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SUMMARY

We consider the use of estimating functions which are not unbiased. Typically, to result
in consistent estimators, unbiasedness of estimating functions is a pre-requisite. However,
it may sometimes be easier to find a useful estimating function that is biased, especially
in the presence of missing data or misclassified observations. We show that the root of
the estimating function can be modified to give a consistent and asymptotically normal
estimator, and illustrate this on several examples with binary data. We compare this to
the alternative approach of adjusting the estimating function, and show that it can be more

efficient.
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1 Introduction

We consider estimation of a vector parameter 8, based on a sample y, ...,¥y, of independent
and identically distributed random vectors on 2, drawn from the family of densities { f(y;0) :
0 € O}, where O is a subset of a Euclidean space of dimension p. As an alternative to
maximum likelihood estimation, we assume we have a p x 1 vector of estimating functions

g(y; ), and define an estimator 0, as the root of the set of p equations
G,(0,)=n""! Z g(y:; 0,) = 0.
i=1

Under regularity conditions on the model, and the condition that the estimating func-
tion is unbiased, Ep{g(Y;;0)} = 0, the resulting estimator is consistent and asymp-
totically normal, with asymptotic variance given by the Godambe information J(g) =
{Ey(0g/06T)} 1 Ey(ggT){Ep(0g? /00)} 1 (Godambe, 1960). Yanagimoto and Yamamoto
(1991) give a number of examples illustrating the role of unbiasedness of estimating equa-
tions, and relating it to conditional likelihood inference in the context of exponential families.

In some practical contexts, however, there may be a natural choice of working estimating
function that is not unbiased. The most direct approach to correcting a biased estimating

function h(y;#) is to compute Ep{h(Y;0)} and construct a modified estimating function
H,(0) = ™' D h(yin0) — Ey{h(Y::0)}; ()
i=1

if Eg{h(Y;;60)} cannot be computed exactly then a suitable approximation might be avail-
able. For example, McCullagh and Tibshirani (1990) use a bootstrap estimate of the mean
to correct the bias of score functions derived from the profile log-likelihood; Yanagimoto
and Yamamoto (1991) illustrate correcting estimating functions derived from the method of
moments.

In this paper we consider a different, but related, approach to deriving a consistent
estimate of # from a set of biased estimating functions. We use the notation h(y;#) for the
vector of biased estimating functions; i.e. we assume FEy{h(Y;60)} # 0. Assume that the

equation

H, () =n~" Z h(y:;;6) =0

has a root @”; € O for any given random sample yq, ..., y¥,, and that 6* € O exists, where 6*
is defined by

Ey{h(Y;0")} = 0. (2)



Equation (2) defines 6 as a function of 6%, say
0 =k(0") (3)

for some p-vector of functions k(-) , and we use this to define a new estimator of ¢ as

~

0, = k(0;). (4)
As an illustration we consider a binary data problem with a simple missing data structure.

Example 1: binary pairs with missing data

Let Y; = (Yi1,Y;2)? be a random sample of bivariate binary vectors, i = 1,...,n. Assume
that E(Y;;) = p,j = 1,2, and corr(Y;,Yy) = p for i = 1,..,n. Let 6 = (u,p)” denote
the parameter of interest. Let R;; = 1 if Y;; is observed, and 0 otherwise, and define

Nij = P(R;j = 1|Yi1,Yia), and Ao = P(Rin = 1, Rip = 1|Yi1, Yia). Assume

lOgIt )\ij =g + alY;j,

and
logit Ai12 = 70 + 71 (Y + Yia).
Let
wu(Yi0) = Yin + Yio — 24
and

u,(Y350) = YaYip — ppu(1 — 1) — pi°
be constructed based on the method of moments, and

If there is no missing data, Y., u(Y;;6) is unbiased for 6, yielding a consistent estimator

for 6:

no Z?:l(Y;'l + }/;2) A 2?21 YirYie — nﬂi
i o T T (= )

(5)
Now if we naively apply these estimating functions to the observed data, we have
hu(Yi;0) = RinYia + RiaYie — (Rin + Rio) e,

hp(Yi; 0) = RinRio{Yi1Yio — ppu(1 — 1) — M2}7
and
h(Yi§ ‘9) = {hu<Yi§ e)hp(Yi§ 0)}T'
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Setting > h(Y;;0) = 0 leads to

i = Yo (RaYi + RinYio) (©)
" Yoy (R + Rig)
P Z?:l RilRiQKIE/iQ - ﬂ; Zyzl RilRiQ

Pn . . n
:un(l - /‘Ln) Zi:l RilRiQ

To find 6* we use (2) to compute

5, h,(Y;;6%) _ Eo(RinYn + RipYin) — " Eg(Rin + Riz) —0. (8
h,(Y;60%) Eo(RiRipYinYio) — {p* (1 — i) + "} Eg(Ri1 Rio)

Note that

exp(ag + o)
1 + exp(ag + Oél)lu

Eo(Ri;Yij) = By Epyy (Ri;Yi;) = By (YijAi;) =

Similarly,
exp(ag + o) exp(ayp)
Ey(R;; 1—p),
o( ) 1+exp(oz0+oz1)ﬂ 1+exp(a0)( 2
Eo(R1R:5YY: ﬂ 1— 2 d
9( 11442 141 12) 1_{_6’YO+271 {p/'L( ,u)—}—/,b }7 an
exp(7o + 271) 5 2exp(y0 + 1) 5
Ey(R;1 R; 1— — 1—p)—
o(Ri1Ri2) 1Jrexpwﬂm{pu( )+ + 1+exp(70+71){’“‘ pu(l —p) — pi°}
exp(7o) 2 2
(1 = 2 pp— p® + 2.
1 +exp(%)( [t 4 pp— pp + i)

Therefore, the first equation of (8) gives

p* exp(ao) /{1 + exp(ao)}
1 — ") -exp(ag+ ay) /{1 +exp(ag + 1)} + p* exp(ap) /{1 + exp(ap)}

P

with the same relationship between fi,, and fi;. It is easily shown that p is equal to, less than,
or greater than p* as a; = 0, a; > 0 and a7 < 0. In this model if &; = 0 the data is missing
completely at random, and the estimator based on the observed data is consistent, as has
been noted in the literature; see, for example, Fitzmaurice, Molenberghs and Lipsitz (1995).
However, if the missing data is not missing completely at random, then the moment estimator
based only on the observed data either inflates or attenuates the true parameter, depending
on how the response affects missingness. This result provides an interesting and transparent
characterization of the asymptotic bias induced by ignoring missing values. Applying the
second equation of (8), we obtain the relationship between p and p*. If 3 = 0,1 = 0, then
p = p*, showing that using the available data can still produce a consistent estimator of the

correlation under missing completely at random mechanisms.



In this example we get the same estimators for p and p by using (8) to compute
Eo{h(Y;6)} and constructing H, (), as at (1). In Appendix A we show that this will be
the case whenever the estimating equation h(y;#) has a structure that is linear in functions
of y and 0, and give a simple example where this does not hold.

In Section 2 we give results on asymptotic consistency and normality for the estimator
o

n’

and hence for 6,. The results generalize the discussion in White (1982), which studies
model misspecification under the likelihood formulation. It is closely related to the results
of Jiang, Turnbull and Clark (1999), who used methods very similar to those in this paper
in the context of semiparametric Poisson models. Their biased estimating equations are the
score equations from a likelihood function obtained from a working model that is subject to
misspecification, and their bridge function, so(-) is the inverse of k(6*).

In Section 3 we illustrate the approach with a series of examples of biased estimating
equations for binary data models, where the bias is caused by missing data or misclassified
data. In Section 4 we outline a brief comparison for the estimators obtained from (1) and

(4), and Section 5 provides a brief discussion.

2 Asymptotic Results

Theorem 1: Suppose h{y;0) = (hi(y;0), ..., hy(y;0)}" is a vector of functions defined on
2 x © such that h;(y;6) is a continuous function of # for each y and a measurable function
of y for each 6, j = 1, ..., p. Assume that O is a convex compact set and the true distribution
of Y is F(y;#), with density f(y;6). Assume |h;(y;8)| < m;(y) for all y and 6 where m;(-)
is integrable with respect to F', j = 1,...,p. Let H(0) = Ep{h(Y;0)}. If H(#) = 0 has a
unique solution #* and H,,(A) = 0 has a solution 6%, then

g, —, 0" as n— oo

for almost every sequence Y, Yy, ... which is a random sample from F'.

Proof: Given j, by Theorem 2 of Jennrich (1969), we have, for almost every sequence {Y,},
nt Y hi(Yi0) — /hj(y; 0)dF(y)
i=1
uniformly for all # € ©, thus,

Supgod{H, (6), H(6)} —, 0 (9)

where d(x,y) = ||x —y|| is the Euclidean distance between x and y. The set {0 : d(0,6*) >
e} =0 —{0:d(0,0%) < e} is a compact subset of © for any € > 0. As h;(y;6) is continuous



in 6 for each y, j = 1, ..., p, we conclude that ||H(6)|| is a continuous function of . Therefore,
there exists ¢, € {6 : d(,60*) > €} such that

infg.q9,0)>¢| [H(0)[| = |[H(61)]].

As 0* is the unique solution of H(f) = 0, and 6, # 6*, we have |[H(6,)| > 0, ie.,
infg.q0,0y>¢||H(#)|| > 0. Furthermore, Hn(a;i) = 0 gives

infp.a.0n| [FL(0)]] > 0 = [|H,,(6})- (10)
By (9) and (10), we conclude, applying Theorem 5.9 of van der Vaart (1998, p.46),

g, —, 0" asn — oo.

This theorem characterizes the convergence of the estimator 5;; obtained from estimating
functions that are not necessarily unbiased. The difference 6* — 6 is the asymptotic bias of
using estimating functions that are not unbiased to perform estimation of 6. In particular, if
h(Y;6) is unbiased, then 6* = 6 and 6 is consistent for 6. If k(.) is continuous, then k(6?)
converges to k(6*) in probability and the adjusted estimator @L is consistent for 6.

Next we establish the asymptotic normality of the estimator 5;; and hence of é\n Let

An(0) = n7') (9/00")h(Y:0), A(0) = Eg{An(0)},

=1

B.(0) = n'Y h(Y;0){h(Y:;0)}", B(0) = Ef{B.(0)},

=1

Cu(0) = {A'(0))B.(0){A'(0)}", and
C(O) = {ATOBO{AT(0)}".
Theorem 2: Suppose the conditions in Theorem 1 are satisfied, and h;(y;#) is a continu-
ously differentiable function of  for each y, j = 1,...,p. Assume that A(6*) is nonsingular,

then under some regularity conditions on h; and the model F', we have: as n — oo, (i)
V(B — 6%) —4 N{0,C(6%)}; (i) C,(F*) —, C(6*), and assuming k(-) defined at (2) is

differentiable,
Vn(6, — 6) —>dN{0, (akaée*))C(e*)<agé§,*)> } (11)

Proof: For each j = 1,...,p, applying Lemma 3 of Jennrich (1969) to > 7 hj(yi;a;‘l), we

i=1

obtain

n ~ n . a n _ ~, .
D o hi(yibn) = hi(yi 07) + 20T {Z hj(yi;ejn)} (67, —07)
=1 =1 =1



where 6, lies on the “segment” joining é\;’; and 6*. Stacking these p expansions together, we

obtain an expression in a matrix form
A¥ (B, O, ., B )G — 6F) = —p /2 Zh Y, 0%) + n /2 Zh Y65,

where A% (01, 0o, .oy 0pn) = 0 {30 OBy (Y5 010) /00T, .. 570 Ohy(Yi4;0,,) /00T T
By Hn(@\;’;) = 0, we obtain

A% (O, Oy oes ) /(0 — 07) = =72 h(Y 56, (12)

As
Eo{h(Y,;6%)} = H(6) = 0,

and
cove{h(Y;;0%)} = Eg[h(Y,;60*){h(Y;;6)}"] = B(6"),

by the Central Limit Theorem, we conclude
n~2> "h(Y;;07) —a N{0,B(6")}. (13)

Note that for each j = 1,...,p, 0, —, 0% as n — oo, therefore,

nt Y 0hi(Y;05,)/00" —, E{0h;(Y;067)/00"}, (14)
=1
and hence
Al (01, Oy o 0pn) —p A(OF)  asn — oo. (15)

Assuming that A(#*) is nonsingular, we have that A (0,0, ...,0,,) is nonsingular for

sufficiently large n (in probability). Therefore, (12) leads to
V(0 — 07) = —{ A% (01 o, .. 0n)} 02D h(Y507).
i=1
By (13) and (15),

Vi, — 67) —a N[0, {A(0)}B(07){A(67)}"],

which is conclusion (i). Conclusion (ii) is straightforward as {A%(01,,09,, ..., 00m)} 1 —,
A-1(6%) and Bn(@\;;) —, B(6*). The asymptotic normality of 6, follows from an application
of the delta method.



The regularity conditions for Theorems 1 and 2 are similar to those outlined in Ch. 5 of
Van der Waart; see in particular the discussion following his Theorems 5.9 and 5.21. The
compactness assumption on O is the simplest way to ensure consistency, but may be relaxed
to conditions similar to those discussed in Walker (1969) or Huber (1967). For asymptotic
normality, assumptions on the existence of first and second moments of h and dh/06 are
needed, as well as an assumption on the model and the estimating equation that ensures

differentiation with respect to 6 and expectation can be exchanged.

3 Applications to inference for binary data

In this section we look at several examples related to binary data, where biased estimating
equations arise from ignoring various complexities of the data. We show that the method of
adjusting the estimator based on (4) can be simpler than correcting the bias of the estimating
function and can also lead to insight about the effect of ignoring the complexities.

First we illustrate the method with a somewhat artificial example related to Example 1.
Example 2: complete binary data. Suppose as in Example 1 that Y; = (Yi;, Yi2)? is
a random sample of bivariate binary vectors, i = 1,...,n with E(Y;;) = p,7 = 1,2, and
corr(Yi,Y) =pfori=1,...n, and 0 = (u, p)T.

As shown in Example 1 at (5), consistent estimators are available for x4 and p from a
simple method of moments approach. If we deliberately misspecify estimating functions by

switching the meaning of moments, considering for example
hu(Yi;0) =YaYie — i, hy(Yi;0) =Y + Yie — p,

the resulting estimator is

it = > i Y Yoo g (Yo + Vi)
n )

n Pr = (16)

n .

n

Obviously, h= (%, p*)T is not a consistent estimator for §. Applying the adjustment function
(2) to h(y; 0):

Ey(YaY) =t | _ [ pn(l=p)+p—pm | _ 0
Eo(Yir +Ya) — p* 2i = p*
we obtain
uz%p*, p:jf@—__p[;), (17)
which gives the adjusted estimator
e (Ya+Ye) o Andil YaVie — {300, (Ya + i)} (18)

fn = 2n T S Va + Ya) (20— 5, (Ya + Ya))

7



which is identical to (5).

We may alternatively consider another set of misspecified functions
h,u(Yi; 9) =Y — u, hp(Yi; 9) =YY — p,
which produces

n = ==— (19)

n n
,[J/* _ Zi:l Yil Ak Zi:l Y;1Y;'2
n n

Note here that i} is a consistent estimator for p, but p; is not consistent for p. We now

apply the adjustment function (2) to h(y;; 6*):

Eo(Ya) —p* ) _ = 0
Eo(YnYi2) — p* pu(l — p) + p* = p*
yielding
* *2
p=p, p=——x. (20)
(L — )

Applying (20) to (19), we obtain an adjusted estimator

o= ZimYa s n X YaYe - (XL, Ya)?
oo T LY - X Ya)

which is consistent for 6, although clearly less efficient than (18).

As in Example 1, suppose now that there is missing data, and R;; records whether or not
Y;; is missing, for j = 1,2 and ¢ = 1,...,n. Using these misspecified estimating equations

for the observed data gives
hu(Yi0) = RaYa — p, hy(Yi;0) = RaRioYinYio — p.

Then the resulting estimator is

x > oiq RinRoYiYio P > RuYa

21
" n oo n (21)
Adjusting it as before gives
E9<R1,1)/;1) - //L*, EH(RllRZQ}/ZlKQ) — p*,
which leads to
= {1+ exp(—ayg — ay) }u*,
_ {1+ exn(—70 = 21)}p" — {1 +exp(—ap — o)’ (22)

- {1 +exp(—ag — o)}l — {1 +exp(—ap — ay) }p*]

8



Combining (22) with (21) gives a consistent estimator for 6.

We now consider extension to a regression setting, assuming Y;; is a binary response for
subject ¢ at time point j, j = 1,...,m, with an associated covariate vector x;;, and model

the mean vector as a logistic regression:
IOglt Hij = GTXU, (23)

where u;; = E(Y|x;) with x; = (x}, ..., x5 )T

) “Mm

. The score equations for #, assuming inde-

pendence of the observations in both ¢ and 7, are

- ~x exp(07x;;
; Ui(0) = Z ZXij{yij T1r (zgp(@Tx)ij) }; (24)

i=1 j=1

these are also the generalized estimating equations (Liang and Zeger, 1986), under a working
model of independence. Denote by 6 the estimator based on (24).
For computing k(6*) in settings with missing or misclassified data, discussed below, we

will use the alternative unbiased estimating equation
Z g(yi; 0) = Z Z X5y {1 + eXp(eTXij>} - eXp<9TXij)]7 (25)
i=1 i=1 j=1

and denote by @\g the estimator based on (25). In the special case that a single covariate

x;; = 0 or 1, both @\U and ¢/9\g are given by

~ ~ Do Dot Tl
exp(@U) = exp(eg) = Zn Zm Jx,,<1 _ y..)’
i=1 22j=1Tij ij

although if x;; = £1 with equal frequencies, then

exp(fy) = 2 i 2y (U i)y + 3050 D070 (1 — ) (1 — wyy)
P L S O a)(U— ) + o e (L= 7y

whereas

ex (é )= > i1 Z;‘nzl(l — @) (1 — yyy)
ST SL L) ()

Example 3: binary data with misclassification. Suppose now that we have some

misclassification of the binary responses, so that the observed data is .S;;, where

PI‘(SU:1’K]:O> = N
PI‘(SU:O’}/U:1> = Do,



but that we ignore the misclassification error, and use the estimating function (25) based on

Siji

Z h(si; 0) = Z Z xij[s:;{1 + exp(8Tx;)} — exp(87x4)]. (26)

i=1 j=1

The linear structure of (26) simplifies the calculation of Eg{h(s;;6*)}:

m

Eo{h(85:6)} = Y xl(1 —po){1 + exp(67x,)}

Jj=1

+ pi{l + exp(0*7x;5)}

exp(@Txij)
1 + exp(@Txij)
1
1+ exp(07x;;)

- eXp(e*TXij)]a (27)

where we have assumed that Pr(S;; = s | Y;; = y,x;) = Pr(S;; = s | ¥;; = y). The solution
of 0 as a function of #* obtained by setting (27) to zero defines é\n as a function of 5;‘;, the
root of (26).

For the special case that z;; = 0,1, we get

Dol Doy TijSij
D i1 g T (1 = si5)

exp(6;) =

and

~ 1—p1)exp(0) —
exp(@n) — ( pl) Xp( n) Apl’
1 —po — poexp(0y,)
which will be different from exp(#*) unless py = p; = 0.
Because in this case h(s;;#) has a simple linear structure, we can also construct an

unbiased estimating equation from (26) using (27):

H,(0) = nflzh(si;e)—Eg{h(si;e)}

= nt Z Z x;;[{1 + exp(67x;;) }sij — (1 — po) exp(07x,;) — pi]

i=1 j=1
which leads in the special case that z;; = 0,1 to
exp(d,) = i1 2je1 Tig (P — Sij)
L X wi(po — 1+ sy)’

which is identical to exp(d,,).

Example 4: missing data. We now assume that there are some missing observations,
and \;; = Pr(R;; = 1| y;,x;), where logit \;; = ap + a1y;;. Suppose we use the estimating

equations (25), which are unbiased for complete data, for the observed data:

h(y:; 0 erxw {1+ eXP(Q Xzy)}yw eXp(QTXij)]- (28)

Jj=1

10



oy h(yi; 5:) = 0 defines the estimator Bf{ Using calculations similar to those in Example

1 we obtain

. = exp(ag + 1) exp(67x;;) exp(ag)  exp(6*Tx;;)
Eg{h(Y;;0")} = E i — (2
A j=1 JUU{ 1+ exp(ag +aq) 1 +exp(07x;;) 1+ exp(ap) 1+ exp(67x%;;) (29)

The naive estimator has the explicit expression, in the special case that xz;; = 0,1

N 7-1 771 TiiTiilYis
eXp(eZ) . Zl—l Z‘]fl J ]y]

O Y wyry (1= yiy)

and the adjusted version leads to

1 + exp(ap + o) jx
exp(0;,)
exp(ai) + exp(ag + o)

exp(én) =

indicating as in Example 1 attenuation or enhancement of the true effect as «; is greater
than or less than 0.

Another way to obtain an unbiased estimating equation is to introduce \;; as a weight in
(28), leading to the inverse probability weighted generalized estimating equations of Robins
et al. (1995) and Fitzmaurice et al. (1995). These are

N
9(yib) =) o rXi{l+ exp (6 xi;) }yig — exp(87x;)],
)

j=1
and in the case of binary x’s have the solution
exp(f,) = D it 2oy TigTigig explao + anyyy) /{1 + explao + anyy;) b
I 2 i (1= i) explag + aayiy) /{1 4 explag + a1yis) }
which may be compared with the adjusted version
1+ exp(ag + o) D it Do il
exp(au) +exp(ag + a1) D in) D000, T (1 — yig)

If we try to obtain an unbiased estimating equation from h(y;;€) using (1) the resulting

exp(0,) =

expression involves a quadratic function of exp(6,,) which is quite cumbersome.

Example 5: covariate misclassification. Now suppose that we have a single binary

covariate x;;, but misclassified, so that we observe w;; with
P(wij = ]_|ZEZ] = O) = P1 and P(ww = 0|I’ZJ = 1) = Po-

We further assume x;; = 1 with probability 7 and 0 with probability 1 — 7. The estimating
function based on (25) is easier to work with than the GEE version (24), so we assume that

we start with a naive estimating function

h(yi;0) = Y wil[{1 + exp(0wi;) }yi; — exp(6wi;)].

j=1

11



We then have

exp(0) — exp(0”)
1+ exp(0)

+pi(1—m)

Ep{h(Y:6")} = m{a ~po) 1‘%‘)(“}

which, by (3), leads to

_ {200 —po)m + p1 (1 — )} exp(f) + pi (1 — 7)
{21 = po)mr +p1(1 —m)} +p1(1 — ) exp(6)

This relationship reveals that in special situations, such as pg #% 1 but py = 0or 7 = 1, we

exp(0") (30)

have 0* = . In general situations with 0 < p; < 1 and 0 < 7 < 1, we have 8* > 6 if and
only if < 0.
The naive estimator is, from solving >~ | h(y;; ) = 0, given by

exp(F°) = Dict 21 Wi
" D it Z;nzl wii (1 — yiy)

Therefore, the adjusted estimator is

2{(L =po)m +pi(1 =)} >0, Z;nzl wijyiy —pi(l—m) 320, Z;n=1 Wi
20(1 = po)m + pr(1 —m)} 3200 D270 wig(L = i) —pa(L—m) D00, D00, wi

We compare this approach to that of correcting h(-) for its bias, which leads to the estimating

eXp(én) -

equation
n > Y wi {1+ exp(Owi;) yi; — exp(Bwy)] — (m/2)[p1(1 — m){1 — exp(6)}] = 0
i=1 j=1
and gives the consistent estimator of 6:

exp(l) = 23 i1 2y Wiy — mnpy (1 — )
o2y Y w1 = yiy) —mapi (1 - )

Figure 1 shows the asymptotic relative efficiency of 6, and 8, for three different choices of

the probabilities of misclassification.

4 Comparison of Estimators

In this section we compare the estimators obtained from the two approaches described in
Section 1: modifying the estimating equation by subtracting the bias, or modifying the point
estimator using the relationship between 6* and 6. As shown in Appendix A, in special cases
these two methods may lead to the same estimators; however in general, the two estimators

and their asymptotic variances are different.

12



Figure 1: Asymptotic relative efficiency of 6,, relative to 6,,, based on the expressions given in
Theorem 2, presented as a function of  for three choices of miisclassification probabilities:
(i) po = 0.05, p1 = 0.30 (solid), (ii) po = 0.05,p1 = 0.30 (dashed), (iii) pp = p1 = 0.45
(dashed-dotted). The z;;s are equal to 0 or 1 with probability 1/2.
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For ease of notation we consider the case that 6 is a scalar, which is still instructive.
Assume the subsequent quantities such as inverses and derivariatives all exist. Applying

Taylor series expansions to Hn(é\*) and ﬁn(@\) leads to

0, =0— k'(9*)g7233 + O,(1/n),
and _ ”
~ H,(0
0, =60— 7 (0) + O,(1/n).

Now we examine approximations to the denominators H’ (8*) and H' (6) . Let u(f) be the

13



score function and 9ph(Y;0) denote the derivative of h(Y';0) with respect to 6.

H,(67) = Eo[H,(6)] + Op(1/v/n)
= Ey[0p-h(Y;607)] + Op(1/v/n),

and
H,,(0) = Ey[H,(0)] + O,(1/Vn)
= Eglh(Y;0)] + Op(1/v/n)
= —Eyu(0)h(Y; 0)] + O,(1/4/n) by unbiasedness of h(Y;0)
= —Ey[u(0)h(Y;0)] — Ep[u(8)]Eo[n(Y;0)] + O,(1/v/n)
= —Ep[u(@)h(Y;0)]+ O,(1/v/n) by unbiasedness of u(6),
leading to
N s 1,(6) )
= = ) e ntvi] T E@nyie) T oy
By the definition of #*, we have
/h(y; 0%) f (y; k(07))dy = 0. (32)
Differentiating (32) with respect to 6*, we obtain
[ 0oty 0°) 10300y + [ ot 0)u 33 O 6y = 0
and hence, oo h(Y1 %)
s Egl0ph(Y 00
YO = T @y %)
Expanding h(y; 6*) in (32) around 6, we obtain
[ 0(0:8) + 6" = 0)2uh(y:6) + 0(6" — 6)} a1y =0
leading to
H(O) = —(0" — 0)Eg[0ph(Y;0)] + o(0" — 6). (34)
Substituting (33) and (34) into (31) yields
AN S AULS (C _
= B Blenrie) TV
_ H,(6") H,,(0) + (6" — 0) Eg[0ph(Y; 0)] + o(6" — 0) -
= B0 Eolu(O)(Y;0) Ol /m)
ey me) ., B0 _
R {Ee[u<0>h<y;e*>] Ee[uw)h(z/;en} O = O g om0 O+ OV,
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Further examining the term in braces by Taylor expansion, we have

Ho(07) = Ho(0) + (0" — 0)H.(0) + o(6* — 0)

and

Eo[u(@)h(Y;0%)] = [ w(@)h(y;07)f(y; 0)dy

- /uwmwﬁﬁ@ﬁwy+/ﬂWW%h@ﬂﬂmﬁﬁwﬂﬂmm—ﬁ%+dw—9)
— E[u(B)h(Y:6)] + (6 — 6) Ealu(6)0sh(Y0)] + o(6° — 0).

Therefore,
H, (67) _ H,(9) )
Ealu()h(Y;:0%)] — Epu(@)h(Y;0)] {1 + (0 H)H 0) + o(0" 9)}

{1—@ e

_ H;(0)  Eplu(0)0ph(Y:0) ) | e
- {“% ( 11,(0) EMWMWﬂH)+<9 ”}

As a result, we obtain

6. — 8, = (0"—0) 1;,(0) H,(0)Eg[u(0)9ph(Y;0)]  Egldph(Y;0)]
= O I\ B @8] T (B0 Bu(@)h(Y:6)
Fo(6" — 0) + O, (1/vn). (35)

Equation (35) characterizes the difference between estimators 6, and 6, obtained from the
two methods; this depends on function h(Y’;0) and its derivative, the correlations of these
two functions with the score function, and the asymptotic bias 6* — 6.

The theory of estimating functions summarized in the introduction gives the result that
under regularity conditions, \/ﬁ(@; — ) asymptotically follows a normal distribution with
mean zero and variance I1(0)S(0){T~1(0)}7, where T'(0) = E,{0H,(0)/06T}, and 3(6) =
Eo{H,(0)HT(0)}. Consequently, the asymptotic relative efficiency between estimators 6,
and é\n can be obtained using Theorem 2. In general, neither estimator will outperform the
other uniformly. Depending on the specification of the h(y;#) function, one estimator may
lead to smaller asymptotic variance than the other. In Appendix B, we give an example to

illustrate this point.
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5 Discussion

In this paper we investigate issues concerning misspecification of estimating functions and
establish some asymptotic properties. This gives a means for developing consistent estimators
by modifying estimators obtained from convenient estimating functions which may not be
unbiased. This may be particularly useful in understanding the bias induced by missing or
mismeasured data. Starting from a manageable estimating function, we can apply Theorem
1 to obtain a consistent estimator, and Theorem 2 to choose among alternatives.

For incomplete longitudinal data, Rotnitzky and Wypij (1994) provide an algorithm
for determining k(6*) when the responses and covariates follow a discrete distribution, and
illustrate this under an assumed model for missing data. This could be used to check if
k(6*) is monotone, which is needed for the application of the delta method in Theorem 2.
Their Figure 1 is consistent with the results of our Examples 1 and 5, showing positive or
negative asymptotic bias in the naive estimator. As they point out, their method does not
give a means of constructing a bias adjustment. The current development could also be
used as a convenient tool for indirect likelihood inference, reviewed in Jiang and Turnbull
(2004). The formulation of an indirect likelihood requires an intermediate statistic that has
an asymptotically normal distribution, and our results provide a theoretical basis for this.

One interesting extension of this work concerns partial misspecification of models. It
may be possible to develop a hybrid inference method by combining the development here
with the pairwise likelihood techniques discussed in Cox and Reid (2004). More convenient
and efficient inference procedures may be generated to preserve robustness of estimating

functions and efficiency of likelihood-related formulation.
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Appendix A

Suppose we start with a biased estimating function ). , h(y;;¢) and create an unbiased

estimating function in the usual way as at (1):
H,(0) =n"> h(y;0) =n" > h(y;;0) — Eo{h(Y;0)}.
i=1 i=1

Denote by 6, the root of ﬁn(ﬁ) = 0. We know under regularity conditons on h and the

underlying family of distributions that 0, is consistent for 6 as n — oc.
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If h(y;0) = hy(6)ha(y) + hs(6), where hy(0) is a p x p non-singular matrix, and hs(y)
and h3(0) are p x 1 vectors, then this is identical to the adjustment method outlined at (3)
and (4), as

Eo{h(Y;60%)} = hy(0")Eg{ha(Y)} + h3(67)

showing that Ey{hy(Y)} = —{h;(0*)} 'h3(0*) and thus that
K (0) = —{hs(@)} by (),

where K(0) = Ey{hy(Y)}. On the other hand, n™* Y7  [ho(y;) — Ep{h2(Y;)} = 0 is solved
by gn, showing that the two estimators are identical, provided K(-) is a vector of monotone
functions.

As an example to show that the methods lead to different estimators in nonlinear

situations, suppose Y; = (Y;1,Y;s) is a binary vector with independent components and
E(Y;;) = p. Let
h(ys; p) = /fizf -1
we have
B{MYsp)} =2p —p* =1,
and hence

~ 1= f+ Yio )
H,(u) = = —2u— ) =0
(1) ”;1 T o (21— p*)

has the solutions
n n

= (22— 3 S )2—%i )

14y n 14+ yn P 14y

where detailed examination indicates that for consistency we need to take the positive square
root if ;1 > 2/3 and otherwise the negative square root. Using the biased estimating equation

we get the preliminary root

i = n- Z?:l Z;n:1 Yo/ (1 + yi1)
! > 27:1 1/(14+ya)

and combining this with E,{h(Y;;p*)} = (" + p)(1 — p/2) — 1 gives

fin = (1/2){2 — i, £ /(" + 4fa, — )}

For example if the four pairs (1, 1), (1,0), (0,1) and (0,0) have equal frequencies n/4 in the
sample, then fi, is 2/3 or 1/2, whereas fi,, is 3/4 or 1/2.
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Appendix B

We consider a simple case with independent binary variables Y;; and Y5, ¢ = 1,2,...,n
Let u = E(Y;1) = E(Y;2) be the parameter of interest. Consider an artificial, but instructive

case in which the function h(y; u) is specified as

h(yi; 1) = ying1 (1) + yizg2 (1) + ge(c)

for some functions gx(-)(k = 1,2,3) and a constant c.
This function is not unbiased, as Ep{h(Y;u)} = u(g1(p) + g2(1)) + g3(c). Thus p* is the
point satisfying

g (1) + g2(1*) } + gs(c) = 0. (36)
It is easily seen that (3) is given by
* g3\C
PN — | R— (37)

To obtain the estimator f,, let
=0 hlyis ) — w{or (i) + 921} — gs(c).
i=1

Direct calculations lead to

) = Bl 2 = ufah )+ 00} — o) + a0

and
S(p) = E{H; ()} = p(1 = m){gi (1) + g3(1)}-
Therefore, avar(f,) = I'2(u)X(u).

Regarding the estimator /i, direct calculations lead to

Alp) = u{ah(Y““)}— w{ah () + g}

and

B(p) = E{0*(Yi; 1)} = g7 (1) + 95 (1) } + 95 (¢) + 262 g1 (1) g2 (1) + 291 (1) + g2 (1) } g5 (c).

Therefore,

wan() = { A} A0 500

It is readily seen that by choice of the functions gi(-) and constant ¢, we can make

avar(fi,) be smaller than avar(,), or vice versa. For example, with ¢;(t) = ¢ and go(t) = 1,

then
avar(fi,) = p(l—p)(1+ p’)
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and

e P T T C ORI p
93(c)(gs(c) + 1) gslc) +p g3(c) g3(c)(g3(c) + p)

in combination with (37). Given a value of p, choosing a function gs(-) and a consistant ¢

avar(fi,)

satisfying
(1= p+p? = 1®)g3(c) + B+ p— p* — p* — u")g5(0)
O+ p? = =t = )3 (e) + (9" = 1° = p")gs(c) + B’ — )
> 0

results in avar(fi,) < avar(g,). In particular, choosing a non-negative gs(c) leads to a more

efficient estimator ji,, asymptotically.
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