four types of pairs (1, 1), (1,0),(0,1), and (0,0). The
bivariate normal distribution is used to compute pgg, po1, etc., and this is computationally more convenient
than the calculation of the integrals in (15).

Cox and Reid (2004) considered this pairwise approach as a general construction: given independent

response vectors yi,. .., Yn, where y; € RY, say, has joint density f(y;;6) they studied inference functions



8 N. REID

constructed from marginal and bivariate densities of the components of y;,

n

Cpair(0) = Zzlog{fz(yis,yitﬁ)}, (17)

=1 s<t
and

Coair(0) =Y Y 1og{ fo(uis, yit); 0} — ag Y log{f1(yis; 0)}, (18)
i=1

=1 s<t

calling both of these pseudo-likelihoods functions. In later work, (17) has been referred to as a pairwise
(marginal) likelihood function. Cox and Reid (2004) considered the formal expansion for the score equation
and the second derivative of the log-likelihood function as both ¢ and n — co.

Each of partial, pseudo-, and pairwise likelihood functions are examples of a general class of composite

likelihood functions, so-named, and studied, in Lindsay (1988). Lindsay showed that the estimate obtained

!

by solving the analogue to the score equation, £,

() = 0, is consistent for § and asymptotically normally
distributed, under some regularity conditions on the model. The asymptotic variance is not given by the
negative second derivative of £eomp (), but involves the so-called “sandwich formula” for the variance estimate
in a misspecified model, derived in a different context in Cox (1961).

Among these various composite likelihood functions, the partial likelihood function (12) is special, in
that the asymptotic variance of Bpart is indeed estimated by j;alrt(ﬁpart)7 justifying the use of the first
approximation in (13). This was apparently obvious to David, as he writes in Cox (1972, §5): “(16) [Jpart
above| can be used directly for the estimation of variances”.

The partial likelihood is also special in a different way: it is connected to semi-parametric likelihoods
and empirical likelihoods, suggested by Breslow (1972) for the proportional hazards regression model, and
studied more generally in Owen (1988, 2001) and van der Vaart (1998, Ch. 25). Breslow treated the hazard
function as constant between observed failure times, the collection of these constants forming the vector of
nuisance parameters. Maximizing over these parameters gives a profile likelihood function. In the reply to
the discussion, Cox (1972) noted that profile likelihood inference with large numbers of nuisance parameters
can be misleading, as mentioned above in §2. In this formulation we have ny nuisance parameters, where
ng = Ld; is the number of distinct failure times. However, in spite of the increasing numbers of nuisance
parameters, it is possible to verify that (9) is the profile likelihood function for 3, after maximizing over the
ng constant hazard parameters. This was formally established using a theory of semi-parametric likelihood in
Murphy and van der Vaart (2000); the informal argument is sketched in Davison (2003, §10.8). I am grateful
to Per Andersen for pointing out that Johansen (1983) set out the argument much earlier, using Aalen’s
(1978) theory of counting processes; Johansen (1983) noted that the informal argument was developed in an

unpublished 1981 thesis by Bay and Mac.



Andersen and Gill (1988) used Aalen’s (1978) formulation to prove that the limiting distribution of the
estimator Bpart is normal, with asymptotic variance consistently estimated by jg;n(ﬁpart% and that the
limiting distribution of the log-likelihood ratio statistic 2{€part(ﬁpart) — Lpart(B)} is xi, thus justifiying the
approximations in (13). In fact Bpart is also asymptotically fully efficient, in the semiparametric model (9).

Other forms of composite likelihood are less special. Because each component of the composite likelihood

!
comp

function is itself a density, Eg{¢ (#)} = 0, and this is the basis of the argument that the composite
maximum likelihood estimator is consistent. However, except in very special cases, the second Bartlett
identity fails: Eg[{llqnp(0)} + Liomp(0)] # 0, so each of these terms must be taken into account in the
asymptotic variance of the maximum composite likelihood estimator. For the same reason, the asymptotic
distribution of the composite log-likelihood ratio statistic is not Xf,, but rather a weighted sum of x?, with
weights related to the two expectations in the equation above. A review of composite likelihood is given in
Varin et al. (2011).

The proportional hazards models has been generalized to accommodate data with more complex structure
than censored survival data; many generalizations are reviewed in Kalbfleisch and Schnaubel (2023), and
partial likelihood has a key role in the analysis of these generalizations. Kalbfleisch and Schnaubel (2023)
describe partial likelihood functions for modelling survival data with competing risks and for the analysis of
recurrent events; Aalen et al (2008) and Cook and Lawless (2018, 2022) describe partial likelihood functions

for event history and other multistate processes. Partial likelihood for changepoint regression models is

described in Takeishi (2022).

5. PARTIAL LIKELIHOOD IN PRACTICE

Hernandez et al. (2019) present a fairly typical example of the use of Cox’s proportional hazards model
in practice. Two treatments for septic shock were compared in a multi-center randomized controlled clinical
trial, called the ANDROMEDA trial. The response was survival time, censored at 28 days, and the estimate
corresponding to the treatment covariate, Bl, say, adjusted for several patient-level covariates, was 0.75,
with approximate 95% confidence interval (0.55,1.02). Because the confidence interval for the hazard ratio
includes the value 1, which corresponds to no difference between the treatments, the authors concluded
that the new treatment “did not reduce” all-cause mortality, and this led to some online discussion, as the
absolute difference in 28-day survival proportions (with no adjustment for covariates, see Table 1) was 43.4%
- 34.9% = 8.5%, which in the context of the application is a meaningful clinical difference.

The plot in Figure 1 is in fact the conditional log-likelihood function for the log-odds ratio in Table 1,
and it is apparent in the figure that the 95% intervals obtained using either of the approximations in (4) do

include the null value 0, but ‘just’. Cox (1958a) suggested the use of a confidence distribution function for
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Died Lived ‘

New 74 138 212
Old 92 120 212

Total 166 258 \ 424
TABLE 1. Summary data from the ANDROMEDA trial (Hernandez et al., 2019). The full
analysis used the proportional hazards model and incorporated patient-level covariates.

ANDROMEDA trial

0.8

p-value
04 0.6
|

0.025

Log odds ratio

FI1GURE 3. Plot of the confidence distribution, or p-value function, for the log-odds ratio,
based on the data in Table 1. The 95% confidence interval is indicated by the vertical dashed
lines. While the null value 0 is included in this interval (green arrow), the visual impression
is that negative values are more compatible with the data.

individual parameters, obtained by varying the confidence probability throughout its range: this function is
plotted in Figure 3, with an arrow to the point where the log-odds ratio is 0. Cox (2006, §5.3) wrote “it
is tempting to conclude that [the parameter| is more likely to be near the middle of this interval..”, while
emphasizing that this interpretation of confidence intervals is not correct in the usual frequentist sense.
One way to derive probabilistic statements about the parameter is through a Bayesian approach, and, as
part of the discussion of the ANDROMEDA trial, it was proposed that this might be more appropriate. A
Bayesian re-analysis of the data was published in Zampieri et al. (2020). In this re-analysis the posterior
probability that the odds ratio was less than 1 (favouring the new treatment), was computed for a set of
normal priors for the log-odds ratio. The authors reported that this posterior probability ranged from 0.94,
for their ‘most pessimistic’ prior to 0.99, for their ‘most optimistic’ prior. (This last prior was motivated by
the original study design goal of 90% power to detect a reduction from 45% to 30% in 28-day mortality.)

It is difficult to compare this directly to the original analysis, as the new analysis is a logistic regression
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of the binary outcome “survival past 28 days” (yes/no), and includes a random effect for centre, as well
as several fixed effects for the patient-level covariates. One of the priors used for the log odds-ratio was a
constant, with the claim that such a flat prior leads to the same inference as a standard non-Bayesian logistic
regression of the binary outcome. (This is not strictly correct, as in principle the Bayesian marginal posterior
will depend on the choice of priors for the nuisance parameters, but for these data there is little difference.)
The conventional logistic analysis leads to a 95% confidence interval that does not include the null value,
suggesting that if this analysis had been used in the original work, instead of that based on the proportional
hazards model, it would have been concluded that the treatment difference was “statistically significant”.
We might expect that the analysis using the information in the survival times would be more efficient than
that using binary responses, so this reversal seems surprising. Steffen Lauritzen in private communication
suggested that such a reversal of efficiency could happen if in fact the hazard functions crossed at some time
in the first 28 days, so that the proportional hazards assumption was not correct. (A test of the proportional
hazards model is provided in the paper, with reported p-value 0.07.).

A Bayesian re-analysis based on an empirical prior derived from published collections of randomized
controlled trials, presented in van Zwet et al. (2021), led to an estimated posterior probability of 0.91,
somewhat weaker evidence in favour of the new treatment than that based on the priors used in Zampieri
et al. (2020).

Bayesian analysis of the proportional hazards model was also used in Naggie et al. (2022), in a platform
trial to compare the effect of ivermectin relative to placebo on time to recovery of COVID-19 outpatients with
mild or moderate disease. Although the planned analysis was a Bayesian proportional hazards model, the
design of the study describes frequentist goals, including the information that the power to detect a hazard
ratio of 1.2 was estimated to be 80%. In the statement of findings they write “the posterior probability
of improvement in time to recovery in those treated with ivermectin vs placebo had a hazard ratio of 1.07
with a posterior probability of benefit of 0.91. This did not meet the prespecified threshold of posterior
probability greater than 0.95. These findings do not support the use of ivermectin in outpatients with mild
to moderate COVID-19".

The details of the analysis are somewhat vague, but available software such as SAS Institute Inc. (2023),
Wang et al. (2022), or Goodrich et al. (2023), has default settings for the priors for the regression parameters,
and for the hazard function, and appears to be based on the full likelihood function (11). In addition to the
potential influence of the prior distribution on the marginal posterior, which is particularly risky when there
are many nuisance parameters, it is important to emphasize that the partial likelihood, profile likelihood, or
any composite likelihood that does not represent the probability of an observable event, cannot be directly

combined with a prior distribution to provide a posterior probability; Bayes’ rule does not apply. Adjustments
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can be constructed to obtain approximately valid inference, as in Pauli et al. (2011), but these adjustments
are not straightforward.

A more immediate concern is the public explication of results like the conclusion in Naggie et al. (2022).
There has been much ink spilled on the proper interpretation of p-values, and the inadequacy of scientific
conclusions that claim an effect is established if “p is less than 0.05”, and I agree that this simplistic approach
to complex problems is inadequate. At the same time it can hardly be credited that it is an improvement to
decide instead to claim that an effect is established if the “posterior probability is greater than 0.95”, and
it seems to raise a new set of problems in explaining this to a lay public. I am sure David Cox would have

concisely and precisely cut through the waffle.
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