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1. INTRODUCTION

The tests examined in McCormack et al. (2019) use a directional argument proposed in Fraser
& Massam (1985) and developed further, using higher order approximation theory, in Davison
et al. (2014) and Fraser, Reid & Sartori (2016). For completeness we provide a summary of
directional tests in §S.1, and provide the formulae needed for the examples in §S.2 - S.4.

S.2 Directional testing
S.2.1 A model on R?
Suppose our model for y = (y1, ..., yn) is a linear exponential family

f(y;0) = exple” (O)u(y) — v{p(®)}d(y), ¢ €RP €h)

with sufficient statistic u and canonical parameter . Inference for ¢ is based on the marginal
distribution of u, which is again an exponential family

f(u;8) = explip” (B)u — r{o(6) Hd(w). 2

The function CZ() is obtained by marginalizing (1) and may not be available explicitly, but the
saddlepoint approximation to the density of u has relative error O(n’?’/ 2) in continuous models:

ek/n .
fsp(u;0) = erl/? expll{p(0); u} — t{p(0); ull, ©)

where £(p;u) = pTu — k(i) is the log-likelihood function, 7 = —924(p)/0pd¢™ is the ob-
served Fisher information,  is the maximum likelihood estimator, and exp(k/n)/(27)P/2 is an
approximation to the normalizing constant.

Directional tests take as their starting point the approximation (3). If the originating model is
not in the exponential family, then an approximation to it, the tangent exponential model, is used
instead. The construction of the tangent exponential model and its saddlepoint approximation are
described in the Appendix of Fraser, Reid & Sartori(2016); see in particular Eq. (A2). Since the
examples in the current paper are all exponential family models, this step is not needed.

S.2.2 Nuisance parameters

Suppose that the parameter d-dimensional parameter ¢ in our original model can be partitioned
as 8 = (1, A), where v is a d-dimensional parameter of interest and \ is a p — d-dimensional
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nuisance parameter. Denote by 5\1/, the constrained maximum likelihood estimator of A when v
is fixed.

In the special case that 8 = ¢, so that the parameter of interest is a sub-vector of the canonical
parameter, and if the original model is a full exponential family, then

Flur,uz;9, \) o< exp{epTuy + ANTug — k(1h, \) }d(u), “4)

and the conditional distribution of u; given us is free of A. The saddlepoint approximation can
be used again to give an accurate approximation to the conditional density. Directional testing
for models of this form are developed and illustrated in Davison et al. (2014).

If the parameter of interest is not a linear function of the canonical parameter, in which case
we write ¢ = (), such a reduction by conditioning is not available. None-the-less, it can be
verified that there is a unique variable that measures 1, and that this variable is obtained by
constraining the sufficient statistic u to the d-dimensional sample space obtained by fixing the
constrained maximum likelihood estimate of the nuisance parameter to its observed value. The
saddlepoint approximation to the density of this variable is

exp(k' /)

(27T)d/2 exp{€(¢¢a S) - 6(@(8)}|j¢<ﬂ|71/2|j()\)\)|1/27 s € Ldla (5)

h(s;1p) =

where Ly, is the plane in the sample space with ;\w fixed, so that h above is a density on R
In (5), s = u — u” is a centred version of the sufficient statistic, and £(; s) = ¢Ts + °(¢p) is
an exponential tilt of the observed log-likelihood function £(6;4°) in the original model. The
centering is described in detail in Davison et al. (2014, §3.1) and assumed in Fraser, Reid &
Sartori (2016). The determinants in (5) are:

ool = [ Top {0(8)} = | = %03 5)/(0009")| _ 0, » ©)
and
- . 02Uy 5) || 00(8y) |
[Ty = [Towy (Pe)] = ‘— ONT X @)

The second determinant is not needed when the parameter of interest is linear in . However, it
turns out to be independent of ¢ in the examples in §2.1, 2.3 and 3.2, even though the parameter
of interest is not linear in the canonical parameter. In these cases the canonical parameter is a
linear function of the nuisance parameter and so (7) does not depend on ¢.

S.2.3 Directional testing

The directional test of the hypothesis 1)(¢) = 1) is carried out in L, by finding the line that joins
sY with the value of s, call it s, that would give (y, as the maximum likelihood estimate of the
parameter. The observed value s° gives ¢ as the maximum likelihood estimate. The p-value is
computed as the probability of s being larger than the observed value sg, on the line between the
two values sy, and s°. Another way to describe it is that we measure the magnitude of the vector
50 — Sy, in Ly, conditional on its direction. This gives a one-dimensional measure of how much
“larger” the observed value s° is than would be expected under the hypothesis. We parameterize
this line in the sample space by t, and because we center the sufficient statistic so that s® = 0,
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2019 SUPPLEMENTARY MATERIAL; DIRECTIONAL TESTS 3
the line is simply s(t) = sy + t(s° — sy) = (1 — t)sy. The directional p-value is then

STt Rt ) dt
p(d)) - fooo tdilh(t,dl)dt’

(®)

where h(t; 1)) = h{s(t);1} using (4), and the inflation factor t*~! comes from the Jacobian of
the transformation to polar coordinates.

S.3 Ratio of exponential rates
S.3.1 Finding the integrand of the directional p-value

We consider the directional test for the null hypothesis Hy, that 61 /62 = v where y;; ~ exp(6;),
j=1,27=1,...,n;. Note that this test is slightly different than the test performed Davison et
al. (2014) as here we are testing the ratio of rates. Under H, the constrained MLE is

By = — 0
YT Y+ ug
N n
oy = ——,
2 U1 + U2

where n = n; + no and u; = ;y;;. By solving the score equation it is found that the value of
u; that has 6 as its global MLE is w;,, = n,;/6,,. The line between ., and the observed value

of u, u® = (uf,ud) is
nioo, ug oMo, UD 0
wn(®) =+ )+ el = SR+ D = v — )

2 2
us(t) =2 (e + u) + t{uf — 2 (u + ud)} = way +1(uf — uay),

so that

expltpyis(0)} — 1910} o oxp { — 20 2y gy

The determinant of the Hessian of the negative log-likelihood with respect to ¢ = (61, 65) is
the determinant of the Hessian of —n; log(61) — na log(62). This is easily found to be |J,,| =

nina/(0102)2. We have that 6;(t) = n; /u;(t) and thus

el xplt (s s0)) = 1461 5(0)] o exp { = 220D 22200 ey,

Next we check the nuisance parameter adjustment term. Formulating the log-likelihood in terms
of nuisance parameter fo = \ we get

(), N) = —ug ()Y — uz (D)X + (0, N).

It is clear that the second derivative of this function with respect to A only contains terms that do
not involve ¢. The dimension of our parameter of interest in this case is d = 1 so that =1 = 1.
The sufficient statistic u(¢) is viable as long as it remains positive. As a result, ¢,,,4. is the largest
¢ such that both u1 (¢) and uy(t) are non-negative. Notice that u§ — u1,, > 0 if and only if 1)y, >
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7 and likewise u3 — uay > 0 if and only if ¥7; < . so that

u U
Y 1(g < o) + —L— 141 > Po).

tmar = ——————= _—
ULy — Uy U2ep — Usg

We let a; be equal to the quantity wy/(ujy — u)). It can be shown that (u1y — uf)/(ugy —
u3) = —1/v and uay /u1y = ¥ne/ny, which shows that nyas + nsa; = 0. Now

exp{ - 20 220 oo {22+ 22) -1,

U1 U2y a1 a2

and thus the directional p-value is given by

_ LM T e e (- g )
Jom T ua () g (b tdt [ (1= )L = Ly ldt

0 ai

p(¥)

C))

S.3.2 Making a change of variables

Assume that ¢,,,,,, = a1, so that ¢¥g; /g2 < 1. The numerator of (9) can be written as

ay t 1 _ t \n2—1 t
Pnum :/ (1 - _)n1+n2 (_llz) (1 - _)_2dt'
1

t
ajy 1 @ ajq

Make the change of variables z = (1 — ¢/az2)/(1 — t/a;), we then get that

0 _ —ni—n2 o) o
Prum =k1 [ g2l (u) dx = kz[ x"Q_l(l - %) men g

—1/ag ap — asT —1/ag a
T—1/a; 1 2 T—1/a; 1

We know from a previous calculation that as /a; = —ng/nq. Furthermore,
1-1/ay _ (a2 — Day _ _ug(uw —ud)ny _ Y
1—1/as (a1 —1)asg ud(ugy —ud)ny  Jr1b’

Therefore we see that

Pnum = k2/ xn271(1 + ECC) 7n17n2d5€. (10)
P ni
y1¥

Now if we perform the same change of variables on the integral in the denominator of the di-
rectional p-value the same normalizing constant ko will be produced. The bounds of the integral

will change as follows
al o0
L=l
0 1

The integrand in (10) is the density of a F'(2ns, 2n1) random variable up to a normalizing con-
stant. Thus if W ~ F(2ng, 2n4)

P = B s 1)
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Similarly when g11/y2 > 1 we get

Py (W < 22)
p(¥) = P <1)

Consequently, the directional test is identical to that of the appropriate F-test. In summary, the
directional p-value is

Pw(W > b2

o ) - -
W;S + (719 > i)

Py (W < L
p() = (510 < 7o) %

S.4 Ratio of normal variances

Suppose that y;; ~ N(p;, 02) are independent random variables fori = 1,2 and j = 1...,n;,
and we wish to test Hy, : 07 /03 = 1. A computation very similar to that given in the previous
section shows that the integrand of the directional p-value for testing Hy, is

(1 — thy) (M =3)/2(1 — ¢hy)(n2=3)/2 (11)

with b; = (67, — v7)/67,. The biased within-group sample variances are v; while 57, is the
constrained maximum likelihood estimator for 7. There is a clear resemblance between the
integrands of (9) and (11). The same change of variables used for the exponential rates example
can be used here with the only minor difference being that we set a; = 1/b; so that (11) equals
(1 —t/ay)™=3/2(1 — t/ay)™2=3)/2_ All the bounds of the integrals will change in the same
way as in the previous example. In particular, we find that

1—1/a2 . 1— by . &ﬂ,v% 71/)1)%
1-1/ax  1-b  63,0f o

If v? < o3 so that t,4, = 1/a; we get that

o0 ng—1 n _(ny=1+(na-1)
Pnum = / T 22 _1(1 + —21') 2 dt.
¥

w3 /v? ni

This integrand is not quite the density of a F-distribution due to the factor of na/n, appearing
instead of (ng — 1)/(ny — 1). To fix this we make the additional change of variables in both
Prum and pge, from x to

{ni(na — 1)} /{na(n1 — 1)}z. If W ~ F(ny — 1,n1 — 1) and s? are the unbiased sample vari-
ances we get the desired result that

Py (W > 22y’

p(¥)
The case where v7 > tv3 is handled similarly.

S.5 Linear regression with linear constraints

S.5.1 Calculating exp[¢{®(0); s(t)} — £{&(t); s(¢)}]

Let y; ~ N (278, 02), 1 =1,...,n, where y? are realizations of y; and all of the y;’s are inde-
pendent. Both z; and /3 are p x 1 vectors and o2 is an unknown nuisance parameter. We form the

DOIL: The Canadian Journal of Statistics / La revue canadienne de statistique
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n X p matrix X by taking i’th row of X to be z;. Here we wish to test Hy, : A5 = 1) using the
directional test. The matrix A has dimension d x p and is of rank d which ensures that the linear
constraint is not redundant. The constrained maximum likelihood estimator for /3 under ., can
be found using Lagrange multipliers and is given by

By =P8 (X"X)TAT{AXTX)TAT}THAB — o)

(XTX) AT

~ 1
773

The Lagrange multiplier equation used to find this constrained MLE also yields

BEX"(y — XBy) = 5073
= LA TX) AT (A - ),

The constrained MLE for o2 is just the average sum of squared error under Bw. The log-likelihood
in this situation is

y'y Yyt XB  BTXTXB n
é(ﬂ,az):—@Jr 2 97 —Elog(UQ)

= [y"y y* X] [ il ] — K(B,07)

The sufficient statistics here are y"y and y™ X. These sufficient statistics have unconstrained
MLEs that are equal to the constrained MLE when they solve the following equations:

(X" X)By = X"y

and

1 A \T A ~2
ﬁ(y—Xﬁw) (y — XBy) =0y
1 . N
=~y - BXXBy) =5},

YTy =nél + B XX By.
Thus

n&i + BAiXTXﬁAw — (y)y°
(XTX)By — X™y°

Syp =

We define s(t) = (1 — t)sy. Then let u(t) = u® + s(t) so that
Lp;t) =u"(t)p — k(p). We let ui(t) be the first entry of u(t) and uq(t) be the remaining
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entries of u(t). We see that

0 o () . BTXTXpS no_

= &°(t) = —{ul — 2u3(t)B(t) + Bt)"XTXB(1)}.
—Ll(p;t) = ;{UQ(t) - X"XB} =0
= B(t) = (X"X) us(t).
We now find formulas for the log-likelihood terms appearing in the exponent density used for the

directional p-value calculation. As the directional p-value takes a ratio of such densities we can
ignore all multiplicative factors not involving ¢ in the subsequent calculations:

({p(0);5(1)} o 210 {~ gm0 +u5050))
S 2(0 { {né? + BEX"X By — (1°)"y°} +t{(y TX—BwXTX}Bw]
S &21(0) (%t[ffi —{(°)"y" = 2(y°)" X By +B$XTXBw}]> =0
Similarly,
R0 50} = s { — qur(0) + a3 A}~ TSI D ogge(e)
1 1 1 - n .
= g3 { — 30+ FEOAO} - §lox(#())

11— gbg{a?(t)}.

Consequently. exp [£{(0); s(1)} — {2 (0); s()}] = {62(1)} .

S.5.2 Finding |J,,{¢(t); s(t)}| and the nuisance parameter adjustment

To start we find all of the second order derivatives of k() yielding

n p+l

0%k n 1
=55+ O Xip)
opt 208 ot ; JZ:; i
82/4/ p+1
- X’L XZ )
010K @2 ; kz,: s
62
r = Zszle

Oprdpr 1 =

Define ¢ to be the vector containing the last p entries of . From the second order derivatives
above we find that the Hessian of the negative log-likelihood function has the form

DOIL: The Canadian Journal of Statistics / La revue canadienne de statistique
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Toolprs(t)} = —

®1

(2 + 2 PTXTXp) — =P XX
—%XTXga XTX

We multiply the above matrix on the left by the matrix

1 0"

0(X™X)" 1"
In doing this the determinant of the resulting matrix only changes by the constant
det{(XTX)~1}. We then find that find that:

ol s(B)}] o (— )pﬂdt(

(o2 + 52§ XTX () — TXTX] >
—E%’ I

The determinant above can be found by performing a cofactor expansion along the first column
of the matrix and then performing a cofactor expansion along first row of the resulting minor.
Fortunately, performing this cofactor expansion twice on the i’th entry of the first column and
the j’th entry of the first row will produce a minor that has a row of zeros if i # j. As a result, we
only have to be concerned about when 7 = 7, but this case is simple as it is just minus one times
the 1’th entry of the last column times the i’th entry of the last row multiplied by the determinant
of the identity. The bottom right entry has to be treated separately, but it clearly just returns itself
in the cofactor expansion. In short

T s(0)}] (- >p+1{ ;%QDTXTX@HL

1
+ —@TXTXQ)}
201 @3

1

x(—

p+2
<P1)

At this point we are able to construct the integrand for the directional test:

p—2

EHIL(0); s (0} 2 exp [H{G(0); s(0)} — (1) s(1)}] o< 147167 (1)

This hypothesis is a linear hypothesis, meaning that the canonical parameter can be partitioned
into the parameter of interest and a nuisance parameter. To see this, we note that AZ = 1) is
equivalent to A3/a? = 1/a?. Consequently, Hy, holds if and only if

[A2¢] p(0) = Mp(f) = 0. (12)

The dimension of M is d x p+ 1. We define M to be a matrix formed by adding p+1—d
rows to M in a manner so that all of the rows of M are linearly independent. We then see that
u" () () = u(y) M~ My() since M is invertible, and we can redefine our canonical param-
eter to be M ©(0). By (12) this new canonical parameter can be partitioned into the parameter of
interest and a nuisance parameter. Thus we are in the scenario covered in Davison et al. (2014).
No nuisance parameter adjustment term is required in this case.
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S.5.3 Making a change of variables

As a reminder

un(t) — w3 (051}

= L nlt) - O ),

&0

After some algebra the terms involving ¢ disappear from the above expression and we are left
with an expression that only involves 2.

70 = (7% - D - X5 TX(CX) X - XBy)
= (a — t%b).

Thus tynaz = (%) 3. We find the integral in the numerator to be

\/% n—p—2 \/% a—2 —p—
/ t"Na—bt?) T dt = k/ (29t)(9t2) T(1--t?) T dt
1 1

a a a

Make the change of variables x = th:

1
= k/ x%(l —x)%g%dx.

b

Make the change of variables z = =:

Make the change of variables t = z — 1:

a

1 ntd—p ,_p_
:k/b (— )
o t+1

a—b

1 n—p, d n—
[
0

Make the final change of variables t = = x:

DOL: The Canadian Journal of Statistics / La revue canadienne de statistique
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_k//z(f(lnb)p% ( 1 )(qug)(n—p )gild
0 %I+1 d
a—>b)d
- k"/é(";) (%52 +5) i ! ) (DD gy
0o TOT(Gd-1 g1 d
b
— k' Py <W > ib>

where W ~ F'(d,n — p). The above sequence of changes of variables is equivalent to making
the single change = = {(n — p)a — dbt®}/(dbt?). Now performing the exact same sequence of
changes of variables on the integral in the denominator will result in a similar expression, how-
ever the bounds of the integral over the F-distribution will be different. The bounds of the integral
will change as follows:

\/% 1 [eS) [eS)
Loeh=l=0
0 0 1 0
Thus the integral in the denominator of the directional p-value equals

a

V&3 e
/ 97 (q — bt2)"F dt = K Py (W > 0) = k"
1

We find n(a — b) to be

(yO)TyO _ (yO)TX(XTX)leTyO + 2(XB _ yO)TXBw
We know that (y° — X3)" X3 = 0. Thus

(X6 — 3" X By = () {Tn — X(UX) XX (X X) AT X) AT (A - )
=0

= (a—b) = (y°)"{In - X(X"X)7' X"}y’
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This is simply the mean squared error under 3. Now we simplify nb as

(1° — XBp)" X(X"X) T X" (0 — XBy) = (4°) X (X" X) T X"° — 2(5°)" X By + BRX "Xy
= (") (XB — XBy) — ()°)" X By + BLXTX By

()X (X™X) T A™A — ()X B+ L (6) X (XTX) A5+ BEX "Xy

L0
-2

~ ~ ~ ~ ~ ~ 14 ~
=@ X(X"X) AN - (1°)" X+ BXTXB - FTXTX(XTX) AT + ZATA(XTX)*ATA
= i;\TA(XTX)‘lATX

= (AB — ) {AXTX)TTAT} TH(AB — ).

Finally we find that the directional p-value equals the desired quantity:

(AB — ) {AXTX) AT} 1 (AS — w/d}_

p(¥) = PW{W =T W) = X(O X)X 1 (n— )

S.6 Multivariate normal mean
S.6.1 Calculating exp[¢{®(0); s(t)} — ¢{@(t); s(t)}]

Lety; ~ N,(p, A1) be n observations from a multivariate Gaussian distribution with unknown
concentration matrix A. Here we wish to test Hy, : 1+ = 1) using directional testing. The parameter
of interest is p, while the nuisance parameter is A. The log-likelihood of these observations is
given by

£, A) = =2 log(IA™Y)) -

Z Yi — 1)

l\3|’—‘

n 1 — 1 1 n
= 5 log(|Al) — 5 > yiAyi+ SH ANy + oyt A — St Ap.
=1

By using the fact that the trace of a product of matrices is invariant under cyclic permutations
and the trace of the product of two square matrices is the dot product of the vectorization of these
matrices we can rewrite the log-likelihood as

T

Ap
vec(A)

ny

O, A) =
(1, A) vee(—2 30 yiyl)

+ g log(A) = ZuTAAT AR (13)

DOIL: The Canadian Journal of Statistics / La revue canadienne de statistique
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We can rewrite the above log-likelihood in terms of the canonical parameter, ¢, and sufficient
statistic u:

n n _
Hpru(y)} =¢"u+ 3 log(leal) = 59193 o1,

~[]-[1-D
=[)-[)

Throughout, we will be treat (2 as both a matrix and the vectorization of a matrix depending
upon the context it is used in. The constrained MLE under Hy, is found by simply maximizing
£(n, A) with respect to A while setting 1 = . This yields the standard covariance matrix
estimate

A;l = 15" (yi — ¥)(yi — ¥)". This matrix as well as ¢ will be used to find s(¢).

Finding s(¢) amounts to first finding a vector s, which when added to the observed value
of the sufficient statistic has the constrained MLE, ¢y, as its MLE. Once this is found s(¢) is
given by s(t) = (1 — t)sy. The partial derivatives of ¢(¢, s) with respect to ¢ are

ov 1
3—901 = (u1 + s1) —npy @1
- S1 :nq/}_ula
o no1,n T -1
s (u2 + s2) + 52 + 5P2 PLPLP2
na_ n
— S9 = —Ug — §A¢1 — §Q/JwT

In much the same way that s, was found we find the maximum likelihood estimate for ¢ as we
vary t in s(t). The partial derivatives of £{¢, s(t)} with respect to  are

ov _
E = {u1 + s1(t)} — ney e,

— G ORO={w+s0)

=~ + t(ur — )
=+ 15 ).

The Canadian Journal of Statistics / La revue canadienne de statistique DOIL:
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Notice that the above MLE agrees with what one might reasonably expect since @5 Loy is the
mean vector. We use the above formula to solve for @5 L(t):

oY

55y =t w0} + 5ert + gen el
— 60 =l — () 585 OO (D10}

=2y (1= 1)+ BAG  Dpu) — {4 s (O} 1 (1)
== A ™)~ Sty — 15— DM + 15— )
(U RS T — T 05) — oty — (7 — ) )"

=A =2 —v) G —¥)".

As a check on our work we see that ¢(0) provides the constrained MLE while ¢(1) gives the
unconstrained MLE. We see that ¢35 L(t) is symmetric and thus (¥ (t) is symmetric meaning that
any transpositions of these terms may be ignored in future calculations. Throughout we will use
fi(t) to represent ¢, ' (¢)¢1 (t). Remembering that any terms not involving ¢ can be dropped from
our calculations we find ¢/{(t); s(t)} to be

H{p(t);s()} =" (O{u+s(t)} + g log(|2(8)]) — 5 @7 ()3 ' ()1 (t)

|3

=ngt (O)(t) + Te[3 (1) {uz + s2(0)}] — 5" (Op2(Di(t) - 5 log(¢s” (1))

:Tr[¢2(t){§ﬂ(f)ﬂT(f) - gAll - g¢¢T + t(uz + gAll + g¢¢T)}]

— 5 log(I¢2 ' (O])
=Tr[ga(t){ — 5A;" + 32 — )@ — ¥)"}] = 5 log(183 ' (D))
=Tr(~51,) — 5 log(¢3 " (8))

log(|@3 " (1)])-

|3

DOL: The Canadian Journal of Statistics / La revue canadienne de statistique
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Similarly we find £{(0); s(¢)} as

Hp(0);5(t)} =" (0){u + s(t)}

=nji" (0)p2(0)ja(t) + Tr{p2(0){uz + s2(t)}]
=Tr[@2(0) {na(t))™ +uz + s2(1) }]
=Te[@2(O){n(t)™ — SA," = SUu™ +tuz + 5A," + Zvv™)}]

=Tr[£2(0) {tn(F — ¥)¥" +t(uz + ZA," + Zv™)}]
=Tr[2(0){tn(F — U™ + L™ — 50" — 5077)}]
=0.
From here we can find the first piece of the conditional density:
explE{(0); s(0)} — £{(0): ()] = 5 (1)]*

S.6.2 Finding |J,,{¢(t); s(¢)}| and the nuisance parameter adjustment

The likelihood in this scenario is the same as that in Example 5.3 of Fraser et. al. (2014). The
canonical parameterization is also unchanged and so we can borrow the result that

[ o {o(t); st} = @2 ' (1)"+2.

The only term involving ¢ in the nuisance parameter adjustment is |[£xx{2(0); s(¢)}| which in
turn only involves ¢ through 92 /OA?{s™(t)}. Now Ay is linear in A = A and of course so is
A. As a result, all second order derivatives of ¢ with respect to A disappear, meaning that the
nuisance parameter adjustment is constant.

S.6.3 Making a change of variables
Let’scall A = f\;l, v=(§—1)and B=213" (y; — §)(y; — §)". By definition |[A71(t)| =
|A — t2vv7T|. Using the matrix determinant lemma we see that

IA~1(1)] = det(A)(1 — 20" A" 1)

By the conAstraint that A‘l(t) must be a valid covariance matrix, t,,q, is the largest value of ¢
such that [A~'(¢)| is positive definite. A~ (¢) stops being positive definite as soon as one of its
eigenvalues becomes 0. Thus, ¢4, is the solution to [A~1(¢)| = 0:

= tmaz = (vTAflv)fl/Q.

Next we derive a formula that will be useful later on. It is easily seen that A = B + vv™. Using
the Sherman-Morrison formula on (B + vv™)~! we see that

B 'vv™B7!
-1, _ -1
viA ”—”T(B 1+73>
vTB~!
T 1t0B v

The Canadian Journal of Statistics / La revue canadienne de statistique DOIL:



2019 SUPPLEMENTARY MATERIAL; DIRECTIONAL TESTS 15
Therefore, (v A~ 1v)/(1 —vTA~v) = v" B~ 1w,

The directional p-value is given by

n—p—2

P11 — 20" A )2 dt
#P=1(1 — 20T A=1p) "2 dt

(UTA71U)71/2
Ji

(vTA=1y)—1/2
Jo

p() =

For simplicity let C' = v™ A~!v. The changes of variables made here are essentially identical to
that in the normal linear regression example in Section 3. Make the change of variables = Ct?
in the integral in the numerator:

c-1/2

/ tp_l(l—tQC)n7§72dt=k/ x¥(1—x) = da.
1

Make the change of variables to x = 1/z:

o1 22z z
c-1
_ 1yegz o 1 g
—k/l DT e
c! 1. =
:k/ (_)5(2_1)” P
1 Z

Make the change of variables t = z — 1:

el 1 n o op_p-—2
:k/ (L yEey
0 t+1

1-C

el 1 n—pPy n_p
:k/ (—)"F T
0

1

Make the final change of variables ¢ = %x:

(1-C)p

(252+3) )
C(n—p) 1 2 2 _ n—p __
[T ) T
0 Tpx—i—l D

(1-C)p e
:ku/c““p) PP+ nop 1 jemepnop oo,
0

TZo08) =1 1 z

— C
— 1P n—-p U
W<W> p 1—0)

— k' Py (W > um&z-%),
p
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where W ~ F(p,n — p). Now performing the exact same sequence of changes of variables on
the integral in the denominator will result in a similar expression. The bounds of the integral will

change as follows:
1 00 o)
Lo=h=l=l
0 0 1 0

Thus the integral in the denominator of the directional p-value will equal
k" Py (W > 0) = k”. Hotelling’s T*? statistic is given by

T? = (n—1)v"B~'v and since ;7-55T? ~ F),,p, the directional test is identical to the p-

value obtained from Hotelling’s T2 test.

c-1/2
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